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Abstract

In the paper, a generalized essential boundary condition sensitivity analysis based implementation of FE?> and mesh-in-
element (MIEL) multi-scale methods is derived as an alternative to standard implementations of multi-scale analysis, where
the calculation of SCHUR complement of the microscopic tangent matrix is needed for bridging the scales. The paper presents
a unified approach to the development of an arbitrary MIEL or FE> computational scheme for an arbitrary path-dependent
material model. Implementation is based on efficient first and second order analytical sensitivity analysis, for which automatic-
differentiation-based formulation of essential boundary condition sensitivity analysis is derived. A fully consistently linearized
two-level path-following algorithm is introduced as a solution algorithm for the multi-scale modeling. Sensitivity analysis
allows each macro step to be followed by an arbitrary number of micro substeps while retaining quadratic convergence of the

overall solution algorithm.
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List of symbols AM s Am Macro and micro level parameters

Uy Macro level quantity Ry, Ky Macro level residual and tangent matrix

O Micro level quantity R, Ky, Micro level residual and tangent matrix

Ok, Oegn Index of the last and the current macrostep Py = Pyr+1  Macro level nodal unknowns (e.g. nodal

O, Uit Index of the last and the current micro step displacements)

O Index of micro step at the end of the last Py = Punti Micro level nodal unknowns (e.g. nodal
macro step displacements)

ae Index of micro problem Py = Pmnt Micro level nodal unknowns with pre-

[} set of variables calculated at the selected scribed essential boundary condition
macro element and transferred to the corre- e Quantities associated with the selected
sponding micro problem (also sensitivity macro or micro element (e.g. Rz, Ry,
parameters) Pues ---)

S Set of variables calculated at the selected hye =hygny1  Setofintegration point unknowns at micro
micro problem and returned to the corre- level (e.g. plastic state variables)
sponding macro element Qg Set of integration point equations at micro

D rser Ste Variables ¢ and S collected for all micro level
problems associated with the selected h,, =h,, ;1 Set of unknowns at all integration points
macro element of selected micro problem

Fy,Fy, Macro and micro deformation gradients
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Computational derivative (the result of
automatic differentiation)

When the selected variable has no index it always refers to
the current value of the selected variable, e.g2. py; = Ppsia1»

Pn = pmn—H etc.

1 Introduction

Multi-scale methods are a growing trend in computational
mechanics, especially with increasing capabilities of com-
puters. Multi-scale methods originate from the demand to
accurately model heterogeneous materials, like fiber rein-
forced composites, particle reinforced adhesives, concrete
and even metal [4,8,17]. The goal of multi-scale modeling
is to design a combined macroscopic—microscopic compu-
tational algorithm that is numerically more efficient than
solving of the full microscopic model directly. At the same
time, it gives us the information we need with the desired
accuracy. For the overview of multi-scale methods reader
is referred to [1,3,6,30]. The use of different kinds of multi-
scale methods is limited by the characteristics of the problem
to be solved. Roughly, we can separate multi-scale methods
in two groups: on methods that are based on homogenization
techniques and on domain decomposition methods.

A basic hypothesis of homogenization techniques is
a complete separation of scales, where the size of het-
erogeneities is assumed to be infinitely smaller than the
structural dimensions. Homogenized material behavior of
representative volume elements (RVEs), which contains
microstructure, is considered to be representative of the
entire or part of the structure. Standard two-level finite ele-
ment homogenization approach (FE2) described in [16,29] is
appropriate for the problems where scales are separated far
enough and are only weakly coupled, see [2,5,23,27]. If the
difference between two scales is finite, in the region of high
gradients or in the case of localization [25] the FE? approach
fails. Then some sort of domain decomposition method can
be applied. One such method is substructuring method, now
more commonly named mesh-in-element (MIEL) scheme,
which was described in [9].

Within the standard implementation of nonlinear multi-
scale methods, only the macro scale is parametrized by the
load factor. Consequently, each macro step is followed by
exactly one step at the micro level and a path-following algo-
rithm is applied only at the global level. The first aim of
this paper was to develop a nonlinear multi-scale computa-
tional scheme with two interacting path-following methods
at two levels. An algorithm will be derived for consistent
parametrization of both macro and micro problems leading
to a two-level path-following algorithm. For the purpose of
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convergence comparison, one method from each group was
implemented, FE? and MIEL.

In the literature, a lot of attention has been paid to the
computation of macroscopic tangent as an essential and
numerically demanding part of any multi-scale simulation.
The possibilities vary from expensive and inaccurate but
general finite difference approximation of macroscopic tan-
gent, to various ways how to derive corresponding analytical
expressions (for discussion on methods see e.g. [28]). One of
the alternatives is also standard sensitivity analysis of cou-
pled path-dependent problems, as introduced in [11,21]. In
the primal analysis, the response of the system is evaluated,
whereas in sensitivity analysis the derivatives of the response,
e.g. displacements, strains, stresses or energy, with respect to
arbitrary design parameter are sought. For the automation of
the multi-scale methods, sensitivity analysis with respect to
parameters used to define micro level boundary conditions is
needed. It will be shown that the consistent linearization of
the two-level path-following algorithm requires the imple-
mentation of relative sensitivity analysis instead of a full one
and that a second order sensitivity analysis is also needed.

The second aim of the paper is to present advantages of
analytical essential boundary condition sensitivity analysis
based implementation in comparison with the classical ways
of implementing multi-scale methods based on the calcu-
lation of SCHUR complement of micro tangent matrix (see
e.g. [16,22,28] for FE? method and [9] for MIEL method).
This is especially important for path-dependent problems
such as finite strain plasticity, where consistent linearization
is of high importance. It will be shown that for the MIEL type
of methods the analytical second order sensitivity analysis
is numerically superior with respect to SCHUR complement
implementation.

Another motivation was to create a computational envi-
ronment, where the multi-scale program code is auto-
matically derived and various types of multi-scale and
single-scale approaches can be freely mixed while retaining
quadratic convergence of the Newton—Raphson procedure.
To achieve the goal, the introduced method uses an advanced
feature of software tool AceGen [12]. AceGen is an auto-
matic code generator, where automatic differentiation tech-
nique [7], automatic code optimization and code generation
are combined with computer algebra system Mathemat-
ica [20]. The size of the code is reduced through control of
expression swell [10]. The automatic-differentiation-based
(ADB, [11]) formulation enables unification and automation
of various multi-scale approaches for arbitrary nonlinear,
path-dependent material models (e.g. general finite strain
plasticity). A short overview of multi-scale methods based
on first and second order boundary condition sensitivity
analysis for the linear case was already given in [15]. Numer-
ical simulations were performed with AceFEM numerical
environment [14] that has built-in support for numerically
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efficient first and second order analytical sensitivity analy-
sis.

The paper is organized as follows. Micro problem formu-
lation based on finite strain elasto-plastic model is briefly
described in Sect. 1.1 as a basis for all subsequently derived
multi-scale methods. After an introduction to automatic dif-
ferentiation based notation (ADB) in Sect. 1.2, a generalized
two-level path-following multi-scale algorithm is derived in
Sect. 2. The basis for the multi-scale formulations is pri-
mal and sensitivity analysis of the micro problem as given
in Sect. 3. MIEL and FE? multi-scale methods are then
described in detail, focusing on their implementation in
Sect. 4, followed by numerical examples presented in Sect. 5.

1.1 Micro problem definition

At the micro level we will consider finite element formu-
lation of rate-independent nonlinear problems in solid and
structural mechanics, such as an arbitrary finite strain rate-
independent elasto-plastic material model. Here, only essen-
tial equations are presented; for more details see e.g. [26].
Finite strain, isotropic, elasto-plastic model is defined by its
elastic strain energy function, plastic evolution equations and
the method for time integration of evolution equations. Some
of the possible variants are presented in [13]. The actual mate-
rial model used to run numerical examples is summarized in
Box 1. However, all the methods presented are general, inde-
pendent of the specific material model.

b =F,C,'F,", J, = detb, (1)

1 1
W= E/L(trbe —3—logJp,) + Z)L(Jbe —1—logJp,) 2)

aw 1
r=2be£e,r/:r—§(tr )1 3)
3 12
¢ = (51' : r’) — (oy0 + Kny + Roo(l —exp(=8y))) (4)
Z=F,C;' 2 0 g c=1 0 (5)
—Efmbp —CXP(— (y_yn)air) m&pn —
Qg ={Z11, 222,233,212,213,223 ¢1=0 (6)
-1 1 el
mg {Cp“, p22’ Cp33, CplZ’ Cplgs Cp23a v} (7)

_ —1 1 1 1 -1
hmg” - {Cpnll ’ Cpn22’ Cpn33’ Cpn12’ CpnlS’ Cpn23’ y”} (8)

Box 1. Micro problem material model

Formulation is based on multiplicative split of micro
deformation gradient F,,, the components of an inverse right
Cauchy plastic strain tensor C;l as plastic state variables,
elastic left Cauchy strain tensor b, (1), Neo-Hookean strain
energy function W(b,) (2) and Mises yield function with
exponential hardening law (4). Backward Euler is combined

with the exponential map for a stable, volume conserving
integration of evolution equations [26]. Discretized evolution
equations (5), together with yield condition ¢ = 0, form a set
of algebraic equations ng (6) for a set hy,¢ (7) of unknown
components of plastic strain tensor ', ! and plastic multiplier
y. C and yn are values of plastic strarn tensor and plastic
multrpher at the end of the last load step. The dependency of
Eq. (6) on the values of variables at the end of the last load
step (h;,¢,,) makes the whole problem path-dependent.

Standard weak form of equilibrium equations is then writ-
ten as

/Pm-SFde—/t~8umdS:0 ©)

Qm 98

where first Piola—Kirchhof stress tensor P,, can be obtained
from the elastic strain energy W by P,, = oW /0F,,. After
finite element discretization of deformation gradient F;,, =
F, (pme), where p,,, is a set of nodal degrees of freedom
of eth micro element at the current load step. The variation
OF,, = 0F,,/0p,,, 5P, leads from (9) together with the
standard GAUSS integration of weak form and standard pro-
cedure of assembly of element contributions (denoted here
with A operator) to a set of algebraic equilibrium equations
(10). Equations are at each GAUSS point coupled with an
additional set of equations ng (6). The result is the follow-
ing integration point coupled system of nonlinear algebraic
equations

Nme

R, (D ) = A Rue + R (10)
e=1
Nme
- A Z Wep mg(pmev mg) +ReXt
e= lgeGg
ng(pmevhmg7 hmgn) =0:g=1, 27--~ntg (11)

where R, is contribution of eth element to global residual
R, and RS is a vector of external forces. p,, denotes a set
of micro level nodal unknowns, h,, = UZ”" h,,¢ is a set of
unknowns of all GAUSS point problems. G, is a set of GAUSS
points of eth element and wg, is GAUSS point weight. The
GAUSS point contribution R, to the element residual R,
leads from (9) to

oF
Ry = JePu 8p—’” (12)

me

where Jg stands for a standard Jacobian of the transformation

from the reference coordinate system to the global coordinate
Fmij.

system and P, : 3pme = Zt} mij g

@ Springer



232

Computational Mechanics (2020) 65:229-248

1.2 Automatic differentiation based (ADB) notation

The automatic differentiation (AD) technique can be used
for the evaluation of the exact derivatives of any arbitrary
complex function defined by an algorithm via chain rule and
represents an alternative solution to the numerical differentia-
tion and symbolic differentiation. The result of AD procedure
is called “computational derivative” and is written here as

5f (a) . The AD operator === f ( ) represents derivative of a func-

tion f(a) with respect to varlables a. The operator ‘S];ﬁ has
a dual purpose to indicate the mathematical operation of dif-
ferentiation as well as to indicate that the AD technique is
used to obtain the required quantity. If, for example, alter-
native or additional dependencies for a set of intermediate
variables b have to be considered for differentiation, then the
AD exception is indicated by the following formalism

8f(a,b) _f L
Sa pb .. 9da  db
D_a=M

M, (13)

which indicates that during the AD procedure, the total
derivatives of variables b with respect to variables a are set to
be equal to matrix M. b in (13) my or may not be algorithmi-
cally a function of a. When b is algorithmically function of

a then (13) defines that the true derivatives g: are neglected
and replaced by a matrix M. When b is not algorithmically a
function of a then (13) introduces from the algorithmic point
of view an artificial dependency between a and b. The auto-
matic differentiation exceptions are the basis for the ADB
formulation of computational problem.

For example, the GAUSS point residual R, is defined
by Eq. (12). However, form (12) is not numerically efficient
from the automatic differentiation point of view. Numerically
efficient ADB form of (12) is derived as

SW SF,, SW
— 5 2 iR (14)

5Fm Dhmg -0 5pme 5me mg -0
DF,, DF,,

As a side effect of the iterative solution of Gauss-point equa-
tions (6), there exist an implicit (algorithmic) dependency of

h,,; on Fy,. The AD exception h”’g = 0 in (14) hides this

dependency from automatic different1at1on procedure and
ensures correct evaluation of the weak form equations. In
(14) we start with the scalar and make only one call to AD
procedure, which is optimal for the backward mode imple-
mentation of automatic differentiation as shown in [11].
The introduced ADB notation is abstract, thus any suf-
ficiently sophisticated software for automatic differentiation
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can be used for the actual implementation. The ADB notation
can be directly translated to the AceGen input and is part of
automatic generation of numerically efficient program codes.
Details of the method and of the corresponding software Ace-
Gen together with numerous examples of AceGen inputs can
be found in [10-12,14]. The actual AceGen and AceFEM
inputs are for the complex multi-scale problems addressed
in the paper too lengthy to be included in the paper. How-
ever, they are freely available at http://symech.fgg.uni-1j.si/
Examples/MultiScale.pdf, in a form of Mathematica note-
book at http://symech.fgg.uni-1j.si/Examples/MultiScale.nb
or as a part of software documentation available at http://
symech.fgg.uni-1j.si/Download.htm.

2 Generalized two-level path-following
multi-scale algorithm

For highly nonlinear problems in general the solution can-
not be achieved in one step. More efficient procedures can
be derived when the resulting system of algebraic equa-
tions can be naturally parametrized. Various path-following
algorithms, such as constant load-stepping, adaptive load
stepping or arc-length methods, can then be applied to solve
the nonlinear problem. Within the standard implementation
of multi-scale methods only the macro scale is parametrized.
Consequently, each macro step is followed by exactly one
step at the micro level and a path-following algorithm is
applied only at the global level. Here, an algorithm is derived
for consistent parametrization of both macro and micro prob-
lems leading to two-level path-following algorithm. For the
sake of simplicity, the two-level constant load stepping algo-
rithm is derived. However, it can be easily extended to other
path-following approaches.

Let k be the index of the last calculated macro load step
and k + 1 the current macro load step, as shown in Fig. 1.
Furthermore, let n be the index of the last converged micro
load step, n + 1 the current micro load step, s the index
of the micro load step at the end of the last converged
macro load step, n,, the number of micro level steps within
the macro level step and s + n,, the index of the micro
load step at the end of the macro load step as presented in
Fig. 1.

As an example, problems in solid mechanics and nonlinear
structural mechanics subjected to quasi-static proportional
load are frequently parametrized by introducing loading
parameter A . Ay will be used to parametrize macro prob-
lem. The final value of parameter A, is usually determined
by the problem at hand, e.g. as total given load factor ;. In
this case the total load is split into np; macro steps. The
finite element discretization of macro level then leads to
a set of nonlinear equations Ry, at the current load level

AM = AMk+1
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Fig.1 Generalized two-level A A
path-following, multi-scale )\M )\m
algorithm )\m
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S
macro micro
Pux P Py Pms P Prini1 pms+nul P
S —

ApM
nMe
Ry (pM, U S e, KM)
e=1
nMe
= A RuePre: Swe) — Am RS = (15)
e=1

where R, denotes the contribution of internal forces of eth
macro element to the nodal force vector and R™f is the ref-
erence load vector associated with the pattern of the applied
nodal forces. p;, represents a set of nodal unknowns of the
problem at macro level and Sy, is a set of variables trans-
ferred from the micro level problems to eth macro element.
Sue is composed of contributions of one or several micro
problems. Thus, Sy = UreMe S™ . where S is the con-
tribution of the rth micro problem and M, is a subset of
micro problems that contribute to the eth macro element.
For a general scheme it is irrelevant what the data represents
physically.

Within various multi-scale methods the coupling of the
scales can be done in several ways. The paper addresses meth-
ods where micro—macro coupling is achieved by expressing
the essential boundary conditions of micro level problem as
a function of data calculated at macro level. Let p,, be a
set of micro problem nodal unknowns with imposed homo-
geneous essential (Dirichlet) boundary conditions, ¢ a set
of variables calculated at macro level for the current macro
load level Aj; on which a selected micro problem depends
and p,,(¢) a function such that at the and of the macro
step P, = P, (P). P is composed of components of macro
deformation gradient in the case of FE? method and of com-
ponents of nodal displacements of macro element in the case
of MIEL method. The actual form of p,,(¢$) depends on
the multi-scale scheme and is given in the following sec-
tions.

Let A, be a current value of a micro level parameter. At
the end of the last macro step, we additionally define A, ; as a
value of a micro level parameter and p,, ; as a value of nodal

Ap

m

unknowns with imposed essential boundary conditions. Lin-
ear interpolation of p,, within the macro step then leads to
the following parametrization of micro level problem

P (P, 2m) =Pps + G — ) P (P) — Ps). (16)

The total increment Ap,, of the micro essential boundary
conditions within the macro load step is defined by

Apm =pm(¢)_pms' (17

The micro level parameter introduced with (16) ensures
continuous parametrization of micro problem and has the fol-
lowing properties for the kth micro step: (A, —Ams) € [0, 1],
Ams = k and A,;, = k 4 1 at the end of macro step. With the
introduction of parameter A,,, the solution of micro problem
within the kth macro step is achieved in n,, micro steps with
associated solution vectors.

The finite element discretization at micro level leads from
(10) to the following integration point coupled system of
nonlinear algebraic equations for the chosen micro problem

Rm(pmv hI’na f’m(q)v )‘m))

Nme
= A Z Wep ng(Pme(dL Am)s hmg) + R;i(t =0
e=1 geGe
(18)

Qg Pime (D, Am), himg, hipgn) =0 1 g =1,2,...n4 (19)

where equilibrium equations R, are coupled with discretized
evolution equations at the GAUSS point level Q,,,. A stan-
dard two level NEWTON- - RAPHSON method can be used to
solve the resulting GAUSS point coupled system of algebraic
equations for the unknown p,,, and hy,, as described in [11].

In order to have quadratically convergent multi-scale solu-
tion algorithm, we also need consistently linearized macro
equilibrium equations (15). The linearization of (15) leads to
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nMe
Ky = A Kue
e=1
— HK (aRMe ORme DSpre a(bMe) (20)
P pe ISme Db e P pe

where @y = U, e, ¢ is composed of variables calcu-
lated at the eth macro element and transferred to a subset of
micro problems M, that effects the eth macro element. Par-
tial derivatives in (20) are explicit and can be easily derived
analytically for a specific multi-scale scheme.

Derivation of total derivative DD q)Me =U e M, (W>(r)
has to be done at micro level. As shown later on examples,
in general S depends on p,, and h,, as well as on their first
derivatives Dp,,/D ¢ and Dh,, /D . Thus, atotal derivative
of S leads to

DS _ S Dp, , 3S Dhy, 3S D?p,,
Do~ 9p, Db | oh, D | 3(Dp,/Dd) DP?
3S D?h,,

21
T3 (Dh, /D) D2 D

where first order derivatives Dp,,,/D®, Dh,, /D¢ and sec-
ond order derivatives szm / ch2, D?h,,/ D(l)2 are implicit
and require differentiation of complete path-following algo-
rithm for the solution of selected micro problem. This can
be done using analytical sensitivity analysis procedures,
such as described in [11]. ¢ represents input data for the
selected micro level simulation and is used to calculate essen-
tial boundary conditions (16). Thus, for the evaluation of
implicit derivatives, a boundary condition sensitivity analy-
sis is needed with components of ¢ as sensitivity parameters.

The solution of a path-dependent micro problem, in gen-
eral depends on all variables transferred from the macro
level to the micro level in all macro steps. Consequently,
a complete set of sensitivity parameters of the selected micro
problem would be composed of all variables transferred from
the selected macro element to the selected micro problem.
Sensitivity analysis for a large number of parameters requires
significant amount of memory as well as computation time.
However, it is not actually needed. The variables transferred
in kth step (¢ = &) affect the selected micro problem
only from the micro step at the beginning of the macro step
(micro step with the index sth) and implicit derivatives with
respect to ¢ are not needed any more after the completion
of the macro step. Consequently,

%z M:O

Do © Do ’

20 2h .

DPwi _ g Dhwi _gy; ) (22)
D¢? D¢?
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and implicit derivatives with respect to ¢ do not appear in
the macro problem after the completion of the macro step.
Thus, at any given time only a set of sensitivity parameters ¢
that belongs to the current macro step has to be considered,
provided that (22) holds. Since Q,,, depends only on hyg,
it is sufficient for (22) to hold to set

Dhms
——=0ad —— =0 (23)
D D

at the start of each micro problem increment (at the sth micro
step).

2.1 Two-level path-following algorithm

The algorithm that summarizes the above considerations is
presented in Box 2. First, the micro level equations (18) (19)
are solved for unknown p,, and h,, at fixed p,, with the
use of Newton method, which is also applied to solve the
macro equilibrium equation (15) in an outer loop leading to
a nested iteration—subiteration solution scheme for unknown
Pus P, and h,,. For the sake of simplicity, the algorithm is
written for the constant time stepping with n,; macro steps
and n,, micro steps per macro step. However, it can be easily
extended to an arbitrary adaptive time stepping scheme. It is
assumed here that the micro problem is path-dependent, thus
the state of all micro problems has to be stored somewhere
at the end of the solution of each macro step and restored at
the beginning of each macro iteration.

The basic idea of this paper is that any FE code that sup-
ports first and second order sensitivity analysis can be turned
into a fully consistent, numerically efficient, quadratically
convergent nonlinear multi-scale code with minimal or even
without any additional coding at the level of micro finite
elements. Of course, one can use finite difference approxi-
mation to evaluate macro tangent modulus K. However, the
resulting code is numerically efficient and inexact tangent can
affect the rate of convergence of iterative procedure. In any
case, one has to write additional code for data management,
solution of the macro problem and for parallelization of the
multi-scale algorithm. Let us assume that the code supports
primal, first and second order sensitivity analysis. It is then
needed for the implementation of the particular multi-scale
scheme to define the following quantities and expressions:

e micro problem sensitivity parameters as a function of
macro element unknowns (® (pPjz)),

e boundary conditions of micro problem as a function of
sensitivity parameters (p,, (®, A;)),

e derivatives of boundary conditions with respect to sensi-
tivity parameters (M)

e micro level variables that are passed to macro level (S),
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e total derivative of micro level variables with respect to
sensitivity parameters (DS/D®),

e macro element residual vector (R (Paz» Sie)),

e macro element tangent matrix (Kae(Paps Sies

DSpe/DP pe)).-

Initialization: 1), < 0; Aly = XM/nM; Puir < 0;py < 0;

foreach micro problem set p,,,; <— 0;hy,s < 0;p,, < 0;

for i = 1 to ny; do macro steps

Ay <— Ay + Ay

repeat Newton iterations at macro level

foreach macro element evaluate ® ;,

foreach micro problem do

Pun < Ppshmn < hyg // initialize
primal data

Dh,,,/Dd < 0;D%h,,,/Dp* < 0// delete
sensitivity history to fulfill
(22)

A i =1 Ady = 1/ny; APy, < Py (P) — Pis

for j = 1 to n,, do micro steps

Am < A+ Adp; I_)m <« I_)m + Ahm Af'm;

solve one micro step

Ry (P, hi) = 0;
Vg : ng (pmev hmgs hmgn) =0
// solve coupled primal
problem for unknown p,,h,

Dp,,/D¢; Dh,, /D¢ // first order
sensitivity problem

szm/Dd)z; D*h,,/D$? // second
order sensitivity problem if
needed

Pnn < pm;hmn < h, // update primal
data

DPyuu/Dd < Dp, /Db ... D?hyy /DO
D?h,/Dd? // update all
sensitivity data

| evaluate and store S and DS/D¢
Newton update ar macro level

N Me
Ry = Ag Rote (Ppse» Site)s

nMe
Ky = A" Kute(®re: Sate. DS/ Dby ):
| Pu < Py — KX,;IRM

until pys has converged

Pyik < Pwms

foreach micro problem set
Pms < Pm> hy s < hy; ﬁms <~ [_)m; // update
and store macro and micro data

Box 2. Two-level path-following multi-scale algorithm

3 Primal and sensitivity analysis of micro
problem

The general procedures for primal and first order sensitiv-
ity analysis are for an arbitrary problem presented in detail

in [11]. Here, we focus on essential boundary condition sen-
sitivity analysis that is needed for the implementation of
multi-scale methods. For this purpose, first order essential
boundary condition sensitivity analysis is extended to sec-
ond order essential boundary condition sensitivity analysis.

3.1 Solution and automation of primal problem

The primal problem at micro level (18), (19) represents a
system of GAUSS point coupled nonlinear algebraic equa-
tions that can be solved using standard nested iteration—
subiteration Newton—Raphson iterative procedure (see
e.g. [11]). First, the Gauss point equation (19) is solved for
h,,; at fixed p,,, with the use of Newton method, which is
also applied to solve the equilibrium equation (18) in an outer
loop for unknown p,,,. The tangent operator for the inner loop
Ky is given by

A

Q
Kg= "% (24)
Shy,g
and consistent micro tangent matrix K, is written as
n N
me (SRm
8
K,=A wep =2 ) (25)
=1 Pime | Z0mg __ g—19Qng
¢ 8<Ge e Pime KQ Spme

Evaluation of the micro tangent matrix (25) requires proper
consideration of the implicit dependency hy,¢(p,,.) intro-
duced by the local iterative procedure. The missing implicit
... 3hy, —10Q,, . .
derivative gp £ = —KQ1 % can be easily obtained from

me

(19) and introduced as an AD exception in (25) (for more
details see [11]).

3.2 Solution and automation of sensitivity problem

For the essential boundary condition sensitivity analysis we
define the residuals and the vectors of unknowns in (18) and
(19) as a function of sensitivity parameters ¢ by

Ry (P, (), hy (), by (P, ) (26)

= A D" wep RiugBre (), Bre (D ). hing ()

e=1 geG,
=0,

ng (lv)mg(q))v f’me(d), Am), hmg(d))’ hmgn((b)) =0:
g=1,2,...n4. 27

where p,, (P, A,,) is a set of nodal DOF with prescribed
essential boundary conditions defined by (16).
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At the level of individual finite element, the set of nodal
unknowns p,,, = P, Y Py includes degrees of freedom
with prescribed essential boundary condition p,,, and true
degrees of freedom p,,,, because they are at the element
level indistinguishable. The first order sensitivity problem
can be obtained from the primal problem by differentiating
equations (26) and (27) with respect to sensitivity parameters,
which results in

Nme

=A 2 vo (28)
D¢1 e=1 ocG,
<8ng Dp,,. ORue Dp,, R, Dhmg>
af)me D¢I 8I_)me D¢I 3hmg D¢I
=0,
Dng _ ang Dl\sme 8ng Dl_)me 8ng Dhm8
D¢, aIv)me D¢1 8I_)me D¢I ahmg D¢I
MM = 0. (29)
8hmgn D¢I
To calculate 2Bn | the sensitivities Dhyg are expressed
Dér Do; P

from Eq. (29) and inserted into Eq. (28). After rearrange-
ment, in which the terms that contain the unknown sensitivity

l;’" are collected together, a system of linear equations is
obtained
Dp _ 5 Nme »
KmD—¢m = "R, "R = A D we Ry (30)
! e=1geG,

Tangent matrix K,, is already evaluated and factorized from
the primal problem. Therefore, only vector / R, on the ri ght-
hand side of Eq. (30) has to be calculated in order to obtain
the resulting system of linear equations. This vector is called
lndependent first-order sensitivity pseudo-load vector. After
obtaining D “Pn a5 the solution of (30), the obtained values

are inserted into Eq. (29) and Dh”’g ,e=1,2,...
expressed. Corresponding expressmns are

n;g can be

IZg = —Kél <a?mg Dp,ye ang Dhmg") 3
apme D¢y ahmgn Do,
Ry = 2o DBne | o1y, (32)
8 Pie D¢I mg
Dhg _ 17 _ k= ( ng%) (33)
D¢y ¢ 2\ 0P, Dér

where / Z, is an additional auxiliary variable introduced to
increase numerical efficiency. It can be evaluated during the
evaluation of / ﬁ,ng, stored in memory and used later for the
evaluation of Dhy,g/Dé;.
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Function p,, (P, A,;,) can be arbitrary complex and, in
general, cannot be input data of the finite element analy-
sis. However, it is not the relation p,, (¢, A,,;) itself that
is needed within the sensitivity analysis, but its first and
second derivatives. Let ¢; and ¢; be an arbitrary essen-

tial boundary condition sensitivity parameters. The rate of
Py (D Am)

¢y
and 7V = W are called first and second order

essential boundary condition velocity fields. The values of
first and second order essential boundary condition velocity
fields at the nodes of eth element are defined by

change of essential boundary conditions 'V =

9 Pmei lf L€ D
ly, = oo N Pmel SPme iy (34)
0 if Pmei € Pue

Pmei : . =
IJVe {6¢13¢] lfpmet Gpme :i=1,...,np (35)

0 if Pmei € f)me

where 7, is the total number of element nodal DOFs. The
velocity field is zero for the true degrees of freedom. Thus,
the proper definition of element velocity fields is sufficient
to make the difference between the degrees of freedom with
prescribed essential boundary condition and true degrees of
freedom at the finite element level.

The actual analytical expressions for (32), (31) and (33)
are rather lengthy, but they can be obtained automatically
using the automatic differentiation. For this purpose, an auto-
matic differentiation based notation or ADB notation of the
terms is needed. A general ADB notation of first order terms
follows from (32), (31) and (33) where all implicit deriva-
tives are replaced by appropriate AD exceptions and leads
to

)
'z, = - K, (?’”g (36)
mee Dhm n n
¢] D¢ _IV D(pf IHg’
IRy = s (37)
mg =
8 mee Dhm
é1 D =y, D¢lg 1Z
Dhyg 7. _ K-
D¢, ¢ Q
8?mg . _ (38)
3(]51 Dpye {0 if Pmei € Ppe Q=1 .. n
. . =l p
D¢[ Yi if Pmei € Pine

where 'Y = Dl:;"f are already calculated and stored sensitiv-

.. Dh
ities of nodal unknowns and ! HZ = D:;’g “ are sensitivities

of integration point unknowns at the and of last micro step.

For the calculation of the unknown second-order sen-

p D?h,,,
sitivities DI; Do; and %D ¢ , Ry and Q,,, have to be

differentiated twice, with respect to ¢; and ¢ ;. After a pro-
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cedure equivalent to the one for the first-order sensitivity
analysis, one gets a system of linear equations

sz " " Nme "
Km m =—IJRm, IJRmzAngpIJnga
e=1 geG,
(39)

where again only vector !/ R,, on the right-hand side of
Eq. (39) has to be calculated. This vector is called inde-

pendent second-order sensitivity pveudo load vector. After

2 2
obtaining DéiDG] D 57 —~——1_ the derivatives DI; ,8=1,2,...n4
can be expressed. The actual analytlcal expressmns are too
lengthy to be presented here. Thus, only an automatic differ-

2
.. . 1 J hy;
entiation based notation of mg and 52— 3D <p is given here

by
1J -1 5
Z,=-K, —
¢ 2 5,
Qg
R w
! ,
Dbye _yy DY 4y
Dhypg ;o Dhpgn Do =Y. ] Ve
Doy = H,, Doy = H" by ¢Jl ¢
Dhmgn J D ’ _1J
Do, = Wi Dy, = H
. 5§ | SR
1J mg
Ryg = 5o 50 Pine _Iy - (4D
J I | D¢, Nl oy -
Dhug Dar="1V, pme _Jy,
D = e/ | P or
DMy 14y
D¢y 8
D?hyg _1iyg
D¢ D, ¢
K- 6Qmg 42)
0 5¢1] gpme: 0 if Pei € I_)me =1 wlp
¢ IJYi if Pei € pme\l_)me

Additional intermediate quantities / Z ¢ and Iy, ¢ areagain
evaluated during the evaluation of R,, ¢ and IR, ¢» stored
in memory and used later for the evaluation of Dh,,,/D¢;

and D?h,,,/ D¢ Dé;. Matrices 'Y = %Pg Y = e,

1J _ szme 1 _ Dhmg J mg Ign Dhmgn
Y= Dg5j; He = Dy, - He = Dot Hy = T

Jyn — DPhmgn 1jpn _ D? g n

H, =5 3 H, =5 5, Dg; e already calculated and

stored as first and second order sensitivities.

All first order sensitivities have to be calculated to be able
to calculate the second order sensitivities. For this reason, in
the algorithm in Box 2 the second order sensitivity analysis
is performed after the first order sensitivity analysis. For the
implementation of multi-scale schemes it should be noted

that the only multi-scale scheme dependent expressions in
Egs. (36)—(42) are velocity fields 'V, and 17V,

4 Multiscale methods

4.1 MIEL method

MIEL (mesh-in-element) method is a multi-scale finite
element method that can be classified as a domain decompo-
sition method. This method is appropriate for cases where the
difference between two scales is finite and the scales remain
coupled, or when in the region of high gradients the FE?
multi-scale approach fails. The MIEL scheme was described
in [18,19,24]. Next, we developed an automatized sensitivity
analysis based version of the MIEL method. At the macro
level, we have compatible interpolation of unknown fields at
the boundary of macro elements, whereas material charac-
teristics, inhomogeneities, inner structure, such as openings,
incisions of different materials, are defined only at micro
scale. In Fig. 2 the MIEL procedure is presented. Let assume
the standard interpolation of displacements u )y on the bound-
ary of the macro element

up(2) =) Ni(E) e (43)

where N;(E) are finite element shape functions, E =
(&, n, ¢) reference coordinates and uyg; are displacements
in ith macro element node. To ensure compatibility of dis-
placements at macro and micro level, we impose the essential
boundary conditions at the complete boundary of the micro
mesh by

Un () = s (E) + (m — Ams)Um(E) — s (E)))(44)
where u,, ;(E) are displacements at the boundary at the end
of the last macro step. The derivatives of (44) with respect to

components of macro element nodal displacements are given
by

8’Zmi(E)

= 8ik()¥m
alfiMejk

— Ams)Nj(E). (45)

A set of macro element unknowns is p,,, = J jok UMe jk
and p,,, is composed of the micro mesh nodal displacements.
Thus, (44) defines the dependency between the degrees of
freedom with prescribed essential boundary condition at
the micro level p,, = P,,(Ppe> *m) and macro element
unknowns p ;..

The macro element residual Ry, is in the case of MIEL
obtained by the integration of the internal forces, part of weak
form (9), over the micro mesh, where the micro deformation
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Fig.2 MIEL multi-scale
scheme

MACRO PROBLEM
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8/

gradient F\, = Fyy(P1e Pages A)) and micro stress tensor
P, =P, (P,.Pure Am)) implicitly depend on the degrees
of freedom of macro element

/PM-SFMdV = /Pm -8F,, dV
Qe Qm

Nme

= Z /Pm -8F,, dV (46)
=1 Qe

Discretization of the micro mesh together with the
variation of deformation gradient 6F, (P,,. (Ppses Am)) =
2%77’"833—’};2 opye and F‘.tandard GAUSS integration over the
micro element domain €2,,, leads from (46) to the macro

element residual Rz in a form

Nme
Rye =) Y we Ry (47)
e=1geG,
9F,, D
Ry = Ji Py o~ Pme (48)
apme DpMe

where Ry, is a contribution to the macro element residual
evaluated at the micro element GAUSS points. Differentiation
of (48) leads to the macro element tangent matrix

Nme

Kie =Y Y wey Kugg (49)

e=1geG,
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Ry Je <8Pm Dp,,, OFy Dp,,
8pme DpMe 8pme DpMe

N oF, Dszme
e Dpyy,

(50)

K =
M 8pMe

. asz mee mee
+P,, : 3
apme DpMe DpMe

where again Ky, is a contribution to the macro element tan-
gent evaluated at micro mesh GAUSS points.

The residual and tangent matrix are for each macro ele-
ment obtained directly from the micro scale problem and
each macro element is associated with exactly one micro
problem. Macro element performs only proper transfer of
components of the macro element residual vector and tan-
gent matrix from micro scale to macro scale finite element
assembly procedure.

4.1.1 Sensitivity analysis based implementation of MIEL

Sensitivity analysis is required for the evaluation of implicit

D’Pue in (48) and (50 43
rSh in (48) and (50). From (43)

. Dp,
dependencies +.2¢ and
p DpMe

there follows a set of sensitivity parameters of the micro
problem p = by = Py = Uj,k U Me j k»and from (44) and
(45) the components of velocity field ly = W. Thus,
the components of the first order boundary condition velocity
field / V are the values of the macro element shape functions
at the position of the boundary nodes of the micro mesh. For
boundary condition in the form of linear combination (44),
the second derivatives are zero, and consequently the second
order velocity fields are //V = 0.
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Fig.3 MIEL macro tangent SCHUR
matrix Ky ; above—Schur 1
complement implementation
and below—sensitivity based Schur
implementation complement transformation
ch ’ KMe
Kﬁb K’V_II,TII]
Kmm Km
dim. 72 x 72 dim. 40 x 40 dim. 8x 8
SENSITIVITY
sensitivity
analysis
Km KMe
dim. 32 x 32 dim. 8 x 8

Other quantities required in two-level path-following
algorithm Box 2 are then: macro level variables that are
passed to macro level S = Sy, = Rz (48) and total deriva-

. DS _ DSy __ . .
tive 55 = D (bM“e = Ky. For the numerically efficient

implementation of (48) and (50), we also need ADB form of
(48) and (50). From (14) ADB form of (48) and (50) leads to

sW
Ryg = Je z b , (629
P e hmg:const.,%;l”:Yd)
SR
K = = (52)
b Dp DYy
P —Eme vy __P_y
DpMe ¢‘,DpMe L

_ Dpye _ D’pue
where Yd) = Dpur and Y bd = Dp?

Me

order sensitivities calculated and stored during the analysis.

are first end second

4.1.2 Schur complement based implementation of MIEL

Let us consider formulations where the solution is within one
macro step path-independent, such as hyper-elastic problems
solved with an arbitrary number of micro steps or elasto-
plastic problems solved at the micro level in one load step.
In this case, an alternative formulation of MIEL based on the
calculation of SCHUR complement is possible, as originally
presented in [18]. Let us form, at the converged state of the
micro problem, a full set of equations that include uncon-
strained p,, and constrained p,, unknowns by

Ki Kiim | | AP Ry
. = ) 53
|:Kmﬁl K Apm 0 3
SCHUR complement of (53) leads to reduced set of equations
K. Ap,, = R, where K., and R, are condensed tangent

matrix and residual of micro problem, respectively. Since the
relation p,, = P, (Ppe- M) 18 linear [see (44)], we can write

P =T.- Py (54)

where T is a transformation matrix (for details see [9]). The
macro element residual and tangent matrix are then expressed
by

Ry = TT.R. (55)
Kye = TT~ K. T (56)

With Ry and Kjz known, one can apply the algorithm
presented in Box 2, with sensitivity analysis related parts
omitted. The size of K., is equal to the number of con-
strained DOFs at the boundary of the mesh and grows with
the micro mesh density. For densely meshed microstructure
the calculation of the SCHUR complement inflicts high mem-
ory allocation and is time consuming. Contrary, the number
of sensitivity parameters is the same as the number of nodal
unknowns of the macro element, thus independent of micro
mesh density. Schematic comparison can be seen for 2D case
discretized with 4 nodded elements in Fig. 3. For SCHUR com-
plement implementation, condensation is done with respect
to DOFs of 20 border nodes. The dimension of the resulting
matrix K. is 40 x 40. To get macro element tangent matrix
Kz with dimension 8 x 8, additional transformations (55),
(56) need to be performed. With the growth of mesh den-
sity, also the number of micro-structure border nodes grows
and with that the dimension of the matrix to be calculated.
In the case of sensitivity based implementation, the second
order sensitivity analysis is needed with respect to 8 DOFs
in macro element corner nodes and summation of (51), (52)
over the micro mesh integration points.
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time (s) 7 Ry, = Z w,, R (57)
lﬂlﬂ' Me = gp Mg,
’;”” geGe
50} i OF
il M
i Rug = JePi : 5o, (58)
40/ H,l,' Me
-» Hyperelastic- sensitivity fi!
30; Hyperelastic — Schur where the macro level first Piola—Kirchoff stress tensor Py

-+ Elasto-plastic - sensitivity
20/ = Elasto-plastic — Schur

10+

40000 60000 80000 100000

No. equations

20000

Fig. 4 Comparison of the computational time with respect to micro
mesh density for two implementations of MIEL method

The comparison of the computational cost of the two
implementations is done for the 3D case, which is more
computationally demanding than the 2D case. In Fig. 4, the
calculation time for the SCHUR complement and for the sec-
ond order sensitivity analysis is presented in relation to the
density of micro mesh. The example is composed of one 3D,
hexahedral macro element. The macro element is uniformly
subdivided into n X n x n micro mesh. Two micro material
models are considered, finite strain elasto-plastic as defined
in Sect. 1.1 and hyper-elastic based on hyper-elastic strain
energy (2). The SCHUR complement’s computational time
grows polynomially, whereas sensitivity calculation retains
approximate linearity with the number of equations at the
micro level. The timing of the sensitivity analysis increases
with the complexity of the material model and the number
of DOFs of the macro element. However, overall behavior
remains the same.

4.2 FE2 method

Standard two-level finite element homogenization approach
FE? is appropriate for the problems where scales are sepa-
rated far enough and are only weakly coupled, see [16]. The
FE? method was already implemented using sensitivity anal-
ysis in [22,27], but without two interacting path-following
schemes. Within the FE? approach we have one micro FE
model, also called a representative volume element (RVE),
at each macro mesh integration point as shown in Fig. 5. All
information about micro-structure is obtained from compu-
tations at the micro level by averaging the material response
characterized by an appropriate stress measure and con-
stitutive tangent matrix over RVE. With the GAUSS point
contribution to the macro level weak form (P - §F js) and
macro level discretization of deformation gradient §F 3 =
gf:—M"i«Sp Me» the macro element residual leads to
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is obtained by averaging the micro level first Piola—Kirchoff
stress tensor Py = {P,,}. The operation of averaging is here
denoted by {-}. Several types of boundary conditions can
be imposed on the RVE: e.g., fully prescribed displacements
and fully prescribed traction, which are based on the uniform
strain and stress assumptions and periodic boundary condi-
tions that enforce a displacement constraint, which is suited
for periodic media. Here, periodic boundary conditions are
achieved (see e.g. [16]) by applying first the prescribed dis-
placements in the corners of RVE by

ﬁm=(FMs+()\m_)\ms)(FM_FMs)_I)Xm (59)

where F')s is macro deformation gradient at the end of the
last macro step. The derivatives of (59) with respect to com-
ponents of Fj; are given by

alf_‘mi
0Fmjk

= (Sij A — X)Xk (60)

Thus, (59) defines the dependency p,, = p,, Fup., An)
between the set of micro nodal unknowns with prescribed
essential boundary condition p,, and the macro deforma-
tion gradient F ;. For the unconstrained boundary nodes, the
periodicity of boundary conditions is adopted with the use
of Lagrange multipliers (for details see [27]). Note that the
introduction of Lagrange constraints only extends the vec-
tor of micro level unknowns p,, with Lagrange multipliers
and micro level residual R,, with constraint equations and
it does not change the primal and sensitivity analysis proce-
dures described in Sect. 3 .

Differentiation of (48) then leads to the macro element
tangent matrix

Kue = Z wep Karg 61)
geGe
IRy, ORye DPyy OF iy
Ky = —— . (62)
where g’ﬁ = {g: n g%';’;} is macroscopic constitutive

matrix obtained by averaging the microscopic constitutive
matrices.
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Fig.5 FE2 multi-scale scheme
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4.2.1 Sensitivity analysis based implementation of FE?

Sensitivity analysis is required for the evaluation of implicit

dependency 3‘% in (62). From (59) there follows a set of
sensitivity parameters of micro problem

¢ =JFui (63)

ij

and from (60) the components of velocity field 'V =
3Dy (D Am)
09;
condition velocity field /' V are appropriate nodal coordinates
of the corner nodes of the micro mesh. For boundary con-
dition in the form of linear combination (59), the second
derivatives are zero, i.e., 77V = 0. The micro level vari-
ables that are passed to macro level from a single RVE are
S = Py = {Pyy) and the total derivative B = o gpﬁ}
The contributions of micro problems at all GAUSS points of
macro element are needed for the formulation of macro ele-
ment. Thus, a complete set of variables passed from macro
element to micro problems is ¢y, = U,cq, ¢, where
G, is a set of GAUSS points of the eth macro element. A
complete set of variables passed from micro to macro ele-

(r)
ment is Sye = U, cpq, S and l?i[ﬁ =Urem, (%)

where M, is a set of micro problems that corresponds to
G.. For the numerically efficient implementation of (58) and
(62), we also need the ADB form of (58) and (62). From
Py - 8F )y =S - 5F yy the ADB form of (58) and (62) leads
to

. Thus, the components of the first order boundary

(S F
Ry = Je ®:Fy) (64)
SPM‘*’ S=const.
SR
Ky = 8 (65)
Ppme | ps__ps
M~ Do

and

(66)

DS { oP,, mee} ) épy
D(b 8pme DFM SFM

Dpyye _
DpMe _Y¢

Dp
where Y, = s
(b D Pre

order sensitivities.

are already calculated and stored first

4.2.2 Schur complement based FE? implementation

As in the case of the MIEL method, the SCHUR complement
of constrained nodal DOF at the micro level can be used to
calculate macro element residual and tangent matrix. The
method leads to the traditional implementation of the FE?
method, as introduced in [16], and it will not be repeated here.
The number of RVE corner nodes is constant, which makes
the cost of calculating the SCHUR complement independent
of the density of the micro mesh thus, the advantages of using
the sensitivity analysis are less pronounced than for MIEL.
Note that the standard method is only consistently linearized
for the problems that are path independent within a single
macro step.

5 Numerical examples

Numerical examples were calculated using program pack-
ages AceGen and AceFEM [12]. Finite element user sub-
routines for primal and analytical first and second order
sensitivity analyses were automatically derived, optimized
and written in C language with the use of AceGen auto-
matic code generator. The MIEL and FE? methods based on
sensitivity analysis as well as the one based on the SCHUR
complement were implemented within AceFEM environ-
ment according to algorithm defined in Box 2. Intel MKL
sparse linear algebra numerical library was used for the lin-
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ear algebra operations (calculation of the SCHUR complement
and the solution of linear systems of equations).

For 2D examples, nine nodded, isoparametric, quadrilat-
eral, plane strain elements are used integrated with 3 x 3
GAUSS integration, and for 3D examples, eight nodded,
isoparametric, hexahedral elements are used, integrated with
2 x 2 x 2 GAUSS integration. For all examples, a finite strain
elasto-plastic material model as described in Sect. 1.1 is used
at the micro level.

The abbreviations used to indicate specific combination
of methods solution procedures are structured as follows

method — nyy /n, — implementation

where method can be MIEL or FE2, nys is the number of
macro steps or “Adaptive” for adaptive macro time stepping,
n,, is the number of micro steps for each macro step or “Adap-
tive” for adaptive micro time stepping, and implementation
is “Sens.” for sensitivity analysis based implementation,
“SchurMMA” for the SCHUR complement based formula-
tion implemented in Mathematica and “SchurMKL” for the
SCHUR complement based formulation implemented with
Intel MKL Library. The SCHUR complement based imple-
mentation is computationally identical to the sensitivity
analysis based implementation for n,,, = 1. Although Mathe-
matica and MKL both calculate theoretically the same SCHUR
complement, the algorithm implemented in MKL performs
perturbation of the zeros at the main diagonal resulting in
slightly imprecise tangent matrix as shown and explained on
examples in Sect. 5.2.

5.1 Validation of implementation of multi-scale
algorithm

The first numerical example is a three-dimensional cantilever
with clamped right and left end as shown in Fig. 6. Uniform
pressure p = 10 in the vertical z direction was imposed
at the top surfaces of the middle part of the cantilever. The
dimensions of the cantilever are 12 x 2.4 x 2.4. 3D, hexahe-
dral elements are used at both levels. Material properties are
E = 21,000, v = 0.3, oyo = 24 and K = 100. A homo-
geneous mesh is used at both levels, thus for the purpose of
validation the micro level is uniform and no microstructure is
present. The simulations were performed with adaptive time
stepping at both levels. The displacements in the z direction
of nodes on line A B are presented for all simulations in Fig. 7.
The extent of the plastic zone at the end of the simulation is
shown in Fig. 6, where red color indicates the plastic region.
Multi-scale results are compared with the single-scale results.
The same finite elements are used for the single scale mesh
as for the micro level mesh of the multi-scale simulation.
First the FE? method is verified by comparing the results
obtained by single scale analysis with mesh 20 x 4 x 4 with
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Fig. 6 Clamped cantilever with macro and micro mesh and enforced
natural and essential boundary conditions

multi-scale analysis for macro mesh density 20 x 4 x 4 and
micro mesh densities 2 x 2 x 2 and 10 x 10 x 10. The results
must be independent of micro mesh density due to the homo-
geneous micro mesh and exact enforcement of periodicity of
micro mesh boundary conditions. Multi-scale results must
also be exactly the same as single-scale results, which is
shown in Fig. 7 (curves 1, 2 and 3). This verifies the FE2
implementation.

For the MIEL method, the results of single scale simula-
tion and multi-scale simulation can be exactly the same only
for micro mesh density 1 x 1 x 1. This is shown in Fig. 7
(curves 1, 4). This verifies also the MIEL implementation.
With the change of micro mesh densityto2 x2x 2,5 x5 x5
and finally to 10 x 10 x 10 (curves 5, 6, 7), the MIEL results
get close to single scale FEM solution obtained with the mesh
80 x 16 x 16 (curve 8). This is the consequence of a better
description of the deformation field over the domain of macro
element, which partially eliminates the locking behavior of
the isoparametric hexahedral element. The effect is similar
to that of enhanced strain finite elements, where additional
degrees of freedom are added inside the elements.

5.2 Convergence rate of two-level path-following
iterative procedure

The convergence rate of the two-level path-following iter-
ative procedure defined by an algorithm in Box 2 is
investigated on an example from the previous section. The
simulation is performed in 10 steps with a constant load incre-
ment Aly = 0.1. Homogeneous micro mesh 5 x 5 x 5
is used for all cases. Each macro step is followed by one
micro step (denoted by -10/1-) or 5 micro steps (denoted by
-10/5-). Results of the convergence rate of the two-level path-
following iterative procedure for the last macro load step,
where most of integration points are already in the plastic
regime, are shown in Tables 1 and 2. The effect of the num-
ber of micro steps and the type of implementation (the SCHUR
complement or sensitivity analysis based) is investigated.
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Fig.7 Displacement in z
direction of line AB

1 FEM 20x4x4

2 FE? 20x4x4/2x2x2

3 FE? 20x4x4/10x10x10
4 MIEL 20x4x4/1x1x1

5 MIEL 20x4x4/2x2x2

6 MIEL 20x4x4/5x5x5

7 MIEL 20x4x4/10x10x10
8 FEM 80x16x16

Table 1 Comparison of MIEL convergence rate for the last macro step

NR it. MIEL-10/1-Sens. MIEL-10/5-Sens. MIEL-10/5-Sens.end MIEL-10/1-SchurMKL MIEL-10/5-SchurMKL

1 1.023e—01 1.036e—01 1.036e—01 1.023e—01 1.036e—01

2 7.304e—03 4.999e—03 4.089¢—03 7.304e—03 4.089¢—03

3 4.779e—03 3.875e—03 4.380e—03 4.779e—03 4.380e—03

4 8.786e—05 6.749¢—05 3.984e—04 8.786e—05 3.984e—04

5 6.102e—07 5.175e—-07 7.115e—05 6.102e—07 7.115e—05

6 7.051e—12 5.889e—12 1.962e—05 7.066e—12 1.962e—05

7 9.325e—17 1.778e—16 6.829e—06 1.016e—14 6.829e—06

8 2.708e—06 2.708e—06

29 5.948e—13 5.950e—13

Table 2 Comparison of FE? convergence rate for last macro step

NR it. FE2-10/1-Sens. FE2-10/5-Sens. FE2-10/5- FE2-10/1- FE2-10/1- FE2-10/5-
Sens.end SchurMKL SchurMMA SchurMMA

1 1.310e—02 1.322e—02 1.322e—02 1.314e—02 1.310e—02 1.322e—02

2 5.014e—03 4.718e—03 4.103e—03 5.128e—03 5.014e—03 4.103e—03

3 2.648e—03 2.561e—03 2.321e—03 2.522¢—03 2.648¢—03 2.321e—03

4 4.127e—04 4.052e—04 7.800e—04 3.869¢e—04 4.127e—04 7.800e—04

5 2.557e—05 2.315e—05 2.761e—04 2.245e—05 2.557e—05 2.761e—04

6 1.428e—07 1.151e—07 1.145e—04 2.209¢—08 1.428e—07 1.145e—04

7 6.368e—12 3.310e—12 5.403e—05 8.936e—11 6.367e—12 5.403e—05

8 8.720e—16 3.862e—16 2.738e—05 6.266e—13 5.230e—16 2.738e—05

9 1.451e—05 1.451e—05

41 9.287e—14 9.287e—14

Table 1 shows that in the case when 1 macro load step
is followed by one micro step (MIEL-10/1-SchurMKL and
MIEL-10/1-Sens.), convergence is quadratic and the results
are exactly the same regardless of implementation. Sensi-
tivity based implementation retains quadratic convergence
also for n, = 5, while the SchurMKL based imple-
mentation converges very slowly. The column denoted by
MIEL-10/5-Sens.end contains a special case, where the sen-
sitivity equations given in Sect. 3.2 are not resolved after

each micro step, but only at the end of micro solution. This is
again equivalent to implementation MIEL-10/5-SchurMKL.
It shows that only a fully consistent sensitivity analysis
ensures quadratic convergence of the overall MIEL algo-
rithm.

Secondly, the convergence rate of FE? scheme was inves-
tigated in Table 2. The same conclusions can be drawn as
for MIEL. Only fully consistent sensitivity analysis ensures
quadratic convergence of the overall FE? algorithm. The last
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Table 3 Effect of

implementation on numerical Implementation Micro mesh Normalized Total .NR Total mi(fro

efficiency of the FE* method time iterations problems
FE?-10/1-Sens. 5x5x5 1.0 60 153600
FE?-10/5-Sens. 5x5x%x5 3.6 59 151040
FE2-10/1-SchurMKL 5x5x5 1.5 65 166400
FE2-10/5-SchurMKL 5x5x5 8.8 136 348160
FE?-10/1-Sens. 10 x 10 x 10 6.3 60 153600
FE?-10/1-SchurMKL 10 x 10 x 10 8.5 67 171520

two columns contain the results of the SCHUR complement
based formulation implemented directly in Mathematica.
This is not numerically efficient, but it is necessary to show
that the FE2-10/1-SchurMMA implementation is numeri-
cally identical to the FE?-10/1-Sens. implementation. The
imposition of periodic boundary conditions using Lagrange
constrains results in the loss of positive definiteness of the
tangent matrix as well as produces zeros at the main diagonal.
Some algorithms for the evaluation of the SCHUR comple-
ment, such as the one implemented in the Intel MKL library,
perform perturbation of the zeros on the main diagonal result-
ing in imprecise SCHUR complement. This imprecision is
sufficient to alter, although not significantly, the convergence
behavior. This case is shown in fourth column in Table 2, des-
ignated as FE2-10/1-SchurMKL.

5.3 Numerical efficiency of two-level path-following
iterative procedure

The numerical efficiency of the two-level path-following
iterative procedure is investigated on an example from
Sect. 5.1. All simulations were performed on PC with Intel i9
2.8GHz,16 Core processor and 128 GB RAM. Micro prob-
lems were solved in parallel on 14 cores. Mathematica was
used only as a steering application for parallelization and the
control of the iterative procedure, while all computationally
intensive operations were performed with compiled C codes.
The material model used is a 3D finite strain elasto-plastic
model based on an exact exponential map (see e.g. [13]),
which is by itself computationally intensive. Consequently,
the administrative cost turns out to be negligible when com-
pared to the actual computational cost.

The effect of implementation on computational time is for
FE? formulation presented in Table 3. An example introduced
in Sect. 5.1 is solved with the macro mesh density 20 x4 x4 in
101load steps with a constant load increment AA s = 0.1. The
computational time normalized with respect to FE>-10/1-
Sens. formulation is presented along with the total number of
NEWTON- - RAPHSON iterations for all load steps and the total
number of micro problems solved during the complete sim-
ulation. The simulation using FE2-10/1-Sens. formulation
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took 1968.5s of real time. The results are presented for the
number of micro steps n,, = 1 and n,,, = 5 and the density of
the micromesh 5x5x 5 and 10x 10x 10. The first order sensi-
tivity analysis based formulation is in all cases faster than the
corresponding SCHUR complement based formulation. The
loss of quadratic convergence of the FE>-10/5-SchurMKL
formulation results in more iterations per load step, which is
the most influencing factor. The density of the micro mesh
influences the total computational time; however, the rela-
tion between the sensitivity based formulation and the SCHUR
complement based formulation remains the same.

The effect of implementation, micro mesh density and
material model on computational time is for the MIEL for-
mulation presented in Table 4. The example introduced in
Sect. 5.1 is in this case solved with the macro mesh density
10 x 2 x 2 in 5 load steps with a constant load increment
AXpy = 0.2. The computational time is normalized with
respect to MIEL-5/1-Sens. formulation, which, for micro
mesh 5 x 5 x 5, took 37s of real time. Two micro mate-
rial models are considered: finite strain elasto-plastic model
as defined in Sect. 1.1 and hyper-elastic model based on
hyper-elastic strain energy (2). For a sparse micro mesh
(5 x5 x5) the SCHUR complement based formulation is faster
than the second order sensitivity analysis based formula-
tion. The advantages of the sensitivity based implementation
become apparent with denser micro meshes (30 x 30 x 30).
As already shown in Fig. 4, the cost of the calculation of the
SCHUR complement grows much faster with the density of
the micro mesh than the cost of the second order sensitiv-
ity analysis. While the cost of the SCHUR complement does
not depend on the material model used, the cost of sensitiv-
ity analysis does. Consequently, the difference between the
numerical efficiency of the SCHUR and sensitivity based for-
mulations is greater for the hyper-elastic material model than
for the elasto-plastic material model.

5.4 Effect of non-linearity of micro-structure

The example demonstrates how the use of a two-level
path-following procedure improves the numerical efficiency
of multi-scale simulation in the case of highly nonlinear
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Table 4 Effect of
implementation and material
model on normalized time for

the MIEL method

Implementation Micro mesh Normalized time Normalized time
hyper-elastic elasto-plastic
MIEL-5/1-Sens. S5x5x5 1.0 1.8
MIEL-5/1-SchurMKL S5x5x5 0.8 1.2
MIEL-5/1-Sens. 30 x 30 x 30 98.2 287.6
MIEL-5/1-SchurMKL 30 x 30 x 30 174.0 350.4

Fig.8 Uni-axial test of macro
mesh and geometry together

with RVE mesh and geometry

and deformed RVE
Fig.9 Uni-axial test: a (a) (b)
Horizontal residual force F and E [V
b vertical displacement in point
B 1200 | 0.08 +
1000 0061

800

600 | 0.04 +

400

—o~ Adaptive/1 0.02¢ —o- Adaptive/1
200 % Adaptive/Adaptive + Adaptive/Adaptive
. . . . ~ Ay L . . . "
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

microstructure response and relatively monotonic response
of the macro structure. To demonstrate that, a 2D, plane
strain, uni-axial test is simulated using FE? multi-scale
method based on a fully consistent sensitivity analysis. The
macro geometry and mesh together with the RVE geome-
try and mesh are shown in Fig. 8. The macro domain is
discretized with 4 x 2 macro elements and displacement
Umax = 0.6 is prescribed at the end. The RVE of peri-
odic micro-structure is composed of hyper-elastic rim with
material properties E = 21,000, v = 0.3 and a narrow
elasto-plastic incision with properties £ = 21,000, v = 0.3,
oyo = 24. The incision has an additional small imperfection
in the middle. At RVE level Q2, nine nodded, isoparamet-
ric, quadrilateral, plane strain elements were used, to avoid
the locking effect. At a certain load level, a strongly nonlin-
ear process of necking of the incision starts and requires
very small load steps. If n,, = 1 (FE>-Adaptive/1-Sens.
approach), the maximum micro level load increment lim-
its the macro load increment resulting in small macro steps.
Due to the elastic rim, the global response remains rela-
tively unaffected. If an adaptive path-following procedure is
applied also at the micro level (FE>-Adaptive/Adaptive-Sens.
approach), significantly larger load steps can be performed at
the macro level. The FE2- Adaptive/Adaptive-Sens. approach

needs 13 macro load steps, whereas for the FE2-Adaptive/1-
Sens. approach 33 macro load steps are done. Figure 9a shows
the macro reaction force F and Fig. 9b the absolute contrac-
tion at point B at the micro level with respect to global load
factor 1 for both cases. The response curves are almost the
same for both cases. Thus, an efficient solution of strongly
nonlinear problems requires two level adaptive time stepping
procedures where the maximum size of load increments at
the micro level determines the overall efficiency of the sim-
ulation.

5.5 Effect of path dependency of microstructure

The example demonstrates how the use of two-level path-
following procedure improves the numerical efficiency of
multi-scale simulation in the case of strongly path-dependent
problems. The accuracy of the integration of evolution equa-
tions depends on the micro step size, thus limiting the size
of micro load steps. This, for the n,, = 1 case, limits also
the macro load step size similarly as in the previous exam-
ple. Again, the two-level adaptive path-following procedure
proves to be numerically more efficient than the standard
approach where each macro step is followed by one micro
step.
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PROBLEM TO BE SOLVED

MACRO PROBLEM
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Fig. 10 Macro geometry

Fig.11 E,, with respect to
AApM max and number of micro

(a) MIEL-Adaptive/1-Sens.

(b) MIEL-Adaptive/n,,-Sens.
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Long clamped beam with dimensions 20 x 1 and with
macro mesh division 80 x 4 has prescribed vertical displace-
ment vy, = 0.25 at the middle, as shown in Fig. 10. The
beam is perforated with 320 perforations with the radius that
gives 30% perforation of the beam. Perforations are evenly
distributed in a way that each perforation is placed at the
center of the corresponding macro element. Two cases are
investigated. In the first case, a MIEL multi-scale computa-
tional scheme is employed. Due to the even distribution of
perforations, all the MIEL micro meshes look the same, as
shown in Fig. 10a. In the second case, infinitely small perfora-
tions were assumed with the same 30% perforation ratio as in
the first case. The second case is simulated by the FE> scheme
with RVE, as depicted in Fig. 10b. The RVE mesh is identical
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to the MIEL micro mesh due to the evenly distributed perfo-
rations. Material properties of the microstructure are in both
cases £ = 21,000, v = 0.3, oyg = 24, K, = 21, Ryo = 12
and 6 = 30. The value of strain tensor component E,, in
point A is for various solution strategies compared for the
MIEL scheme in Fig. 11 and for the FE? scheme in Fig. 12.

In Fig. 11a the response curve £ j;‘y (Ap) is shown for the
MIEL-Adaptive/1-Sens. approach with different prescribed
maximal size of macro load step AXjpsmay, adaptive time
stepping at macro level and one micro step per each macro
step. Converged solution is achieved for AApspqr = 0.01.
Secondly, Fig. 11b displays the results for fixed AXpsmax =
0.2 and 1, 2, 5 and 10 micro steps per each macro step. It
can be seen that the evolution equation integration error is
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significantly reduced with the increased number of micro
steps, without the need for costly additional macro steps.
There is, of course, a limit to which additional micro steps
can improve the overall results, as shown in Fig. 11b.

For the FE? scheme the results are compared in the same
way as for the MIEL scheme. In Fig. 12a the response curve
EZ (y) is shown for FE*-Adaptive/1-Sens. with respect to
the prescribed maximal size of macro load step Az max
and in Fig. 12b for AApsmar = 0.2 and with different num-
ber of micro steps. Adaptive time stepping at macro level
is used in all cases. Conclusions are the same as for MIEL.
With a two-level path-following scheme, the same accuracy
is achieved with 20-times fewer macro steps. With additional
micro steps, the method was able to capture also fine details
of response curve near Ay = 0.2.

Point A is in the corner, close to the boundary where defor-
mation gradients are high. Consequently, the converged curve
E2 (Ay) is different for the MIEL and the FE? scheme.

6 Conclusions

In the paper a generalized essential boundary condition sen-
sitivity analysis based implementation of FE?> and MIEL
multi-scale methods was derived and described in detail,
as an alternative to more traditional implementations of
multi-scale analysis, where the calculation of the SCHUR
complement of the microscopic tangent matrix is needed
for bridging the scales. The paper shows that the deriva-
tion of algorithmic macroscopic tangent requires for the
FE? multi-scale method the first order essential boundary
condition sensitivity analysis and for the MIEL multi-scale
method the second order essential boundary condition sen-
sitivity analysis. Thus, a general automatic differentiation
based formulation (ADB) is introduced for the first and sec-
ond order essential boundary condition sensitivity analysis
that can be applied on an arbitrary coupled, path-dependent
micro material model or element formulation. It has been
shown in the paper that ADB brings several advantages. The
first advantage is the ability to naturally introduce a fully con-
sistently linearized two-level path-following algorithm as a
solution algorithm for the multi-scale modeling. Sensitivity
analysis allows that each macro step can be followed by an
arbitrary number of micro substeps while retaining quadratic
convergence of the overall solution algorithm. Using exam-
ples, it has been shown that this cannot be achieved with
the standard SCHUR complement based methods. Addition-
ally, the method completely avoids the evaluation of the
SCHUR complement of the micro tangent matrix as numeri-
cally demanding mathematical operation which, especially
for the MIEL multi-scale methods, results in large dense
matrices.

The advantages of the sensitivity analysis based imple-
mentation in comparison with the traditional one were
recognized and verified on numerical examples. The con-
vergence of results with respect to the size of the macro
load step and the number of substeps at the micro level was
investigated. With additional micro steps, the accuracy of
the global response can be improved without costly addi-
tional macro steps. This is especially evident in the case of a
strongly nonlinear micro response, which, for some reason,
does not reflect the global response, but it still limits the size
of the macro load steps. Similarly, a strongly path-dependent
micro material model requires small micro load steps that
limit within the standard implementation also the size of the
macro load step. This restriction is again relaxed with the
introduction of the two-level path-following algorithm.
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