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The paper presents a new mathematical and numerical model for analysis of two-layered spatial beams with
inter-layer slip taken into account. Each of the two layers can be made of different material, such as timber,
concrete or steel. These layers, connected together, form a composite beam, for example concrete-steel,
concrete-timber or timber-timber composite beam. There are several novelties in the presented mathematical
and numerical model. The first novelty is that the model enables the analysis of the influence of shear
deformations on the stiffness of two-layered spatial beams. The second novelty of the model is that the inter-
layer slip can only happen in longitudinal and transverse direction, while inter-layer slip in perpendicular
direction is not possible. Yet another important novelty of the model is a consistent separation of the basic
equations of the model into two unrelated groups and introduction of appropriate constraining equations. The
negative influence of poorly conditioned equations due to the constraint equations, which would otherwise
occur during the solving of the equations of the model, is thus avoided. The equations of the presented
numerical model are solved by applying the finite elements method. Thus, a new family of deformation based
finite elements has been developed, where all the deformation quantities of the beam model are interpolated
with Lagrange polynomials of arbitrary degree. By introducing a new deformation based finite element we
are able to avoid all types of locking that is typical for displacement-based finite elements. Convergence
and parametric studies, presented in the paper, show: (i) that the deformation-based finite elements are very
accurate and therefore suitable for the analysis of two-layer spatial beams, (ii) that the inter-layer slip in both
considered directions significantly affects the values of physical quantities and therefore has to be considered
in the analysis and (iii) that shear deformations have smaller effect on the stiffness of two-layer spatial beams
than they have on the stiffness of homogeneous spatial beams.

1. Introduction

Composite elements are used in everyday construction, for example
in bridge and high-rise construction, and they are also common in
building renovations. They can be found in the form of composite plates
or composite beams, mostly with two or three layers joined together,
where each layer can be made from different material. By choosing
different materials, the designer can take full advantage of their prop-
erties, for example concrete can effectively be used in compression,
while steel behaves favourably in tension, together forming a strong
composite element. The composite behaviour is very dependent on the
type of connection between the layers, where mechanical or chemical
bonding can be used. Since ideally rigid connection between layers
in reality cannot be achieved, some inter-layer slip will always occur.
There are several materials, countless configuration possibilities and
just as many types of connectors, which can be used in composite
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elements. Interesting examples of three layered steel-concrete—steel
(SCS) composite beams with mechanical connectors were presented by
Liew et al. [1], who more recently published a new, more general,
paper with recent innovations of the same type of beam [2]. Similarly,
an overview of two layered timber—concrete composite beams was
presented by Yeoh et al. [3].

As many studies show, higher contact stiffness results in smaller
inter-layer slip [3]. Inter-layer slip significantly affects the stiffness and
load-bearing capacity of entire composite beam or plate, as shown for
example by Hozjan et al. [4]. Smaller inter-layer slip ensures higher
stiffness of the composite element and smaller overall deflections.

In the scientific literature we find numerous researches on models
for the analysis of composite beams. Newmark et al. [5], who analysed
a two-layered steel-concrete beam, were among the first to research
this kind of structures, followed by Goodman and Popov [6,7]. With
the development of computers, new numerical and analytical models
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for the analysis of composite beams were derived. Many different
analytical models considering two-layered composite beams [6,8-10],
three or more layered composite beams [11-16], 2-D elastic compos-
ite beams [17], Timoshenko two-layered composite beams [18,19],
composite beams with considered uplift [20,21], non-linear interface
composite beams [22,23], composite columns with buckling [24] and
composite beams in dynamics [25] were derived. Similarly many nu-
merical models that describe behaviour of composite structures were
also developed. Most of them focused on developing a finite element for
two-layered composite beams [4,26-34], others focused on dynamics
and vibrations of composite beams [35-37] and some even analysed
composite structures in case of fire [38-41]. However, all of the listed
researches have one common point and that is that they only made
contributions to planar two or more layered composite structures. In
scientific literature there is relatively little research on the spatial
behaviour of two or more layered composite structures. Challamel and
Girhammar [42] were among the first to analyse this kind of structures,
followed by Cas et al. [43], where analytical solution of two-layered
spatial elastic beam with inter-layer slip in longitudinal and transverse
direction was presented. As it is common with analytical solutions,
model in [43] is only valid in certain special examples. Spatial com-
posite beam, with inter-layer slip in longitudinal direction and with
additionally considered shear deformations, was recently presented
by Udov¢ et al. [44] and was upgraded even further with nonlinear
response on the contact by Udov¢ et al. [45].

In this paper, a new mathematical and numerical model for the
analysis of two-layered spatial beams is presented. The novelties are:
(i) inter-layer slip is possible in longitudinal and transverse direction
and (ii) shear deformations of each layer in both transverse directions
are taken into account. Relative displacements between the two layers
in direction perpendicular to the contact surface are not included in
the model. The model is an upgrade of the research by Cas [27] and
Udov¢ et al. [44]. In research made by Cas [27], a planar composite
beam without consideration of shear deformations was presented and
only inter-layer slip in longitudinal direction was possible. A research
made by Udov¢ et al. [44] addresses a spatial composite beam with
shear deformations already taken into account, however inter-layer slip
in that model still occurs only in longitudinal direction.

The generalized equilibrium equations of the new model are derived
by linearizing the basic equations of Reissner-Simo theory of spatial
beams [46]. By consistently separating equations of the model into two
unrelated groups, one can avoid the negative effects of poorly condi-
tioned equations due to the constraining equations, which is also one
of the advantages of this model over numerical models implemented in
various commercial software. In order to solve the system of equations,
a finite element method is used, where a new family of deformation
based finite elements is derived.

In deformation based finite elements one interpolates deformational
quantities (axial, shear, bending and torsional deformations), which
means that the deformations are the unknowns we are looking for [47].
There are many other different formulation approaches, such as dis-
placement based approach [48], force based approach [49,50], velocity
based approach [51] and mixed approach [52,53], which consist of two
or more different approaches combined together. Every approach has
its own weaknesses and benefits. The main advantage of deformation
based finite elements is the absence of locking, which can sometimes
occur with displacement based finite elements [27,49,54,55]. By using
deformations as interpolation functions the constitutive equations are
perfectly satisfied. Since the equality of equilibrium and constitutive
forces is demanded in the model, the oscillation of internal forces,
which causes locking, is prevented. The benefit of deformation based
finite elements was also presented by Choi et al. [56].

In the paper, generalized equilibrium equations of the beam are
presented first, followed by a presentation of numerical solving and
finally multiple parametric studies are shown. This model is relatively
simple and the presented numerical example could have just as well
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been analysed with some commercial software using solid finite ele-
ments. However, it is important to emphasize that there are several
scientific fields, where the novel model with its advantages can be
applied as a foundation for further research. For example, it could be
upgraded for analysis of spatial composite beams with material and
contact nonlinearity, for analysis of influence of transverse slip on the
warping deformations or for analysis of spatial composite beams in fire
conditions.

2. Basic equations

This section contains assumptions, basic equations of each separate
homogeneous layer, constraining equations, which connect layers to-
gether, and finally generalized equilibrium equations of a two-layer
spatial beam.

2.1. Assumptions

A two-layer spatial beam made of lower layer ¢ and upper layer
b is considered. The assumptions, which apply in the presented math-
ematical model of the two-layer spatial beam, are divided into three
categories: geometrical assumptions determine shape and size of the
beam and belong to the first category, assumptions about the contact
between the layers are gathered in the second category, and last
category of assumptions describes material properties of both layers.

A. Assumptions about geometry of the beam.

» Changes in shape and size of each layer due to the external loads
are small and therefore a linear theory of spatial beams is taken
into account.

The reference axis of each layer passes through the cross-sectional
centroid of that layer. The two reference axes are straight and
parallel to each other in undeformed placement.

The shape and size of each layers cross-section are arbitrary,
however they are constant along the length of the beam and they
do not change during deformation.

The cross-sections of each layer are planar in undeformed place-
ment and perpendicular to the reference axes and they remain
plane after deformation. However, they are no longer perpen-
dicular to the reference axis corresponding. The later enables
consideration of shear deformations of the beam.

B. Assumptions about the contact.

« Inter-layer slip in both longitudinal and transverse direction is
possible.

+ The contact is rigid in the direction perpendicular to the contact
surface.

« Inter-layer slip in longitudinal and transverse direction is small,
therefore linearized constraint equations are taken into account.
This assumption is justified since inter-layer slip in everyday
composite structures is very small.

 Rotations of the cross-sections are equal for both layers.

C. Assumptions about materials.

» Material model of each layer of the beam is linear elastic in
accordance with Hooke’s law.

» Material properties of each layer can be different.

» Material model of the contact is linear elastic. Inter-layer slip is
therefore directly proportional to contact stiffness. Equations for
longitudinal and transverse inter-layer slip are independent from
each other.

An undeformed and a deformed placement of the two-layer beam,
in accordance with assumptions about geometry, are presented in
Fig. 1. The deformation of the beam is described in a three-dimensional
Euclidean space denoted by £. The coordinates of the global Cartesian
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(a) undeformed placement , b
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(b) deformed placement

La

Fig. 1. Two-layer spatial beam (a) in undeformed placement and (b) in deformed placement.

coordinate system in £ are denoted by X, Y and Z. The corresponding
base vectors of the described global coordinate system are E,, E,, E_,
where E, = E, X E,. The observation point of the global coordinate
system is chosen at O = (0,0,0) from where a position vector R deter-
mines any point in €. Each layer has a local coordinate system, which
is, in undeformed placement, also Cartesian. Local coordinates of each
layer i are denoted by x, y* and z’, while the corresponding local base
vectors of each layer are denoted by e, e/, e/, where e/ = ¢! x e; and
i = a, b. The observation point of local coordinate system for layer b (O?)
is at the same point as the observation point of the global coordinate
system (O), while the observation point of local coordinate system for
layer a is h,E, away from observation point O. The axes of the global
and local coordinate systems are shown in Fig. 1. In the deformed
placement, the local coordinate system of each layer is chosen such that
the local coordinates of each point in the undeformed and deformed
placement are the same. The local coordinate system chosen in this way
is curvilinear and the coordinates are called convective coordinates.

Deformed placement of layer a and b in € is described with a
position vector R, where i = a,b. In global coordinate system vector
R’ can be expressed as R’ = X'E, + Y'E, + Z'E,. Another way of
expressing vector R’ is with local coordinates using local vectors ' as
shown in Egs. (1) and (2).

R =hE, +1°,
1)
Rl =/ (
r=x'el +ye +ze +u' +¢' xp,
u'=ue +ve +ue,
X z
Y (2)

p=ye +ze,
9 =0 +oe +oe.
By using Egs. (1) and (2) one can express deformed placement of

each layer a and b, where vectors u’ and ¢’ are dependent on x' of
each layer.

2.2. Basic equations of homogeneous layer

Basic equations of each homogeneous layer of the beam are well
known, thus they are summarized here, based on the literature [57].
They consist of kinematic, equilibrium and constitutive equations with

corresponding static and kinematics boundary conditions for each layer
i=a,b.

5; -4 =0,

ry=v" + ¢l =0,
J—w' — gl =0,
: ’ @)

K- =0,

~

K, =@, =0,

~ <

K’Z—(p;,=0.
N +pl=0,
N;’+p;:0,
N +p. =0,
MY +ml =0,
M}~ Nl+m

4

i

y_O’
i i i

M +Ny+m7

NI -N! =N

o (5)
-Gkl =0,

In Egs. (3)-(5), u', v’ and w' represent displacements of the reference
axis of each layer in x, y and z direction, while ¢/, (p; and ¢’ represent
rotations of the reference axis of each layer. Deformations are denoted

by &, y;, i Kl K; and «/, where ¢/ represents axial deformation, y;
and y; represent shear deformations in y and z direction, respectively,
! represents torsional deformation and k! and ! represent bending
deformations around y and z axis of each layer. With N!, N J’;, NI,
M, M ; and M! a well known internal forces and moments for each
layer are denoted, while N , N;"C, Ni,, M., M;’,C and M. denote
the corresponding constitutional forces and moments for each layer
according to Hooke’s law. External line loads for each layer are denoted
with p, p;, oL, m, m; and m’, where each component consists of actual
external load and of contact stresses between layers a and b. Egs. (5)
contain material and geometrical properties of each layer. E' and G

represent Young’s and shear modulus for each layer a and b. Area of
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cross-section for each layer is denoted by A’, while moments of inertia
for each layer are denoted by I ;, Il and I ;Z. It is well known that
shear and torsional stiffness are overestimated within applied material
models, since bulging of cross-sections is not considered. In order to
mitigate this disadvantage, the so-called shear cross-sections A’ of each
layer and torsional moments of inertia I’ for each layer are considered,
as proposed by Cowper [58] and Hjelmstad [57].

2.3. Constraining equations

Behaviour of a two-layer spatial beam is very dependant on type
of connection used for connecting layers together. A completely rigid
connection between layers is practically impossible to ensure, con-
sequently, an inter-layer slip occurs. In the presented theory, only
inter-layer slip in longitudinal and transverse direction is possible,
where contact behaviour is linear with a prescribed stiffness in each
direction.

2.3.1. Kinematic constraining equations

The kinematic constraining equations of the two-layer spatial beam
are derived by the requirement that particles A and B on the contact
surface, which are at different positions in undeformed placement,
join together in particle A’=B’ in deformed placement. Point A and
A’ represent a particle on layer a, while point B and B’ represent a
particle on layer b. This requirement can be described with vectors,
where one takes into account that deformed placement of contact point
A is dependant on coordinates (x, y, —"2—”) and deformed placement of

b
contact point B is dependant on coordinates (x*, y*, }’7), as shown in
Eq. (6).

a b
Py =2 = Py S - h ®)

One of the basic assumptions is that displacements and rotations
of cross-sections are small and consequently inter-layer slip between
layers will also be small. Thus, it makes sense to replace the non-
linear constraint presented in Eq. (6) with linear ones, which are
determined by linearization of the Eq. (6) around the initial unde-
formed placement of the beam. After a short calculus, three linearized
kinematic constraining equations are obtained, to which additional
three kinematic constraining equations for rotations of the layers are
added in accordance with the assumptions, as shown in Egs. (7) and

3.

x+u"=x*+ub+h,(py,

y+vi =y +ob— hp,, 7
w® = w’ = w.
o =¢" =0,
¥l =)= 0, @®
=0 =0g,.

Finally, the inter-layer slip vector A = AE, + A)E, + A, E, is
introduced, since it will be needed for the formulation of constitutive
constraining equations.

Ax=x—x*=ub—u“+h,<py,

A, =y—y =" —v" - o, )]
A, =0.

Inter-layer slip vector can be defined as

h—ri(x,y, -1, 10)

hb
A=rP(x,y,—) -
r(x,yz) >

Note, that r* and r’ in Eq. (10) depend on the same x and y
coordinates.

Structures 58 (2023) 105527

2.3.2. Deformation constraining equations

By combining kinematic constraining Egs. (7) and (8) and kinematic
equations of homogeneous layer (Egs. (3)), one can derive deformation
constraining Egs. (11)
1+ - hik, = x* ¢ EZ,
y;’ +hi, =y + y;’,

a b
Y, =V, =7V

. b 1n
Ky =K =

a _ b
Ky y Ky,

a _ b
Ky =K, = K,.

2.3.3. Constitutive constraining equations

Material properties of the contact are introduced into the system
of equations through the constitutive constraining equations. Since, in
the presented theory, only longitudinal and transverse inter-layer slip
between layers i = a, b are possible, equilibrium surface contact loads
for the two directions, x and y, are defined as q; and q;. The following
equalities are assumed: ¢° = —¢® = ¢, = ¢, and @ = —q; =gq, =
4,., where g, . and g, . represent constitutive surface contact loads. As
described in Section 2.2, the external line loads p’, p;, P, mi, m; and m!,
consist of actual external line loads and contact line loads. In Egs. (12)
(.);,G represents actual external line loads and (‘)j;c represents contact
line loads, where j = x, y, z.
1= e 12)
mj = mj,e + mjﬂc‘

The actual external line loads (o)i are input data and do not require
further explanations, whereas contact line loads (-)’ do. Contact line
loads are obtained by integrating equilibrium surface contact loads as
shown in Egs. (13), where j = x, y, z.

be
plo=-p, =/ q; dy,
0
/ V'ds
m,. =/ (z'q) dy,
bﬂ PR
- / ('q)dy.
0

In the presented theory, the contact behaviour is linear and, since
inter-layer slip is only possible in longitudinal and transverse direction,
only ¢, . and g, . need to be defined. The simplest linear elastic relation
is considered, as shown in Egs. (14).

- z'¢))dy,
13)

h(‘
p?c,c = _p)b(,c = / qx,c dy = bckxAx = KxAx»
0 (14)

bC
— b _ —
p;E =-p,. = [) 4y dy=b.k,A, =K, A,

where k, and k, represent surface stiffness of the contact, while K, and
K, represent surface stiffness of the contact multiplied by width of the
contact surface b,. Stiffness depends on the type of connection that is
used between both layers.

As already mentioned above, the only parameter that defines the
behaviour on the contact in this model is contact stiffness of shear con-
nection between layers. The contact stiffness thus includes all aspects
of the connection, such as type of connectors, their geometry, spacing
between connectors, friction between contact surface, etc. Behaviour
of shear connections (e.g. shear studs or adhesive in glued joints)
is typically determined with shear tests and its results are described
through force-slip diagram. For higher loads, the force-slip relationship
is usually nonlinear [3]. For smaller loads, however, the diagram is lin-
ear and a simple correlation between contact load ¢, and slip 4 can be
obtained, gaining contact stiffness K = ¢g./A. For the level of loads, that
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typically occur in general use of composite structures, the behaviour on
the contact is mostly linear and thus the assumption of linear behaviour
on the contact in this model is justified. For higher loads and cases
where composite structures are exposed to fire, properties of connectors
and also of each layer become nonlinear and therefore a linear contact
stiffness is not realistic nor a suitable assumption. The influence of non-
linear contact behaviour in case of room temperature and in case of fire,
where Nelson shear studs are used, was presented by Huang et al. [59].

2.4. Generalized equilibrium equations of two-layer spatial beam

The generalized equilibrium equations of the two-layer spatial beam
are derived by using basic Egs. (3)-(5) for each homogeneous layer
i = a,b and constraining Eqs. (7) and (8). Generalized equilibrium
equations, which are not to be confused with equilibrium equations,
consist of equilibrium, kinematic and constitutive equations as shown
in Egs. (15)—(17) and corresponding kinematic and static boundary
conditions as shown in Egs. (18) and (19), where i = a,b, j = x,y,z
and k=0, L.

o -
N+t =0,
ir i i —
N/ +p,,+p,. =0
N/ +p* +p° =0,

e as)
M +m, +m] +hp] =0,
M- N, + m, + ml;ve —hps, =0,

/ b b _
M+ NJ+NJ+mg, +m,, =0.
e —u' =0,
ry=v"+, =0,

e ae)
VW =@, = 0,
Kj—@ j’ =0.
Ni —E'Alg =0,
NI —GiAly =0,
»c sty
N..—(G"A°+G"Alyy, =0,
brb
M., —(GIf + G Ik, =0,
b b byb _
M, = (E“T¢ + E' 1"y, — (E“TS, + E'I? )k, = 0,
brb byb _
M. — (E“T¢ + EP D), — (E“TS, + E°I) )i, = 0.

a7

u' (k) = u;{,
vi(k) = v,
18
w(k) = wy,
ORI
Nj# = N,
Nz(k) = Nz,k’ (19)
M(k)=M,,.

Egs. (15)-(17), together with boundary conditions from Egs. (18)
and (19) represent the 1st group of basic equations of the model. After
the 1st group of basic equations is solved, the 2nd group can easily
be derived, since equations there are dependant on the values from
the 1st group. By solving basic equations of the 2nd group, which
are not presented here, one can obtain values of typical static and
kinematic quantities, such as y%, «?, Kﬁ, kb, N9, M9, Mg, M, NP,
Mb, M ;’, ML, wh, @b, (p’; and . System of equations presented in this
section is linear elastic and can be upgraded with material nonlinearity
of each layer and nonlinear behaviour on the contact between layers.
This can be achieved by changing Egs. (14) and (17) into functions of
stresses. In order to implement geometrical nonlinearity into the system
of equations, a completely new derivation of system of equations would
be needed due to the nonlinearity in kinematic equations.
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3. Numerical implementation
3.1. Modified virtual work

The generalized equilibrium equations of the two-layer spatial beam
presented in Egs. (15)-(17), together with corresponding kinematic and
static boundary conditions presented in Eqgs. (18) and (19) are solved
numerically. A new family of deformation based spatial two-layer beam
finite elements, which is presented hereinafter, is applied. The new
family is similar to the family of planar two-layer beam finite elements
already presented by Cas [27]. Generalized equilibrium equations can
successfully be solved if deformations, as well as all of the 16 constants
of integration (u?(0), u®(0), v?(0), v*(0), w(0), #x(0), ,(0), ¢,(0), N{(0),
N50), N0), Nyb(O), N,(0), M(0), M(0) and M,(0)) are known.

With the help of constitutive equations, one can express defor-
mations as functions of internal static quantities. According to the
deformation based finite element method, the constitutive equations
must be expressed in the form of a functional, i.e. in the form of a
modified virtual work [27]. By observing virtual work of two-layer
spatial beam with corresponding kinematic equations, which represent
constraining equations to the functional, modified virtual work can be
derived. In accordance with the method of Lagrange multipliers, the
kinematic equations are multiplied by arbitrary functions, then they are
varied and, finally, added to the virtual work. The obtained modified
virtual work is:

L
W = / [(NZ, = NDSel + (N2, — NDbel + (NG, — NDsyo+
) : : ,
20
+ (NJ, = NDSy) + (Noe = NSy + (M. — Mok, + 20
+ (My,c - My)éky + (Mz,c - Mz)‘SKz] df

Kinematic and static boundary conditions, which are presented in
Egs. (18) and (19), represent constraining equations to the modified
virtual work (Eq. (20)).

3.2. Numerical analysis

Modified virtual work, together with static and kinematic boundary
conditions (Egs. (18) and (19)), is used for final derivation of the
deformation based finite element for the analysis of two-layer spatial
beams. A beam is divided into npy number of finite elements with a
length Lyr. ny = npg,, denotes the number of nodes and njy is the
number of kinematic boundary conditions, i.e., number of degrees of
freedom restrained by supports. Gauss quadrature rule for numerical
integration is used, where n represents the number of integration points
in one finite element. Lagrange interpolation polynomials of degree
n—1, which are denoted by P,(x) fori = 1,2, ..., n, are applied for the in-
terpolation. When each deformation is written as (¢)(x) = Z:’zl P(x)(»);
and each inherent variation is written as 6(s)(x) = Z:’ZI P,(x)5(s);, they
are inserted into modified virtual work, and the following system of
equations for each finite element is obtained:

Lrg . .
g = /0 (NS, = NPE =0,
Lre 5 b
Gion = /O (N!, ~ N)Pde =0,
bre a a
&ivon = /0 (Ny,c - Ny)l)ldg = 0’
Lrg 5 5
Sivan = /0 (N2, = N%)Pdz =0,
Lrg 2D
&ivdn = /0 (Nz,c - Nz)Pidé =0,
Lre
8it5n = / (Mx,c - Mx)Pzdé =0,
0

Lrg
8ivon = '/(; (My,c - My)Pldé =0,

Lrg
Livin = / (M,,— M,)P,ds=0.
0
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88ni1 = u(Lpg) —u(0) - Z/ Pel dg =0,
FE
82 = U’ (Lpp) = u"(0) = Z / Py A =0,
i=1
gsne3 = V' (Lpg) —v°(0) - 2/ Piy;l,id‘:_
" FE
o OLpe =Y / [ psazac =0
i=1 70 0
" Lrg
(L pg) — 0°(0) - 2 / Pyt de-
i=1 70 '
" Lrg px
- 9,0 Ly — Z / / P déde =0, 22)
&8n+5 = w(LFE) - w(O) - 2/ P]/Z,d§+
+ @, L + Z / / K, dEdE = 0,

Sinse = Px(Lrp) — 0,(0) — Z / Py d = 0,

&8n+4

887 = Py(Lpp) — @,(0) — 2/ P, d¢ =0,

Gimss = 0oL g) — 0,(0) - Z / P, dé =0,

~N*Lpg_)+ N(Lgg)+S, =0,
~NYLpp_ )+ No(Lpp)+S,=0,
~N{(Lpp_) + NJ(Lpp) +S3=0,
~NJ(Lpp-) + NJ(Lpp)+ S, =0,
—N,(Lrp_)+ N,(Lrg)+ S5 =0,
M, (Lpg_1)+ M (Lpg) + S6 =0,
—M(Lpg )+ M(Lpg)+S; =0,
M (Lpg_)+M_(Lpg)+ Sy =0.

(23)

In Egs. (21) and (22), i represents each interpolation point inside a
finite element. System of Egs. (21) has 8n equations for determining
8n unknown deformation quantities (e, X,,y ,,J’y,’}’zw Ky Ky, and
k;) for each finite element. With Egs. (22) the prescribed kinematic
boundary conditions in each finite element are satisfied, consequently
connecting finite elements into a beam, where there are 8ny — np
unknown kinematic quantities for 8 equations for each finite element.
The final system of Egs. (23) ensures equilibrium at all nodes of the
finite element mesh, thus gaining 8ny — np equations for 8 unknowns
in each finite element, where S; represents external generalized point
forces in the nodes. System of Eqgs. (21)—(23) consist of (8n+ 8 + 8ny —
ng)npp equations for the same amount of unknowns and, therefore, it
is solvable. The unknowns are deformations at all interpolation points
of the finite elements, the generalized displacements and rotations at
the start and the end nodes of each finite element and values of the
generalized internal static quantities at the beginning of each finite
element.

System of Egs. (21)—(23) is linear, but can be upgraded with mate-
rial nonlinearity of each layer and nonlinear behaviour on the contact
between layers. When adding material nonlinearity of each layer and
nonlinear behaviour on the contact to the system, only constitutive
parts in equations would change and everything else would stay the
same. Analysis of composite beams exposed to elevated and varying
temperatures would require changes in constitutive equations because
of temperature dependent material models. It would also require in-
clusion of other phenomena related to elevated temperature, such as
thermal elongation, viscous creep (steel), moisture transfer (concrete,
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Table 1
Material properties of each layer.
E' [kN/cm?] G' [kN/cm?] o [kg/m?]
layer a 1200 75 460
layer b 950 59 400
Table 2

Static and kinematic boundary conditions.
x =0 (point A) x = L/2 (point B)

x = L (point C)

u' =0 w=0 v'=0 =0 u'=0 w=0
v =0 =0 w=0 @, =0 v =0 =0
w=0 ¢, =0 w=0 ¢, =0
M, =0 M.=0 M, =0 M.=0
Table 3
Geometrical properties of each layer.
Al [em?] Al [em?] I} [em*] I [em*] 1! [em*]
layer a 450 375 23186.25 33750 8437.5
layer b 400 333.33 11240 3333.33 53333.33

wood), charring (wood), etc. When adding geometrical nonlinearity
to the system, the whole set of equations would change and an-
other derivation would be needed, since kinematic equations would be
different.

4. Illustrative example

A two-layer, two-span continuous beam, made of timber, with a
total length L has been chosen for an illustrative example as shown in
Fig. 2. The lower layer is referred to as layer a and the upper layer as
layer b. The cross section dimensions of layer « are »%/h% = 15/30 cm,
whereas the cross section dimensions of layer b are b°/h? = 40/10 cm.
The vertical distance between centroids of each layer is h, = h?/2+h? /2.
Both of the layers are made of timber; layer a belongs to C30 and layer
b belongs to C20 strength class, according to EN 1995-1-1:2005 [60].
Material properties of each layer, such as elasticity modulus E’, shear
modulus G' and density p' are taken in accordance with the standard
EN 1995-1-1:2005 [60] and are presented in Table 1. Supports A, B
and C are located at x =0, x = L/2 and x = L, respectively. The static
and kinematic boundary conditions of each support are presented in
Table 2. Beam is loaded with three different external line loads which
act only on layer b, while layer a is not loaded. The external loads
are named p’ ,, p! o and p}, and are shown in Fig. 2. While p} , acts
at the reference axis of layer b, the remaining two loads act on the
upper left and right edges of layer b. Their values are plz”e] =5 kN/m,
p o = 10 kN/m and p = 2 kN/m. Layer a and b are connected
together through mechamcal or chemical bonding agents, where linear
behaviour on the contact, with a contact stiffness in both longitudinal
and transverse direction K, = K, is assumed.

Geometrical properties of each layer are presented in Table 3.
According to Cowper [58] and Hjelmstad [57], shear cross section of
each layer, Ai , has been multiplied by 5/6 and torsional moments of
inertia have been calculated as shown in Egs. (24).

I¢ = 0.229hp%3

24
b _ by b3
1Y = 0.2816%h

4.1. Convergence study

Convergence study of deformation based finite elements for the
analysis of two-layer planar beams with inter-layer slip has already
been presented by Cas [27] and Hozjan [4]. This paper presents a
new deformation based finite element for spatial analysis of similar
beams, thus a new convergence study is necessary in order to prove
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Fig. 2. Two-layer beam made of timber.
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Fig. 3. Convergence study of analysed beam.

adequacy of the element. Speciality of deformation based finite element
is that one interpolates deformations instead of displacements. By doing
that, all kinds of locking, which are typical for displacements based
finite element, are avoided [27]. The beam consists of npy number of
finite elements, where deformations are interpolated by using Lagrange
interpolating polynomial of n-degree and integrals are solved by using
m-point Gaussian quadrature rule for numerical integration. It is well
known that for Lagrange interpolating polynomial of n-degree, one
should use n+ 1-point Gaussian quadrature rule for integration, in order
to achieve the most optimal performance of finite element [61]. For
the purpose of this convergence study the finite element is denoted
as FE,_,. A beam with a length L = 600 cm and a contact stiffness
K, = K, = 10 kN/cm is chosen. The following Fig. 3 presents
results of a convergence study of a beam, described in illustrative
example, where the number of finite elements ny, varies as well as
a degree of Lagrange polynomial n. As mentioned above, a (n+ 1)-point
Gaussian quadrature rule is applied for integration. In convergence
study a vertical deflection w and torsional rotation ¢, at x = 3L/4
are observed.

It can be seen from Fig. 3, that the convergence obtained with this
type of finite element is very good. Results, obtained with 16 finite

elements of type FE, s, are here regarded as the reference values.
Almost exact values of typical physical quantities can be obtained just
by using 4 finite elements (i.e., just 2 finite elements per span) with
Lagrange polynomial of 3rd degree or by using 16 finite elements
with Lagrange polynomial of 1st degree. Hereinafter, 16 finite elements
of type FE,_s are used, since calculation time remains very short
regardless of the increased »n and m, which is due to the linearity of
the equations.

4.2. Parametric study of the effect of cross-sectional shear stiffness

In this subsection an influence of cross-sectional shear stiffness on
typical kinematic quantities of the beam is presented on an exam-
ple of two beams, with different length L. Contact stiffness in both
longitudinal and transverse direction for both beams is K, = K, =
10 kN/cm. The length of a beam in the 1st example is L = 300 cm,
while in the 2nd example a length L = 1200 cm is chosen. The typical
kinematic quantities of the beam from 1st example are presented in
Figs. 4-6 in the columns on the left, while the quantities from 2nd
example are presented in the columns on the right. For each example
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Fig. 4. Inter-layer slip 4, and 4, for the 1st example (left column) and the 2nd example (right column).
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Fig. 5. Displacements u', ' and w for the 1st example (left column) and the 2nd example (right column).

two parametric studies have been made. In the 1st study, named S1,
the shear stiffness G’ A’ of each layer of the beam is the same as the
one in illustrative example, while in the 2nd study, named S2, we
multiply it by 108. With this greatly exaggerated shear stiffness, cross-
sectional shear deformations are practically prevented. Now the effect
of shear stiffness on typical quantities in beams with different lengths

can be analysed. Where quantities of different layers are presented,
we name them as S1’ or S2/, where i = a,b. Static quantities are
not presented, since they reflect the behaviour of already discussed
kinematic quantities.

In Fig. 4 one can see that cross-sectional shear stiffness has great ef-
fect on longitudinal inter-layer slip 4, when dealing with short beams,
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Fig. 6. Rotations ¢,, ¢, and ¢, for the 1st example (left column) and the 2nd example (right column).

whereas with longer beams, this effect is negligible. When looking at
transverse inter-layer slip 4,, both short and long beam experience zero
transverse inter-layer slip in S2 study, while it varies with length in S1
study. This is due to the constraining Egs. (9), where longitudinal inter-
layer slip 4, is dependant on longitudinal displacements u* and u® and
on bending rotation ¢, while transverse inter-layer slip 4, is dependant
on transverse displacements v* and v® and on torsional rotation ¢,. If
shear stiffness of layer a« and b is big (case S2), the torsional rotation
@, will be close to zero and both transverse displacements v* and v®
will be practically the same. Consequently, transverse inter-layer slip
will be close to zero, regardless of the beam length. The same cannot
be said for longitudinal inter-layer slip 4,, since bending rotation ¢, is
mostly dependant on bending stiffness of the beam and not so much on
shear stiffness itself. Hence, only smaller or bigger inter-layer slip will
occur in cases where shear stiffness has influence, i.e. in beams with
short spans, while in beams with longer spans, the shear stiffness is
neglected and inter-layer slip 4, is practically independent of it. The
same phenomenon can be observed with other kinematic quantities
presented in Figs. 5 and 6. When dealing with short beams, the shear
cross-sectional stiffness has big effect on longitudinal displacements u',
vertical displacement w and both of the bending rotations ¢, and ¢..
On the other hand, when dealing with longer beams, the effect can be
practically neglected. When looking at torsional rotation ¢,, one can
see, that length of the beam has no effect on the course of the line, since
torsional rotation in beam with cross-section rigid in shear is practically
negligible regardless of the length of the beam. Based on the results
from Figs. 4-6 one can conclude that shear cross-sectional stiffness has
big effect on shorter beams, while in longer beams the effect can be
negligible. The displacements and rotations of the beam depend both
on bending and on shear stiffness of the beam. With longer beams the
bending stiffness is a lot smaller then with shorter beams, while shear

Table 4
Contact stiffnesses for each calculation.
K, [kN/cm] K, [kN/cm]
V1 10-8 1078
V2 10 10
V3 108 108

stiffness does not change that much, thus displacements and rotations
in longer beams are mainly because of the bending part.

4.3. Parametric study of the effect of contact stiffness

Contact stiffness K, and K, can also greatly influence the behaviour
of composite beam. In this subsection a beam from illustrative example
with a length of L = 600 cm is used, where three different calculations,
each with different contact stiffness, are carried out. Contact stiffnesses
for each calculation are shown in Table 4.

In this study only kinematic quantities of the beam are presented,
since they already fully present the effect of contact stiffness on the
behaviour of the beam. In example V1, the contact stiffness is already
so small, that there is practically no connection between the layers,
while in example V3, the contact stiffness is so big, that the contact is
practically rigid.

By looking at Figs. 7 and 8, one can see that contact stiffness greatly
influence the behaviour of a composite beam. If the contact is rigid,
the composite beam, made of two layers, acts as one beam without
layers and consequently rotations and displacements are smaller, since
the beam is stiffer. Similarly, if the contact stiffness is close to zero,
the two layers act on its own almost like two separate beams, thus the
stiffness is smaller and displacements and rotations are bigger.
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Fig. 8. Displacements and rotations of the beam for each of the calculations V1-V3.

4.4. Parametric study of the effect of both cross-sectional shear stiffness and
contact stiffness

By combining parametric studies from Sections 4.2 and 4.3, one
can observe the behaviour of a beam when length L, longitudinal
and transverse contact stiffness K, and K, and cross-sectional shear
stiffness for each layer G'A! are varied. In this parametric study, a
vertical displacement, w, and both transverse displacements, v* and
v’, at x = 3L/4 are observed. Vertical displacements with cross-
sectional shear stiffness being the same as in illustrative example are
denoted as w;, while vertical displacements with practically rigid cross-
sectional stiffness (i.e. with cross-sectional stiffness multiplied by 10%)
are denoted as w,. Similarly, the transverse displacements v* and v®
is named as v, v’l’ and s, v’;. Results are presented in Fig. 9, where
horizontal axis represents a fracture between the height of the beam
h = h® + h and length of the beam L and vertical axis represents a
fracture between w,, v, v® and w,, v4, v5.

Fig. 9 clearly shows that with the increase of the factor h/L, the

relation between w, v, vll’ and w,, s, 012’ always goes towards value

10

one, regardless of contact stiffness. There have been none numerical
problems with any combination of length and stiffness in this study.
Thus, we have proven that shear locking is not an issue with the
presented type of finite element.

5. Conclusions

The paper presents a new mathematical and numerical model for
the analysis of the two-layer spatial beams with inter-layered slip
in longitudinal and transverse direction and with shear deformations
taken into account. To avoid negative effects of poorly conditioned
equations due to the constraining equations, one can consistently sep-
arate the equations into two unrelated groups which is an important
advantage over commercial software. The equations are then solved nu-
merically, by using a new family of deformation based finite elements,
where deformations are interpolated by using Lagrange polynomials.
By doing that, one can avoid all kinds of locking. This statement is
supported also by having no numerical problems during parametric
studies presented herein. In fact, the parametric study in Section 4.4
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has been designed in a way to trigger numerical problems if they were
to occur, which they did not.

A convergence study has shown a great accuracy of such finite
elements, since 4 finite elements type F E;_, or 16 finite elements type
FE,_, already give almost exact values of typical physical quantities.
In the illustrative example a timber two-layer T-shaped beam was
presented. Beam was loaded with various different external line loads
by which we showed the spatial response. One of the most important
findings in the paper is that one should always consider real shear cross-
sectional stiffness of the beam, since the behaviour of the beam is very
much dependent on it. It is also very important to consider contact stiff-
ness between layers accordingly, when one designs composite beams,
since the contact stiffness can greatly influence the behaviour of the
composite beam.

The presented model for two-layered composite beam can already
be applied to various different cases, since each of the layer can be
made of different linear material and contact behaviour can be defined
with adequate linear contact stiffness. For example, a steel-concrete,
timber—concrete or timber—timber composite beam can be analysed,
where one can use various different types of shear connections (shear
studs, adhesive in glued joints, bolts or nails in tension or shear, etc.)
with previously determined contact stiffness. Since the range of the con-
tact stiffness in the model is not limited, one can successfully analyse
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composite beams with full shear connection, partial shear connection
or even zero shear connection between layers. The model however is
currently limited to linear elastic response and thus, in order to obtain
valid results, the applied external load range should be sufficiently
small.

In further research, the presented linear elastic model of the com-
posite beam will be upgraded with a nonlinear one and also fire
analysis of the composite beam will be added. Nowadays researchers
mostly focus on nano research, such as research in porous beams and
plates [62-69], however an extensive research remains to be done
on spatial composite beams, such as nonlinear spatial behaviour of
composite beams exposed to fire.
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