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IzvleCek

V disertaciji je predstavljen tainski postopek in programska oprema za dibdy napetostnega in defor-
macijskega stanja nelinearnih slojevitih kompozitnih nosilcev Atg@njem delne povezanosti slojev,
strizne deformacije pinih prerezov in oglenenja lesa pricssnem delovanju zunanje staté mehanske
obtezbe in obtébe pdara. Glede na zahtevnost problema je disertacija vsebinsko razdeljena na dva
zakljuCena dela. V prvem delu analiziramo temperaturn@westno stanje slojevitih lesenih kompoz-
itnih nosilcev pri pdaru z up8tevanjem oglenenja lesa. Pri tem za opis temperaturrimotinega
stanja kompozitnih nosilcev uporabimo nelinearni parcialni diferencialntk@riauikova. Na ta néin
upadstevamo temperaturno in aostno odvisne materialne in te@ne lastnosti lesa. Edbe z&etnega
robnega problema povezanega prehoda toplote in viage v slojevitih lesenih kompozitnih nosilcih, ki
izpostavljeni pdaru oglenijo, diskretiziramo in &mo z uporabo numdme metode kotnih razlik.
Rezultate enodimenzionalneg@jenja oglenenja primerjamo z rezultati em@iiih modelov in eksper-
imentalnimi rezultati, ki jih najdemo v tehini literaturi. Predstavljeni matematii model oglenenja

v nadaljevanju uporabimo za paraméto Studijo vpliva razlénih parametrov na hitrost oglenenja. Na
koncu prikaemo oglenenje dvodimenzionalnih homaogenih in slojevitilEpite prerezov kompozitnih
nosilcev. V drugem delu disertacije predstavimo osnovné&lamaki opisujejo mehansko stanje slo-
jevitih kompozitnih nosilcev z upsgievanjem zdrsa med sloji in stnie deformacije pfaega prereza.
Posebno pozornost namenimo anétigmu réevanju osnovnih eg. Predstavljena algoritma za anal-
iticno reSevanje Bernoullijevih in Timoshenkovih nosilcev prtleano z r&unskimi primeri. lzvedemo

tudi parametno Studijo vpliva strkne deformacije pnega prereza na mehansko ckarge omen-

jenih nosilcev. V nadaljevanju s porfjo modificiranega principa virtualnega dela izpeljemozino
deformacijskih koinih elementov za nelinearno analizo kompozitnih nosilcev Ztgvanjem zdrsa

med sloji ter stizne deformacije pfega prereza. Z analizo raategasStevila kortnih elementov,
stopnje interpolacije neznanih funkcij in izbire kolokacijskiltkgpoka&emo, da so razviti kdmi el-
ementi t&ni, uwCinkoviti in odporni na kaksnokoli vrsto blokiranja. Drzino deformacijskih koénih
elementov kasneje priredimo za analizo mehanskega odziva slojevitih lesenih kompozitnih nosilcev pri
satasnem delovanju zunanje state mehanske olitbe in obtébe pdara. Pri dol@itvi napetostnega

in deformacijskega stanja v poljubnem materialnem vlaknanega prereza, poleg mehanske deforma-
cije, upctevamo tudi prispevke temperaturne deformacije lesa. Uporabnost predlaganega ifradganati
modela za réun odziva slojevitih kompozitnih nosilcev na hkratno delovanje zunanj&séatibtébe in
obteZbe p&ara prikaemo z r&unskimi primeri.
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Summary

This thesis presents a numerical model and a computer program for stress-strain analysis of non-linear
multi-layered composite beams with interlayer slip, shear deformation and charring of timber when
simultaneously exposed to static loading and fire. The textis divided into two major parts. In the first part
we analyse the temperature and moisture content distribution in timber composite beams when exposed
to fire. The simultaneous heat and moisture transfer in porous media like wood is governed by the two
second order non-linear partial differential equations provided by Luikov. In this way, the anisotropy
and temperature and moisture content dependent permeability and material properties of timber and
char are assumed. A non-linear system of governing equations which describes the initial boundary
value problem of heat and moisture transfer in timber is discretized and solved by the use of numerical
procedure such as finite difference method. The calculated one-dimensional charring rate and depth are
compared to the results of empirical models and experimental results published in the technical literature.
In addition, the present numerical model is also used to analyse a two-dimensional behaviour of timber
solid and composite beams when exposed to fire from three sides. In the second part we introduce first
the governing equations which describe the mechanical behaviour of multi-layered composite beams
with interlayer slip and shear deformation. A special attention is devoted to the analytical treatment
of geometrically and materially linear multi-layered composite beams with a significant interlayer slip.
The solution algorithms for Bernoulli and Timoshenko composite beams are represent by the numerical
examples. A parametric study is performed also to investigate the influence of shear deformation on
the mechanical behaviour of the above mentioned structures. Further, a modified principle of virtual
work is used to derive the new strain-based family of finite elements for a non-linear analysis of multi-
layered composite beams with interlayer slip and shear. The calculations with different number of finite
elements, degree of interpolation functions and different selection of collocation points confirm, that the
derived strain-based family of finite elements is completely locking-free. The same strain-based finite
elements are employed in the mechanical response analysis of the multi-layered composite beams when
simultaneously exposed to static loading and fire. The geometric strain increment is assumed to be the
sum of increments of elastic and temperature strains. The applicability of the present numerical model
for the stress-strain analysis of the non-linear multi-layered composite beams subjected to mechanical
and fire loads is clearly illustrated by the numerical examples.
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1 UVOD

Predstavitev problema

Slojeviti kompozitni nosilci sodijo med inovativrig konstrukcijske elemente. V gradli&mu se pogosto
uporabljajo v mostogradniji, pri ofétvah in sanacijalze obstojéih objektov oziroma njihovih delov,

pri medetdnih konstrukcijah in podobno. Z#ni primeri takih konstrukcij so armiranobetonske,
sovprane, lamelirane, sendvikonstrukcije ter mnogo drugih. Poleg gradi@we, njihova uporaba
strmo nar&Ca tudi v drugih panogah, kot so letalska, vesoljska, ladijska industrija, itd. Mehansko
obnaanje omenjenih konstrukcij je v veliki meri odvisno odCima povezanosti slojev oziroma od
uporabljenih veznih sredstev. Absolutno togega stika tudi v primeru uporabe izredno togih veznih sred-
stev prakitno ni mog@e zagotoviti. Posledica je medsebojni zdrs. Ker pa ima zdéapim pomemben

vpliv na mehansko obianje slojevitih kompozitnih konstrukcij, ga moramo pri analizi takih konstrukcij
upcstevati.

Poleg upé&tevanja delne povezanosti slojev kompozitnih nosilcev moramo pri zagotavljangnsplo
varnosti omenjenih konstrukcij uptevati oziroma zagotavljati tudi ustreznozaono odpornost. Slo-
jeviti kompozitni nosilci iz lesa so v pogledu parne varnosti v primerjavi z nekaterimi drugimi vrstami
gradbenih konstrukcij razmeroma varni. To je v n&jvmeri pogojeno z relativno slabo toplotno prevod-
nostjo lesa in oglja. Na&&anje temperature povara zmarganje trdnosti lesa. Les je vnetljiv in gorljiv
material. Izpostavljen g@mru oziroma visokim temperaturam je pogem toplotni degradaciji oziroma
tako imenovani pirolizi. Piroliza je izjemno kompleksen pojav. Predstavlja vzajemno delovanje raznih
kemijskih procesov s procesom prehoda toplote in vlage. Posledica toplotnega razkroja lesa je nastanek
oglja, najrazicnegih plinov, smol in kislin (ogljikov dioksid, ogljikov monoksid, metan, formaldehid,
mravljiCna in acetilenska kislina, katran, itd.). Pos@ei se spremenijo lastnosti lesa, npr. spéci
gostota, toplotna prehodnost, itd. Les pri visokih temperaturah poka¢isa kostanern. Pravimo, da
ogleni. Pri temperaturah mexf0 in 300 °C se vname. Temperaturo pri kateri se les vname imenujemo
vnetigCe lesa.

Pazar je zelo buren kerdini proces. Zelo velika kdlina spr&ene energije je vzrok draétiemu
povetanju temperature ok@lkega zraka in konstrukcije. Kéina spr&tene energije je odvisna od
mnogih parametrov. Zlasti pomembni so vrsta in &ola gorljivega materiala, kdina prisotnega kisika,
termicne lastnosti konstrukcije, velikost in razporeditev odprtin, itd. VeBkevilo teko dolcljivih
parametrov pbara je razlog za #ko in dokaj nezanesljivo oceno temperaturéaoega prostora, ki
predstavlja izhodtni podatek pri pparni analizi konstrukcij. V ta namen so bile na osnstévilnih
teorettnih in eksperimentalnih raziskav v parnih laboratorijih izdelane razie standardne garne
krivulje, s katerimi lahko ocenim@asovni razvoj temperature parnega prostora. Poznavanje lesa
pri visokih temperaturah je s st&a dimenzioniranja paarne odpornosti lesenih elementov in kon-
strukcij izredno pomembno. Rarno odpornost lahko datomo z eksperimenti ali ocenimo z uporabo
racunskih postopkov. Eksperimenti so v velikidiei primerov izredno zahtevni in dragi. Poleg tega
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moramo ohtajno na osnovi majhnegsatevila relativno majhnih, omejenih preigancev sklepati na
pozarno odpornost gradbenih konstrukcij. To je tudi razlogStivilni raziskovalci veliko pozornost
namenjajo razvoju &inkovitih raunskih postopkov za analizo mehanskega odzi&apoizpostavl-
jenih konstrukcij. Matematno modeliranje ol@iajno poenostavimo tako, da ga razdelimo v tri fizikalno
smiselne ldene faze. V prvi fazi doléimo ¢asovno razporeditev temperature in vliage paapoem
prostoru. V drugi fazi izrdunamaCasovno razporeditev temperature in vlage po obravnavanih konstruk-
cijskih elementih, ki je posledica temperaturnega irgmlastnega spreminjanja parnega prostora. V
tretji fazi opazujema@asovni mehanski odziv obravhavane konstrukcije fasen vpliv zunanje stétie
mehanske ob#be in spremembe temperature. Pri dit\d temperaturnega in viaostnega polja kom-
pozitnega nosilca, ki je izpostavljenfaru, je potrebno ugevati, da se toplota in vlaga medgaoom in
nosilcem prensata na raziine n&ine (konvekcija, kondukcija, radiacija). Poleg tega moramastgati
izhlapevanije, izparevanje in kondenziranje vode ter oglenenje lesaSiusieanalize odziva slojevitih
kompozitnih lesenih nosilcev na&asen vpliv zunanje st&tie mehanske olitbe in obtgbe paara je

v veliki meri odvisna od ustrezne izbire temperaturno irzmastno odvisnih mehanskih, materialnih,
reoldskih in terminih lastnosti lesa in veznih sredstev.

Vsebina dela

Jedro disertacije predstavlja izpeljava mategra&ga modela za ddldev napetostnega in deforma-
cijskega stanja nelinearnih slojevitih kompozitnih nosilcev z&teeanjem delne povezanosti slojev,
strizne deformacije pega prerezain oglenenja lesa piiasnem delovanju stétie mehanske olitbe

in obtezbe p@ara. V ta namen smo izdelalimanalngki program v programskem okolMatlab.

V prvem delu naloge analiziramo temperaturnozmiastno stanje slojevitih lesenih kompozitnih nosilcev

pri pazaru z up@tevanjem oglenenja lesa. Pritem za opis temperaturrimetdnega stanja kompozitnih
nosilcev uporabimo nelinearni parcialni &balLuikova (1966). Na ta an updstevamo temperaturno in
vlaznostno odvisne materialne in teline lastnosti lesa. Ker anaditiih r&itev v spl&nem ne poznamo,
end&be z&etnega robnega problema povezanega prehoda toplote in vlage v slojevitih lesenih kompoz-
itnih nosilcih, ki izpostavljeni pparu oglenijo, diskretiziramo in 88mo z uporabo numeme metode
kontnih razlik. Dobljene rezultate hitrosti enodimenzionalnega oglenenja homaogenih nosilcev primer-
jamo z rezultati empitinih modelov enodimenzionalnega oglenenja homogenih nosilcev, ki jih najdemo
v tehnini literaturi. Poleg tega rezultate enodimenzionalnega oglenenja primerjamo z eksperimentalnimi
rezultatiSvedskega raziskovalca Fredlunda (1988, 1993). Predstavljeni matenmatidel oglenenja v
nadaljevanju uporabimo za paramét Studijo vpliva razlénih parametrov na hitrost oglenenja. Na
koncu prikazemo oglenenje dvodimenzionalnih homaogenih in slojevitilEpite prerezov kompozitnih
nosilcev. Rezultat analize f@msovna razporeditev temperature, vlage in oglja poryee prerezu dvoslo-
jnega kompozitnega nosilca v raatih Casih po zéetku p&ara. Omenjeno razporeditev potrebujemo

v drugem delu naloge, kjer analiziramo mehanski odziv slojevitega kompozitnega nosilcéasaso
zunanjo statino mehansko obtbo in obt&bo p&ara.

V drugem delu disertacije predstavimo osnovnetbea ki opisujejo obrianje kompozitnih nosilcev z
upastevanjem zdrsa med sloji in sinie deformacije pi&ega prereza. Posebno pozornost namenimo
analititnemu ré&evanju osnovnih el slojevitin Bernoullijevih in Timoshenkovih kompozitnih nosil-
cev. V ta namen predstavimo algoritma za anmaliti ré&Sevanje. Razvita algoritma v nadaljevanju
uporabimo pri réevanju konkretnih primerov kompozitnih nosilcev. V prvem primeru agalitreitev
razirimo s prostol2etih troslojnih kompozitnih nosilcev na kontinuirne troslojne kompozitne nosilce. V
drugem primeru analitho re&itev Timoshenkovih kompozitnih nosilcev priemo na primeru dvosloj-
nega prostoletega kompozitnega nosilca. Na osnovi analiéi réSitve Timoshenkovih kompozitnih
nosilcev izvedemo detajlno paramétro analizo vpliva stéine deformacije p&ega prereza na mehan-
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sko obn&anje omenjenih konstrukcij. V nadaljevanju z modificiranim principom virtualnega dela (Plan-
inc, 1998) izpeljemo drzino deformacijskih koénih elementov za nelinearno analizo kompozitnih
nosilcev z upétevanjem zdrsa med sloji ter gimie deformacije pfega prereza. Z analizo raalega
Stevila kortnih elementov, stopnje interpolacije neznanih funkcij in izbire kolokacijskik pmkaemo,

da so tako razviti kotni elementi t@ni, uCinkoviti in odporni na kakgnokoli vrsto blokiranja. To je tudi
razlog, da driino razvitih deformacijskih katnih elementov kasneje priredimo za analizo mehanskega
odziva slojevitih kompozitnih lesenih nosilcev pricesnem delovanju mehanske staé obtébe in
obteZbe paara. Pri dolgitvi napetostnega in deformacijskega stanja v poljubnem materialnem vlaknu
precnega prereza, v analizi poleg mehanske deformacijstapamo tudi prispevke temperaturne defor-
macije lesa. Z uporabo razporeditve temperature, vlage in oglja po prerezu, ki fondolo prvem delu
disertacije, z raunskim primerom prik&emo uporabnost predlaganega matetnaga modela za ¢an
odziva slojevitih kompozitnih nosilcev zaradi zunanje &tagi obt&be in p&ara.

Disertacija ima poleg uvodge tri poglavja. V drugem poglavju analiziramo temperaturno iandatno
stanje lesenih homogenih in slojevitih kompozitnih nosilcev, ki izpostavljebapooglenijo. V tretiem
poglavju poleg analiinega réevanja osnovnih eglh kompozitnih nosilcev obravnavamo tudi mehanski
odziv omenjenih konstrukcij na 8asno delovanje zunanje state mehanske olitbe in obt&be paara.

V Cetrtem poglavju podamo zakike.



2 TEMPERATURNO-VLA ZNOSTNA ANALIZA
NOSILCEV Z UPO STEVANJEM OGLENENJA

2.1 Pregled literature

ZaCetki modeliranja povezanega prenosa toplote in vlage segdgijodeseta leta prépjega stoletja, ko je
beloruski znanstvenik Luikov z uporabo metod neuraviere termodinamike razvil model povezanega
prenosa toplote in vlage v kapilarno poroznih materialih. Model, ki ga sestavlja sistem nelinearnih par-
cialnih diferencialnih engb je prvic objavil mnogo kasneje (Luikov, 1966). Neodvisno od njega, so
zelo podobne modele povezanega prehoda toplote in vlage v poroznih materialih izpeljali tudi De-Vries
(1968), Harmathy (1969) in kasn&gje Whitaker (1977). Poleg izpeljave in validacije modela je Luikov
(1966) za razine materiale eksperimentalno délosrednosti materialnih parametrov modela. V pre-
glednemglanku je Luikov (1975) podal tudi natéen pregled njegovega dela in ostalih ruskih avtorjev

do leta 1973.

Ko je bil problem formuliran, ga je bilo potrebnosié. Stevilni raziskovalci so poskali poiskati anali-

ticne ra&itve Luikovega modela, ki so iine le za izjemno preprosto geometrijo ter robne pogoje. Z
namenom, da bi bil sistem efta matematino bolje obvladljiv, so Luikov (1966, 1980) ter Luikov in
Mikhailov (1966) predlagali, da se pri¢anu povezanega prenosa toplote in viagestpa konstantne
koeficiente prevodnosti znotraj posameznégsovnega koraka. Na taGia je resitev nelinearnega sis-
tema enab sestavljena iz &tev linearnih sistemov s konstantnimi koeficienti. Ostali raziskovalci so
raziskovali analitne re&itve ob up8tevanju konstantnih koeficientov prevodnosti. Lobo s sodelavci
(1987) je opozoril na obstoj kompleksnih lastnih vrednosti ggeranju linearnega sistema éhaVe-

lika veCina reSitev do tedaj je zanemarila obstoj kompleksnih lastnih vrednosti, zato je njihova veljavnost
vprasljiva. Liu in Cheng (1991) sta potrdila le eno kompleksno vrednost. Zaradi omejitve te metode, sta
Ribeiro in Cotta (1995) predlagala alternativho pzhb reSitev Luikovih enéb, ki ne zahteva iz&una
kompleksnih lastnih vrednosti. Kasneje so bile s to tehniko, ki je kombinacija bisekcije in Newton-
Raphsonove metode, najdene tako realne kot kompleksne lastne vrednosti. Poleg tega &oeanaliti
reSitve predstavilse Pandey s sodelavci (1999a, 1999b), Chang in Weng (2000), Qin in Belarbi (2005),
itd.

V veliki vecini primerov pa analiine réitve ni mog@e dobiti. V teh primerih je potrebna uporaba
numertnih metod za dol&itev pribliznih resitev. Thomas s sodelavci (1980) je z metododwh razlik
obravnaval nelinearne Luikove eitge. Podobno je Irudayaray s sodelavci (1990) analizifsisig lesa

z uporabo metode k@nih elementov. Podal je podroben opis uporabljenih nuindrimetod za ré&tev
nelinearnih Luikovih enéb. Metodo kognih razlik je za r8itev Luikovih en&b uporabil tudi Gams
(2003). Rezultate je primerjal z anafitio resitvijo enodimenzionalnega prehoda toplote in vlage skozi
homogeni leseni prerez, ki sta jo predstavila Chang in Weng (2000) ter rezultati oziroma meritvami
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temperature in vlage dvodimenzionalnega homogenega in lameliranega prereza, ki je bil izpostavljen
spremenljivim vplivom okolja. V obeh primerih je dobil dobro ujemanje rezultatov.

Povezan prehod toplote in vlage v r&znih materialih sdtudirali Stevilni avtorji. Lien in Wittmann
(1995) sta obravnavala povezan prehod toplote in vlage v betonskih elementih, ki so izpostavljeni vi-
sokim temperaturam. Nijdam s sodelavci (2000) je obravnadrga lesa iglavcev. Zanimivo delo je
objavil Can (1998), ki je analiziral $&nje tiskarskegérnila. Vetina modelov v literaturi je eno ali dvodi-
menzionalnih. Trodimenzionalni nestacionarni model prevajanja toplote in vliage v prinsemjalesa

pri visokih temperaturah z ugtevanjem Luikovih eréb obravnavata Younsi s sodelavci (2006a, 2006b)
ter Kocaefe s sodelavci (2006). Podobn8emje lesa pri visokih temperaturah z uporabatendi jin
predstavi Whitaker (1977) obravhavajo Younsi s sodelavci (2006c, 2006). S patanosttdijo vpliva
razlicnih parametrov na razporeditev temperature in vsebnosti viage po nosilcu ter primerjavo z eksper-
imentalnimi rezultati pokzejo, da so Luikove ehe primerne za opis povezanega prehoda toplote in
vlage v primeru s&enja lesa pri visokih temperaturah.

Za nataino temperaturno-viaostno analizo lesenih nosilcev priZaou moramo poleg povezanega
prehoda toplote in vlage v lesenem nosilcu poznati tudi hitrost oglenenja oziroma stopnjo zoglenitve
lesa. Po drugi svetovni vojni je bilo razvitih mnogo modelov oglenenja lesa, in sicer od zelo preprostih
analiticnih en&b do zelo kompleksnih numériih reSitev. Modeli se razlikujejo po Bavnosti oziroma
zahtevnosti fizikalnih in kemijskih pojavov in privzetih predpostavk vsgjoih v model. Nekateri mod-

eli obravnavajo povezan prehod toplote in vlage, medtem ko drugi povsem zanemarijo prehod viage in
hlapov in obravnavajo samo at# za prehod toplote skozi snov (prevajanje). V nadaljevanju omenimo

le nekatere modele. Na osnovi velikegfvila eksperimentov lesenih nosilcev prizaou so Lawson

et al. (1952), Schaffer (1965), Lie (1977), Mikkola (1990), White in Nordheim (1992), White (1994),
Janssens in White (1994) in drugi, §lrido podobnih empitinih modelov oglenenja. \#na predlaga
konstantno hitrost oglenenja. Tako Lie (1977) predlaga konstantno hitrost oglenenja ne glede na vrsto
lesa in vsebnosti vlage. Nelinearni model enodimenzionalnega oglenenja je prvi razvil Lainsion
(1952). Obravnaval je oglenenje smrekovih nosilcev €aiti debelin in 12 % vsebnosti viage, ki so

bili izpostavljeni razmeram standardneg@am. Nelinearni model sta podala tudi White in Nordheim
(1992). Njun empiftni model je osnovan na rezultatih eksperimenta énidesetih nosilcev iz osem
razlicnih vrst lesa. Nataten pregled literature emptnih modelov podajajo Lau s sodelavci (1999) ter
White in Tran (2004).

Pomembna omejitev velike &me modelov je, da so omejeni na enodimenzionalne probleme in stan-
dardne paarne obremenitve, ki so dtajno podane s standardnimizawnimi krivuljami podanimi v
Evrokodu 1 (2004), v avstralskem standardu AS 1720.4 (1990) in drugod. Z namendeghabpisa
oglenenja je Fredlund (1988, 1993) razvil model oglenenja lesa, IStapa prehod toplote in mase v
lesu, oksidacijo oglja, itd. lzdelal je ¢analnski program WOODL, ki temelji na metodi kénih el-
ementov. Opozoril je, da je kritha ta&ka pri opisu oglenenja lesa dditev materialnih karakteristik

lesa in oglja pri visokih temperaturah. Karakteristike, ki jih je uporabiléurah je dol@il eksperimen-

talno. Rezultate je primerjal z meritvami, ki jih je dobil na osnovi eksperimentov oglenenja smrekovih
nosilcev v skladu s standardom ISO 834 (1999). Primerjava je pokazala izredno dobro ujemanje rezul-
tatov. Model oglenenja, ki ga je predstavil Fredlund (1988, 1993), nétepa ktenja oglja. Na to je
opozoril Janssens (2004). V svoj model je vEljuudi vpliv kontrakcije oglja. 1zdelal je r@unalnBki
program CROW za analizo enodimenzionalnega oglenenja lesa, ki temelji na metéditkoazlik.
Podoben model kot Fredlund (1988, 1993) smo izdelali tudi v okviru doktorskega dela (Schnabl in Turk,
(20064, 2006b, 2006c)). V modelu wievamo nelinearne parcialne diferencialnetbealuikova, ki
opisujejo povezan prehod toplote in vlage v poroznem materialu, kot je les. Naitasnao up8tevali
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temperaturno in viznostno odvisne termomehanske lastnosti lesa in oglja. S paréanoetmalizo sta
obravnavala vpliv raztinih parametrov lesa na hitrost oglenenja le tega.

Zanimivaclanka s tega podija v zadnjem obdobju sta delo avtorjev, kot so Yang s sodelavci (2003) ter
Theunset al. (2005).

2.2 Osnovne enébe prevajanja toplote in vlage

Osnovne engbe povezanega prevajanja toplote in vlage v kapilarno poroznih snoveh je podal Luikov
(1966). Enébe so kasneje za opis temperaturné@mi@stnega stanja uporabiitevilni avtorji, kot na
primer Thomaset al. (1980), Irudayaragt al. (1990), Gams (2003), Younsi al. (2006a, 2006b),
Kocaefeet al. (2006), itd. V ve&ini primerov so avtorji uporabili ertde za opis skenja lesa. Gams
(2003) je enébe Luikova uporabil za opis temperaturnozrastnega stanja homogenega in lameli-
ranega lesenega nosilca, ki je bil izpostavljen spremenljivim vplivom okolja. Younsi s sodelavci (2006a,
2006b, 2006c) je z omenjenimi atlzami analiziral ssenje lesa pri zelo visokih temperaturah. V vseh
primerih je primerjava rezultatov z eksperimentalno dobljenimi rezultati pokazala, da je bila uporaba
Luikovih en&b povezanega prehoda toplote in viage v teh primerih zelo smiselna. To je bil tudi eden
od razlogov, da smo se v okviru naloge dtllp da uporabimo Luikove eréde za opis temperaturno-
vlaznostnega stanja kompozitnih lesenih nosilcev, ki zaradi izpostavljena@stimnabte&bi oglenijo.

Povezan prehod toplote in vliage v kapilarno poroznih snoveh opisujeta dve nelinearni parcialni diferen-
cialni en&bi. Izpeljani sta z uporabo zakona o ohranitvi energije in mase infinitezimalno majhnega dela
shovi. Z up&tevanjem naslednjih predpostavk:

e homogen in ortogonalno anizotropen material,

e gravitacijske sile zanemarimo ker so veliko ninpd sil, ki nastopajo v kapilarah,

e materialni in prevodnosti parametri lesa in oglja so odvisni od temperature in vlage,

e krcenje in nabrekanje ter ostale mehanske spremembe lesa in oglja zanemarimo,

e maso plinov oziroma hlapov zanemarimo, masni tok je sestavljen le iz toka kapljevine,
¢ hitrost pretoka kapljevine skozi snov zanemarimo,

e izparevanje/kondenziranje vode deluje kot energijski izvor/ponor,

e kompozitni nosilec se nahaja v okolju s konstantnintarm tlakom,

se endbe, ki opisujejo povezan problem prehoda toplote in vlage skozi kapilarno porozno snov glasijo

pepT) _ (chry + V)M = div(k grad T) (2.1)
ot ot
in 5
(";;”w) = div(Dym gradw + Drgrad T), 2.2)
oziroma v komponentni obliki v primeru dvodimenzionalnega prehoda kot
d(pc,T) d(pcpw) 0 oT 0 oT
ot (ehLy +7) ot N 8y< y@y)+8z( Z@y) (2:3)

ter

Aot & (D) 5) 4 2 (D 52) + o (D 50 ) + 2 (Pt 5. (2
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V enabah @.1-2.2) predstavljak simetrtni tenzor toplotne prevodnosti, ki ima v primeru ortogonalne
anizotropije diagonalno oblikd,, k. v (2.3) tako pomenita koeficienta toplotne prevodnosti (W/mK) v
dveh pravokotnih smerehin z pravokotnega pfega prereza nosilca. Podohbg,, predstavlja diag-
onalni tenzor prevodnosti vlage, kjélenaD,,, in D,,. v (2.4) predstavljata prevodnostna koeficienta
vlage kg/ms°M). p je speciféna gostota snovikg/m?), ¢, je speciféna toplota snoviJ/kgK), T je
temperatura snovP (), ¢,,, speciftna vlaga snovikg/kg °M), ¢ je del& vlage v plinastem stanjié,;

je izparilna toplota snovi (J/kg)y je toplota sorbcije in desorbcije (J/kg), je potencial viagé°M), ¢

je €as ) in D diagonalni termogradientni tenzor, ki ga v primeru otrotropnega materialéuizaano
kot Dr=D,,9d. ¢, terd, v (2.4 tako predstavljata termogradientna koeficieritel (K) snovi v dveh
pravokotnih smeref in z.

Enabi (2.1) oziroma @.3) predstavljata eri@o prehoda toplote skozi snov. Toplota se ne pretaka samo
zaradi gradientov temperature. Poleg konstitucijskintbrtaplote, ki so izraene preko Fourierjevega
zakona kondukcije toplote, upteva endba prehoda toplote tudi vpliv latentne toplote izparevanja in
vpliv spremembe potenciala vlage na potek temperature. Vpliv slednjega imenujemo Dufourjev efekt
in predstavlja drug€len na levi strani eré (2.1) in (2.3). ObiCajno je ta vpliv v primeru sienja lesa
zanemarljiv, a ga vseeno uftevamo v engbah. Podobno, ehi (2.2) oziroma @.4) predstavljata pre-

tok mase skozi snov. Poleg konstitucijskih énaa vlago (Fickov zakon), ugtevata tudi pretok mase
(vlage), ki je posledica gradienta temperature (Soretov efekt).

Ena&bi (2.1) in (2.3) oziroma @.2) ter (2.4) predstavljata eréi za potenciala temperature in vlage. Na
ta n&in dobimo rezultate izigene s potencialom@C, °M). Vlazost ob€ajno izr&amo z vlanostjo lesa
V, ki je definirana kot defevode glede na maso suhega lesa (kg/kg) Zhtest lesd” je s potencialom
vlagew povezana preko linearne zveze (Luikov, 1966)

V=cpw. (2.5)

Ce zelimo reiti sistem dveh parcialnih diferencialnih éhe(2.1-2.2) oziroma @.3-2.4), moramo poz-
nati ustrezne robne in Zatne pogoje. Zetni pogoji predpisujejo temperaturo in potencial vlage po
precnem prerezu ob Zatnemcasut = 0

T(y,Z,O) :T()(y,Z), (26)

w(y,z,0) = wo(y, 2)- (2.7)

Robni pogoji so lahko raztnih tipov in sicer:

e predpisana temperatura in potencial vlage na robu,
e predpisana toplotni in viaostni tok na pogini,

o toplotni in vlaznostni tok sta linearno odvisna od razlike med temperaturo in vlago na robu in v
okolici (naravna ali prisiljena konvekcija),

e toplotni in vlaznostni tok sta nelinearno odvisna od razlike med temperaturo in vlago na robu in v
okolici.

V disertaciji bomo upétevali kombinacijo zadnjih dveh robnih pogojev. Robni pogoj toplotnega prehoda
dodatno upsteva vpliv latentne toplote izparevanja, Z@stni robni pogoj pa vpliv temperaturnega
gradienta. Robni pogoji na izpostavljenih zunanjih @vah izenéujejo toplotni pretok s prevajanjem
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in vlaznostni pretok po elementu s pretokom, ki je posledica radiacije in konvekcije toplote oziroma
konvekcijo vlage med nosilcem in okolico. Robni pogoji se za poljubriepee robove glasijo

—nTkgradT = he (T —Ta) +cro (T* —=T3) + (1 — &) hry b (w — wa), (2.8)

—n! Dy gradw — nT Dygrad T = h,, (w — wa). (2.9)

oziroma v komponentni obliki

oT oT
—k:ya—y eny — kzg ens = he (T —Ty) +epo(T* =T + (1 — &) hpy h (w —wy)  (2.10)

ow ow oT oT
DJ\/[y aiy €ny + Dy a enz + DMy 5y Fy ény + Dy 9, & enz = —hm (w - ’LUA). (2.11)

V en&bah @.8-2.9) predstavljan zunanjo normalo na mejno ploskey,, in e, v ena&bah ¢.10-2.11)

sta tako komponenti zunanje normaigh,. in h,,, predstavljata toplotni prestopni koeficiet’(m? K)

in vlaZnostni prestopni koeficienkg /s m? °M). T4 in w4 Sta temperatura in potencial Zkostni oko-
lice (ambienta). Drugtlen na desni strani ebl (2.8) in (2.10 predstavlja vpliv radiacije, kjer jer
efektivha povsinska emisivnost zunanje strani nosilca insjeStephan—Boltzmannova konstanta ra-
diacije, ¢ = 5.671 x 1078 W/m?K*). Temperaturni robni pogoj dodatno ugeva vpliv latentne
toplote izparevanja, vianostni robni pogoj pa vpliv temperaturnega gradienta.

Kompozitni nosilci so pogosto sestavljeni iz elementov (slojev), ki imajo ¢aelifizikalne lastnosti.
Poleg robnih pogojev na pa@ini moramo zato na stiku dveh teles definirati dodatne pogoje. Prvi pogoj
je, da statemperatura in potencial vlage na stiku enaka za oba sloja. Drugi pa, da sta toplatnoistula

tok skozi mejno powsino stika enaka za oba sloja. Za delce, Kijtena stiku, se dodatni pogoji stika
glasijo

i _ i+l il

T - 212

—nilkigrad T} = —n/ Tk grad T/, (i=j=1,...,Ng) (2.13)
—néTDmégrad wé = —nj.H’TDm;H grad w;*l, (2.14)

kjer smo z zgornjim indeksorhozn&ili sloj, s spodnjim indeksom pa stik med slojemain i + 1. Tj?'
tako predstavlja temperaturo slaja j-tem stiku.nj.+1 je vektor zunanje normale slojat- 1 na sttno
poviSino stikay.

Enabe @.1-2.2), (2.8-2.9) in (2.12-2.14) tvorijo zaCetni-robni problem povezanega prehoda toplote in
vlage v lesenem kompozitnem nosilcu, ki je izpostavljeidgra. V kompaktni obliki jih zagiemo v
oknu 2.1.
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Okno 2.1: Zacetni-robni problem povezanega prehoda toplote in vlage v lesenem nosilcu, ki je
izpostavljen pazaru

Problem povezanega prehoda toplote in vlage kompozitnega nosilca opisuje:
OSNOVNI SISTEM ENA CB:
o (i=j=1,...,Ng; j # Ng)
A(pc,T 0(pcm .
9eesT) gy + ) 2P i (e grad T) (2.15)
ot ot
W = div(Dy, grad w + Dy grad T), (2.16)
pripadaj@&i naravni (Neumannovi) in bistveni (Dirichletovi) robni pogoji na p&ini
—nlkgradT = ho (T —Ta) +epo (T* = T3) + (1 — &) hpy ham (w0 — wa), (2.17)
—nT D, gradw — n? Dpgrad T = h,, (w — w,). (2.18)
ter na stiku dveh slojev
o (i=j=1,....,Ng—1) T, =T, wh = wit, (2.19)
—niTkigrad T} = —n" T ki grad T/, (i=j=1,...,Ng) (2.20)
T 7 i i+1,T i+1 i+1
—n Dy jgradw; = —n; Dy, ;" grad wi™, (2.22)
Neznanki osnovnega sistema st4; w’

2.3 Diskretizacija. Metoda korcnih diferenc

V naravi so problemi povezanega prehoda toplote in vlage praviloma vedno nelinearni in nestacionarni.
Kadar so kompozitni leseni nosilci izpostavljeni velikim spremembah temperature, kot je to v primeru
pozara, je nelinearno in nestacionarno atargesSe bolj izrazito. Materialne lastnosti lesa so odvisne od
temperature in vsebnosti vlage. Andlite reitve sistema erid povezanega prehoda toplote in vlage v
kapilarno poroznih materialif2(1-2.2) so tako m@ne samo v najpreprossg primerih. V vseh ostalih
primerih je réevanje maéno le z uporabo numémih metod za réevanje nelinearnih parcialnih difer-
encialnih enéb. Najboj poznane in tudi najpogosteje uporabljene so metodankodiferenc, metoda
kontnih elementov, metoda robnih elementov, itd.

Osrednja tdka poglavja je diskretizacija zathega robnega problema oziroma aproksimacija neznanih
funkcij in izbira numeréne metode, s katero @etni-robni problem povezanega prehoda toplote in viage
(2.15-2.21) preslikamo v algebrajskega. V ta namen smo v nalogi izbrali metodorierdiferenc.
Osnovna ideja te metode je, da namesto odvodov oziroma neznanih funkcij uporabiéne kanlike
toCkovnih vrednosti iskanih funkcij. Rtev problema tako niso vrednosti iskanih zveznih funkcij defini-
ranih po celotnem obndju veljavnosti, temvé mnazica tackovnih vrednosti neznanih funkcij v vnaprej
izbranih ta&kah difereine mrge. Uporaba metode konih diferenc je preprosta in uporabna predvsem
za r&un problemov, definiranih na pravokotnih obtjib razlicnih dimenzij. S postopnim zgbevanjem
diferertne mrege metoda v Vv@&@ni primerov konvergira k pravilni f&@tvi. Dobra lastnost metode je, da
lahko ocenimo njeno naténost. Metoda je tako zelo uporabna za kontrolo natasti nekaterih drugih
numertnih metod, pri katerih napake metode ne moremo oceniti. Taka metoda je na primer metoda
kontnih elementov. Lastnosti in uporabo difetee metode v &evanju problemov prehoda toplote in
vlage je v svojih knjigah natémo opisalOzisik (1985, 1994).
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ZaCetni-robni problem Z.15-2.21) lahko torej z diskretizacijo prikitino r&imo le v vnaprej izbranih
toCkah diferegne mre&e. Na ta néin smo izgubili informacijo o poteku iskanih funkcij med diskret-
nimi toCkami. Vrednosti neznanih funkcij v diskretnihttah prevedemo na celotno obé@z vmesno
interpolacijo z uporabo. Zavedati se moramo, da Sitve v diskretnih t6kah le priblzne in da so v
splasnem priblZne tudi oblikovne funkcije. Izbira oblikovnih funkcij je torej za nataost r&itve zelo
pomembna. Izbira oblikovnih funkcij je v Bam primeru relativho preprosta. Glede na to, da.¢%
2.21) nastopajo drugi odvodi po kraju in prvi odvodi pasu, izberemo kvadrégn potek temperature in
potenciala vlage po kraju in linearen potek teh &mlipoasu. Izpeljava oblikovnih funkcij je analogna
izpeljavi, ki jo je v svoji diplomski nalogi naredil Gams (2003), zato se v nalogi izpeljavi izognemo.
Z znanimi oblikovnimi funkcijami lahko temperaturo in potencial vlage v poljubtki@apsemo v
odvisnosti od njunih vrednosti v diskretninckah mree. V primeru dvodimenzionalnega problema se
temperatura in potencial vlage glasita

i+l Jj+1 k+1

y,z t Z Z ZTlman ka:> (222)

l=i—1m=j—1n=k

i+1 Jj+1 k41

w(y,z,t) =Y > > wimaNymMi, (2.23)

l=i—1m=j5—1n=k

kier so1j ., In w; ., , toCkovne vrednosti temperature in potenciala viagackah diferegne mree,
Ni.m S0 krajevne inMf;, socasovne oblikovne funkcije. Indekss tem primeru oznéuje koordinatay,
indeks; koordinatoz ter indeksk Casovno koordinato, (glej slika.1).

Iz ena&b (2.15-2.2]) je razvidno, da v teh eft@ah nastopajo prvi in drugi odvodi nekaterih funkcij.
Z updstevanjem odvodov oblikovnih funkcij in brezdimenzijskih koordinat (glej Gams (2003)), lahko
aproksimirane izraze, ki jih potrebujemo2.15-2.21) v razviti obliki zapgemo na nasledniji G

T=1—t)T;jk+ Tk, (2.24)
oT 1—1¢ t
_— _ 2Ayb) (Tit1,56 — Tic1,5k) + 2Ab (Tiv1jk+1 — Tic1jk+1), (2.25)
or (1 - tb) ty
EN BEYNVE (Tiv15k — Tim15k) + E(Ti—&-l,j,k—&-l —Ti—1,jk+1)5 (2.26)
T (1—t t
oy ( Ayzb) (Tit1,46 — 2T5 5 + Tica ) + TZQ(Tiij,kJrl = 2T j k1 + Tic1jkr1), (2.27)
PT  (1—t t
022 ( AZQb) (Tij41k — 2Tk + Tij—1.6) + T;(ﬂ,jﬂ,kﬂ — 2T j 1 + T j—1,k41), (2.28)
w= (1 —ty)wijr + tyw; j ki1, (2.29)
ow 1—t t
oy = ( QAyb) (Wi1,5k — Wim1,jk) + ﬁ(wi+l,j,k+l — Wi 1 k1) (2.30)
ow (1 - tb) ty

5 = W(wﬂ—l,j,k —Wi—1jk) + E(wi—f—l,j,k—i-l — Wi—1jk+1), (2.31)
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0w 1—1 ty
781/2 = ( Ayz )(wi+1,j,k - 2wz’,j,k + wi—l,j,k) + 7Ay2 (wi_l,j,k+1 — 2wi,j,k+1 + wi_17j7k+1), (2.32)

8221} (1 — tb) tb
022 A2 (Wi 1k — 2Wijk + Wij-1k) + E(wz’,j—&-l,k—i-l — 2Wj j k41 + Wi j—1k+1), (2.33)
p=(1—t)pijk + topijr+is (2.34)

ak‘ (1 — tb tb
87; = 2Ry ) ((ky)i-‘rl,j,k - (k’y)i—l,j,k) + m ((k’y)i-l—l,j,k—&—l — (ky)i—l,j,k-i-l), (2.35)

itd. Z vstavitvijo izrazov R.24-2.35 v (2.15-2.21) dobimo enébe za notranje ttke diferetne mree
prereza (slik®.2). Izrazi so zelo dolgi, zato jih podamo na piékni zg&enki.

--i%----\%
\\

.

-

R

77’/'/'+ T .
M/%

5

L g+ e
o4 ket |

I

-
<

Slika 2.1: Oznake temperatur vkah difere@ne mree pri dveh razBnih €asih.
Figure 2.1: Finite difference points at two different times

Enabe za robne in vogalnetke ter t@ke na stiku med sloji lahko izpeljemo z uporabo nesimathi
ali simetrtnih formul (Turk (1987), Gams (2003)). Rananje je praviloma bdg,Ce pri zapisu erzb
uporabimo sredtne interpolacije. V tem primeru moramo vpeljati patna vozlgta z nansljenimi
vrednostmi temperature in potenciala vlage. Na téimanoramo doloéiti dodatne neznanke, za kar
potrebujemo dodatne etlze. Dobimo jihfe en@be za notranje ftke zapsemoSe v robnih tgkah (glej
sliko 2.2). I1zpeljava robnih enéb in en&b na stiku je podrobno predstavljena na&mgmki.
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Slika 2.2: Oznake voAE izbrane difereéne mree glede na lego v prerezu.
Figure 2.2: Finite difference points and their position in the cross-section

V izrazih (2.24-2.35 smo pustili brezdimenzijsktas0 < ¢, < 1, kot prosti parameter. Diferéni
metodi, ki brezdimenzijskias up&teva kot prosti parameterd@mo kombinirana diferéma metodaCe
hoCemo ré&iti diskretizirani sistem erid prehoda toplote in vlage, moramo izbrati vredrigsGlede na
izbiro parametra; se difere@na metoda nadalje deli &ésto eksplicitnali Eulerjevo metoddt, = 0),
Cranc-Nicolsonovo metod@, = 0.5), Galerkinovo metoddt, = 0.67) ter Cisto implicitho metodo

(ty = 1).

Z izbiro parametra; doloCimo pri katerenmtasu zad&tamo diferencialnim er@dam, ki jih r&Sujemo.

t, = 0 predstavlja zéetekCasovnega korak#, = 1 pa njegov konec. Ra@ne izbire dajejo v spnem
razlicno tane rezultate. PA < ¢, < 0.5 je diferertna metoda pogojno stabilna. Pogoje pogojne stabil-
nosti podrobno obravnav@dzisik (1985, 1994). Stabilnost je v teh primerih odvisna predvsem od izbire
velikosti Casovnega koraka. Ptj = 0 dobimo diagonalno matriko, pri, > 0 pa pasovno matriko.
Implicitne metoded, > 0.5) konverirajo za poljubeGasovni korak.

Materialne lastnosti lesa so v veliki meri odvisne od nivoja temperature in vsebnosti vlage. Z vs-
tavitvijo izrazov @.24-2.35 v ena&be @.15-2.21) zaCetnega-robnega problema dobimo diskretiziran
sistem enéb prehoda in vlage zapisan v obliki sistema nelinearnih algebrajskdber@aneznane vred-

nosti temperature in potenciala vlage v izbranitkigh diferedne mree. Za r&itev sistema nelinearnih
algebrajskih engb moramo uporabiti eno izmed iterativhih metod z&eranje sistemov nelinearnih
ena&b (npr. Navadna oz. Jacobijeva iteracija, Newtonova metoda, kvazi-Newtonove metode, variacijske
metode, itd.). Ne glede na izbiro metode je togostna matriké&ajim odvisna od temperature in poten-
ciala vlage. Poleg tega je togostna matrika pogosto tudi $apgrin pasovna. Uptevanje algoritmov za
reSevanje razg@enih in pasovnih matrik lahko v takem primeru zelo izbalpatatnost réitev in hitrost
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konvergence.

2.4 Piroliza lesa in modeli oglenenja

Les je vnetljiv in gorljiv material. Izpostavljen garu oziroma visokim temperaturam je poiien
toplotni degradaciji oziroma tako imenovani pirolizi. Piroliza lesa je izjemno kompleksen proces. Pred-
stavlja vzajemno delovanje raznih kemijskih procesov s procesom prehoda toplote in vlage. V nadal-
jevanju opgemo njene osnove faze. V temperaturnem afjmtesa dol00 °C poteka izhlapevanje in
izparevanije proste vode ter drugih hlapnih komponent. Izparevanje kemijsko vezane vode je energijsko
bolj potraten proces kot izparevanje proste vode v porah. Potekdodd pa vse d@220°C, (Younsi,

2006). Pretgen del vodne pare potuje v smeriaou izpostavljene zunanje p&ime, margi del pa v
nasprotni smeri. Del vodne pare, ki potuje v smeri zréavgnja temperature, ponovno kondenzira v
obmaju s temperaturo pod00°C. Pri temperaturah lesa mdd0in 200°C poteka razkroj najman;
stabilnih viaken lesa. Bolj stabilna viaknatzeejo razpadati v obn@ju med200in 270°C. Posledica
razkroja je nastanek najraztiefih plinov, smol in kislin (ogljikov dioksid, ogljikov monoksid, metan,
formaldehid, mraviina in acetilenska kislina, katran, itd.). Tok omenjenih snovi v lesu je podobno kot
v primeru vodne pare preteo v smeri povéevanja temperature. Les pri teh temperaturah poka,tse kr

in postanern. Pravimo, da ogleni. Pri temperaturah nekje me@in 300°C se vname. Temperaturo,

pri kateri se les vname, imenujemo vi#ed lesa. Volumen z gorenjem nastalega oglja je Bidmt
volumen lesa na Za&tku. Sloj nastalega oglja zaradi svojih materialnih lastnosti predstavlja $erkak
izolacijski sloj. Pri nadaljnjem povevanju temperature oglje dodatno razpoka. Razpokanost oglja
vpliva na povéan prehod toplote in vlage ter drugih snovi med okoljem (ognjem) ter materialom, ki
je podvizen toplotni degradaciji. Pod daenimi pogoji lahko kisik na po®ini reagira z oglijem, kar
povzrdi dodatno oksidacijo oglja, ki ima za posledico gorenjéanenje oglja, (glej slik@.3).

— oglje

~ obmocje pirolize

Slika 2.3: Toplotna degradacija lesa.
Figure 2.3: Thermal degradation of wood

Poznavanje lesa pri visokih temperaturah je s &taldimenzioniranja parne odpornosti lesenih ele-
mentov in konstrukcij izredno pomembno. Zono odpornost lahko dalono z eksperimenti ali z
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uporabo raunskih postopkov. Eksperimenti so \ousi primerov izredno zahtevni in dragi. Raziskovalci

so inSe vedno veliko pozornost namenjajo razvofunkovitih raCunskih postopkov za ¢an p@arne
odpornosti lesenih konstrukcij. Pomembnost in zahtevnosttdwto pazarne odpornosti lesa je tudi
vzrok velikemustevilu Clankov na temo toplotne degradacije in oglenenja lesa kot poroznega materi-
ala. Razvitih je bilo mnogo radlnih modelov, od zelo preprostih, ki uporabljajo preproste ertmmri
en&be, pa vse do zelo kompleksnih matertiiti modelov, ki upétevajo enébe termodinamike. Ve-

lika ve€ina modelov predstavlja enodimenzionalno oglenenje. V literaturi obstaja tudi nekaj modelov
dvodimenzionalnega oglenenja, ki so @gjno omejeni z velikostjo ptmih prerezov. Modeli se med
seboj razlikujejo glede na obseg in zahtevnost v model&tgpanih fizikalnih in kemijskih procesov ter
osnovnih predpostavk. Nekateri ujtevajo povezan prehod toplote in mase, medtem ko drugi prehod
vode in plinov v snovi povsem zanemarijo.

2.4.1 Empiricni modeli oglenenja

Stevilni raziskovalci so na osnovi mnogih rezultatov eksperimentov lesenih nosilcevZaiupizde-

lali empiritne formule za dolgitev tako debeline oglja kot tudi hitrosti oglenenja lesenih elementov pri
pozaru in sicer v odvisnosti od raizhih parametrov, kot so vsebnost vlage, gostota lesa, vrsta lesa, tip
pozarne obtébe, temperatura vnétia lesa, itd. Oglenenje lesa 8pjo s hitrostjo zmaBgvanja mase
lesa (g/s) ali s hitrostj8irjenja oglja (mm/s) v notranjost gieega prereza, izpostavljeneg@auu.

V nadaljevanju ogiemo poenostavljene modele in emjie formule za doléitev hitrosti in debeline
oglenenja lesenih elementov v primeru réalh vrst p@arne obtbe in konstantnih lastnosti materiala.
V veliki ve€ini primerov je spl@na oblika modela naslednja

% ~ at", (2.36)
. Ox . . L TV

kjer e pomeni hitrost oglenenja; je debelina ogljat je ¢as izpostavljenosti @arni obt&bi, a in
n pa sta regresijski konstanti, ki ju dd@iono s kalibracijo z eksperimentalnimi rezultati. Eksponent
doloCa, ali hitrost oglenenja&som nar&a (» > 0), pada . < 0) ali je konstantnar{ = 0). Modeli
poleg vplivacasovne izpostavljenosti parni obtebi updtevajo tudi prehodnostne lastnosti materiala,
gostoto, vsebnost vlage, itd. Glede na vrstaagroe obtébe delimo poenostavljene metode na modele,
ki doloCajo hitrost oglenenja v primeru:
(a) standardnega para (pdarna krivulja ASTM E119 (1976) ali ISO 834 (1999)),
(b) nestandardnega para,
(c) konstantne temperature.

2.4.1.1 Standardni paari

Standardna parna obt2ba je podana s krivulj@asovnega spreminjanja temperaturégraega pros-
tora. Poenostavljeni modeli oglenenja so bili razviti za zelo podobamo krivulji (ASTM E119 (1976)
ali 1ISO 834 (1999)). V obeh primerih temperatur&pmega prostora vé&as nar&a. Temperatura v
primeru p&arne krivulje ASTM E119 (1976), ki se uporablja ptate v Severni Ameriki, se §asom
spreminja po nasledniji formuli

T, =T+ 750(1 - e*“gﬁ) + 22V, (2.37)
medtem, ko se temperaturazawnega prostora po krivulji ISO 834 (1999) spreminja v skladu Zlema
Ty =To + 345log (8t + 1), (2.38)
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kjer T,, pomeni povpréno temperaturo g@mrnega prostoraC, Ty je temperatura okdkega zraka ob
nastopu pbarne obtébe v°C in ¢ je Cas izpostavljenosti @aru izrgen v minutah.

2.4.1.1.1 AS 1720.4 (1990)

AS 1720.4 je avstralski standard po katerem je hitrost oglenenja podanaloena
280\ 2
é= 0.4+ <7) , (2.39)
p

kjer je ¢ hitrost oglenenja (mm/min); je speciféna gostota lesa (kg/hz vsebnostjo viageé2%. Efek-
tivna globina ogljad. (mm) je tako dolg@ena z linearno funkcijo

de = ¢t +17.5. (2.40)

2.4.1.1.2 Evrokod 5 (2004)

V Evrokodu 5 (2004) je globina ogljd...- (mm) v primeru enodimenzionalnega oglenenja lesa, ki
pozarno ni z&Citen, podana s preprostim izrazom

dchar = ﬂot, (241)

Kjer je [y hitrost enodimenzionalnega oglenenja (mm/min) za ¢aelivrste in gostote lesa. @hjno je
med0.5 < [y < 0.7. Evrokod 5 podaja tudi hitrost oglenenjazaono z&Citenih elementov. Predlaga
metodo r&unanja efektivnega ptaega prereza. Pri tej metodi iZzxmamo efektivni préni prerez z
upcstevanjem zmaspnja originalnega péeega prereza zaradi oglenenja. Debelino ogljaCimamo
na osnovi izraza

def = dchm‘,n + ko do, (242)

kjer je do = 7 mm. depq,.», iZraCunamo z izrazom41), v katerem namesto koeficienta upostevamo
koeficient/3,,, ki upasSteva povéano hitrost oglenenja zaradi vpliva zackitee pr&nega prerezad)(s <
G < 0.8). Koeficientk je v veliki vecini primerov enaki.

2.4.1.1.3 White in Nordheim (1992)

Raziskovalca White in Nordheim (1992), sta emfiimodel oglenenja dotidla z regresijsko analizo
rezultatovstiridesetih eksperimentov lesenih nosilcev iz osmih €attti vrst lesa, ki so bili izpostavljeni
pozarni obt&bi doloceni z ASTM E 119 (1976). Globino oglja ddla izraz

t= mxi'zg, (2.43)

kjer je m (min/mm) recipr@&na vrednost hitrosti oglenenja, (mm) je debelina oglja tercas izpostav-
lienosti p@aru. Reciprona vrednost hitrosti oglenenja je podana v odvisnosti od speeifjostote v
peti susenega lesa (kg/m?), njegove vianostiu (%) ter faktorja skéitve f. kot

m = —0.147 + 0.000564p + 0.0121u + 0.532F.. (2.44)

Faktor sktitve f. je definiran, kot razmerje debeline oglja na koncudama in debeline lesa, ki v paru
ogleni. Z uporabo podobne regresijske metode kot zgoraj, sta avtorja v odvisnosti od vrste |éBa dolo
izraz zaf., ki ima naslednjo obliko

fe=10.732 — 0.00423d + 0.203¢c — 0.00164cd — 0.270pc. (2.45)

V izrazu Q.45 pomenic klasifikacijski faktor, ki dol@a tip lesa { za les iglavcev;-1 za les listavcev).
d (mm) je debelina globinske &&te lesa z raztinimi premazi § = 3 za malo ind = 36 za dobro
za&Citene vrste lesa).
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2.4.1.1.4 Schaffer (1965)

Podobno kot White in Nordheim (1992) je tudi Shaffer (1965) podal izraze rewiprbitrosti oglenenja
razliénih vrst lesa B, min/inch) v odvisnosti od vinosti lesal/ (%) in njegove gostotg(lb/inch?).

B=2 ((28.726 +0.578M)p + 4.187), jelka (2.46)
B= 2((5.832 +0.012M)p + 12.862), bor (2.47)
B= 2((20.036 +0.403M)p + 7.519). hrast (2.48)

Vrednosti hitrosti oglenenjav merskih enotah SI dobimo s preprosto pretvorbo

¢ =25.4/B (mm/min). (2.49)

2.4.1.1.5 Lawsoretal. (1952)

Lawson s sodelavci (1952) je analiziral oglenenje elementov iz lesa jelke debelimsnmesd mm ter
12% vsebnosti vlage pri parni obtebi ASTM E 119 (1976). Hitrost oglenenja je podal z izrazom

gj =1.04t792, (2.50)

kjier x (mm) pomeni debelino oglja in€as trajanja izpostavljenosti paru.

2.4.1.2 Nestandarni paari in pozari s konstantno temperaturo

Spreminjanje temperaturetasom je v primeru realnih garov seveda drugao kot spreminjanje tem-
perature, ki je doléeno s standardnimi garnimi krivuljami. Nekateri avtorji so tako analizirali ogle-
nenje lesa pri nestandardnihZawnih obremenitvah. Modelov na tem poéitoje zelo malo in v véini
primerov veljajo le za téno dol@eno pa@arno obremenitev.

2.4.1.2.1 Leceister (1983)
Na podlagitevilnih eksperimentov je Leceister (1983) podal oceno zémkoaebelino oglja z izrazom
t
Rt = 360% +1.5Vrs in pogojem 1.5v/rs < 10. (2.51)

V izrazu @2.5)) je s heg (mm) ozn&il kontno debelino oglja, $rs Cas trajanja ppbarne obtébe nad
300°C in z p (kg/m®) gostoto suhega lesa.

2.4.1.2.2 Mikkola (1990)

Mikkola (1990) je modificiral izraz 2.51), ki ga je podal Leceister (1983), tako da je dodal vpliv
speciftne gostote in vianosti materiala ter koncentracije kisika ambientnega zraka na hitrost oglenenja
oziroma koEno debelino oglja. Kotna debelina oglja iztaunana zZ2.51) je tako:

(a) obratno sorazmerna z gostoto materiala

1
p(kg/m?) 4120

(2.52)
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(b) obratno sorazmerna z viaostjo
1

1+ 2.5w(%)"
Zmanganje koncentracije kisika ambientnega zraka% na8— 10% lahko zmar§a hitrost oglenenja za
priblizno20%. V primeru polno razvitega gara, kjer je koncentracija kisika v zraku lahko zanemarljiva,
je mazno zman$anje hitrosti oglenenja atb do 50%.

(2.53)

2.4.1.2.3 Lauetal. (1999)

Lau s sodelavci (1999) je analiziral oglenenje petinpetdesetih vzorcev iz borovega lesa v prim#sa obte
s konstantno temperatu500 °C in konstantne sile velikosti tretjine natezne nosilnosti. Hitrost oglenenja
se je spreminjala 06.397 mm/min prit = 0, pa do0.524 mm/min prit = 1000 s. Povpréna hitrost
oglenenja je bila pribino 0.451 mm/min. Z metodo linearne regresije so dolopriblizno velikost
efektivhega prénega prereza z naslednjim izrazom

A(t) = —1.628t + 3080, (2.54)

kjer je A (mm?) efektivni preéni prerez int (s) tas. Z endbo (2.54 so dolcili koeficient hitrosti
oglenenjas (mm/min) in sicer kot

_afat 1 911/2
Blt)=—g |7 T 1gl@tb)] (2.55)
L , . o - L 0A(t)
kjer jet Cas,ag in by sta dimenziji prénega prereza v milimetrih in = o = —1.628.

2.4.1.2.4 Schaffer (1965)

Schaffer (1965) je preiskoval hitrost oglenenja v primeru desk debelinezpriblid cm in viaznostjo
med6 in 18%, ki so bile podviene konstantni temperatdio, 816 in 927 °C le z ene strani. V primeru
jelke, izraz, iz katerega izéanamo hitrost oglenenja lesa, izgleda takole:

t= —k:ln(l _ g)e% (2.56)

kjer je

k = (28.576 + 0.576w)p + 4.548 (2.57)
in je J = 4.184 J/cal Joulova konstant#® = 8.14 J/g mol/K je plinska konstantd = 3108 cal/gmol
je reakcijska energija; (inch) je debelina ogljay (%) je vsebnost viagd, (K) je temperatura lesa in
(s) jeCas.

2.4.2 Numertni modeli oglenenja

Obmaje veljavnosti razvitih empiénih modelov oglenenja lesa je pogosto omejeno na enodimen-
zionalne primere s preprosto geometrijo in konstantnimi materialnimi karakteristikami ter standardnimi
pozarnimi obtgbami. Potreba po sgiaepem opisu oglenenja lesa je pripeljala do razvoja mat&miati
modelov oglenenja. Ti se med seboj razlikujejo glede na stopnjo opisa fizikalnih in kemijskih procesov,
ki potekajo v lesu med grmrom. V&ina modelov upsteva samo prehod toplote brez 8f@vanja vlage,
medtem ko drugi poleg prehoda toplote in mase (vlaga, plini, smole, itd 3teymgo tudi vpliv drugih
parametrov, kot so koncentracija kisika v zraku ibéaje oglja. Razlikujejo se tudi glede {tevanja ra-
zlicnih faz v procesu oglenenja lesa in datwi pogojev, ki dol@&ajo prehod med njimi. Kljub velikemu
zanimanju po splnepgem opisu oglenenja lesa, obstaja v literaturi zelo malo maténilatnodelov na

to temo. V nadaljevanju zelo na kratko 8pmo nekaj modelov.
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2.4.2.1 Takeda (2003)

Takeda (2003) je razvil dvodimenzionalni model zéwa oglenenja manih in lesenih desk. Razviti
model temelji na osnovni edbi dvodimenzionalnega prevajanja toplote skozi snov

or o (ké?T) 0 ( 8T)’

Do = ox \"or +87/ k—

5 (2.58)

kjer je za toplotno odvisne materialne parametsg £, k) upcsteval eksperimentalne rezultate, ki jih je
dobil v literaturi. V robnih pogojih je upgteval prevajanje toplote s konvekcijo in radiacijo. Pomembna
omejitev modela je, da ne upeva vpliva vsebnosti vlage na razporeditev temperature po snovi in s tem
tudi na proces oglenenja. Kljub temu pd&y da se rezultati dobro ujemajo z rezultati eksperimentov, ki
jih je opravil.

2.4.2.2 Janssens (2004)

Zelo podoben model, kot ga je predstavil Takeda (2003), je izpeljal tudi Janssens (2004). (ifaea-
janja toplote skozi snov je dodalen s katerim je zajel vpliv izparevanja in kondenziranja vode v lesu
med p@arom. Omenjena vpliva je upteval kot ponor oziroma izvor toplotne energije. Razviti model
oglenenja upsteva enébo enodimenzionalnega prevajanja toplote skozi snov

Ou
Poata

8£ 0 ( oT
»P ot ox

k—) — (Ahy + Ahy)

o (2.59)

kjer je po gostota suhega lesa (kgfjnu je vsebnost viage v lesu (kghh, je latentna toplota izparevanja
(J/kg) in Ah,, je toplota kondenzacije (J/kg). Model oglenenja $fgva materialne lastnosti lesd £
200°C), delno zoglenelega lesa00 °C < T' < 800°C) in oglja (I" > 800°C). Poleg tega upkieva
tudi vpliv kr€enja oglja.

2.4.2.3 Fredlund (1988)

Fredlund (1988, 1993) je razvil izredno izpopolnjen model oglenenja. Pri tem f&ayad tako pre-

tok energije, kot tudi pretok mase. Ugeval je pretok energije zaradi prevajanja toplote (kondukcija)
skozi snov kot tudi zaradi konvekcijskega toka produktov pirolize in vodne pare skozi pore obravna-
vanega lesa. Pritem je ugteval, da je v vsaki ttki obravnavanega telesa izpolnjeno termodiréai
ravnovesje. Originalno vigen les je razdelil natiri razlicne faze: les, oglje, vodno paro, vodo. Kihia
energije na enoto volumna je tako enaka vsoti energij posameznih komponent. Toplotne lastnosti ma-
teriala v dol@eni tcki je izraCunal kot povpréno vrednost toplotnih lastnosti posameznih materialnih
komponent. Osnovna etiaa o ohranitvi energije ima tako v dveh dimenzijah obliko

or o ( 8T> 0 < y@l) or 8T+Q’{+Q§7 (2.60)

"ot = oe\Maz) Tay\May) T s Ty

kjer pomeniT’ temperaturog speciféno toploto,\ je koeficient toplotne prehodnosti,je konvekcijski
koeficient (W/n?), Q% in Q3 pa sta ponoralizvora energije zaradi pirolize lesa ter izhlapevanja oziroma
kondenziranja vode oziroma vodne pare.

Prehod vlage skozi snov lahko poteka na dvéime s pretokom pare pare in tokom tékwe. Gonilne

sile, ki povzr@&ajo prehod vlage skozi snov so gradienti vlage, pritiska in temperature po snovi. Razlike

v vsebnosti vlage so posledica toka vlage, ki je opisan s Fickovim zakonom, kot posledica gradientov
pritiska pa z Darcyjevim zakonom. Model masnega pretoka, ki ga uporabi Fredlund (1988, 1993) temelji
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na spremembi pritiskov v lesu. Poleg tega dodatncsteya, da je masni tok vlage v obliki tekine
zaradi majhnih hitrosti zanemarljiv. Osnovna diferencialna&baanasnega pretoka je tako

W= 06,904 (%(qsy‘?;) PG (2.61)

kjer je P pritisk (Pa),w je masna kapaciteta (mol/J),je koeficient masnega pretoka (mol s/kg)je
koeficient toplotnega raztezka (mol/Js). Robni pogoji v primeri£ea#®.60 predstavljajo izmenjavo
energije telesa z okolico in so podani kot predpisan toplotni tok ali predpisana temperatura na robu. V
prvem primeru tako uggevajo vpliv konvekcije in radiacije energije na robu. Robni pogoji v primeru
ena&be2.61pa so predpisani masni tokovi na robovih elementa. Primerjava modela z eksperimentalnimi
rezultati pokde zelo dobro ujemanje.

Na koncu omenim@e, da je Fredlund (1988, 1993) analiziral tudi hitrost oglenenja ozirom& peamsje
debeline oglja. V ta namen je definiral pogoj nastanka oglja. @igk da oglje v dol@eni ta&ki nastane,
ko gostota materiala v tej &&i pade pod00 kg/m?. Tudi v tem primeru je dobil zelo dobro ujemanije z
eksperimentalno dobljenimi rezultati debeline oglja.

2.4.2.4 Schnablin Turk (2006)

V disertaciji predstavimo model, ki smo ga razvili v okviru doktorskega dela in predstavili v Schnabl
in Turk (2006a, 2006b, 2006c). Matentati model oglenenja ni tako s@en kot model Fredlunda
(1988, 1993). V procesu pirolize ugievamo le dve materialni fazi: les in oglje. Poleg tega zane-
marimo vpliv tlaka na povezan prehod toplote in vlage v porozni snovi ter vpliv konvekcijskega dela
toka teka&ine (vlage in drugih produktov pirolize) k energijskemu oziroma toplotnemu toku skozi snov.
Osnovni enabi, ki opisujeta matemaitni model sta eribi Luikova 2.3-2.4):

O(pe,T) d(pcpw) 0 oT 0 oT
ot (ehey +7) ot Oy (ky 6y> * 0z (kz y ) (2.62)

ter

dpepw) 0 ow 0 ow 0 orT 0 oT
= = oy Py )+ 5 (Pne 52 + 5, (D8 ) + 5 (Db 0)- - (269

Poleg enéb (2.3-2.4), osnovne entbe modela sestavljajo tudi @tni in robni pogoji ter pogoji na

meji med dvema materialoma, glej éhe v oknu 2.1,4.17~2.21). Pomen oznak smbe razlaili v

poglavju Osnovne erdde prevajanja toplote in vlage. Pri doitvi temperaturno-vianostnega stanja

in oglenenja lesa v primeru para, model upgteva povezan prehod toplote in vlage skozi snov. Pri

tem omog@a up&tevanje poljubne garne obtébe in materialnih karakteristik materiala, ki so lahko

odvisne od smeri materialnih vlaken, od temperature, nivoja vlage, gostote materiala, vrste lesa, itd. Tudi

temperatura vnéeita lesa, to je temperatura, ko le€@a goreti in nastane oglje, je poljubna. \Eird

primerov vzamemo, da je temperatura vE&dilesa o®70 do 300 °C.

2.5 Materialne lastnosti lesa pri visokih temperaturah

Matemat€ni modeli oglenenja predstavljajo v primerjavi z eksperimenti zelo poceni in uporabno sred-
stvo za opis obr&anja lesa v primeru visokih temperatur, kot jgao Za primerno oceno obsanja

lesenih elementov med parom moramo zanesljivo ddliti materialne lastnosti pri visokih temperatu-

rah. Materialne lastnosti lesa so poleg temperature odvisne tudi od vsebnosti vlage, gostote materiala,
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smeri materialnih vlaken, vrste lesa,tirea obdelave lesa, itd. V literaturi obstaja veliko eksperimen-
talnih podatkov in empitinih formul za dol@itev lastnosti materiala v odvisnosti od najrémkfih
parametrov. Raztros rezultatov je zelo velik. V nadaljevanju@nafpredstavimo odvisnosti parametrov,
kot so koeficient toplotne prehodnosti speciftne toplote materialain gostote materiala, v odvis-
nosti od temperature. Slika4 prikazuje temperaturno odvisnost koeficienta toplotne prevodhpktit

so jo dolili razli¢ni avtorji.

T

03511 Evrokod 5 (2004)
030 H Janssens (1994)
: Takeda et al. (1998)
i Harmathy (1995)
” 025 11 ——— Fredlund (1988) |/ —
g / /
= 0.20
L WK / -
005 \// Thomas (1997) |
0 200 400 600 800 1000 1200

T[°C]

Slika 2.4: Koeficient toplotne prevodnosti lelsa odvisnosti od temperatufi.
Figure 2.4: Thermal conductivity of wood as a function of temperaturée

S slike2.4 je razvidno, da toplotna prevodnost v obtpotemperatur od 00 do 200 °C nar&ca, potem

v obmdaSju od 100 do 350 °C linearno pada in nato pri temperaturi nzi&b °C ponovno nar&a. Kljub
temu, da je trend razporeda toplotne prevodnosti v odvisnosti od temperature @aeragtorje podoben,

se vrednosti zelo razlikujejo. Ker je raztros rezultatov velik, je izredakaelolcCiti krivuljo srednje
vrednosti toplotne prevodnosti. Raztros je posledica analiz&razlvrst lesa z raztinimi gostotami in
vsebnostmi vianosti. Raztros je tudi posledica uporabe &zl metod za dolgitev toplotne prevod-
nosti. Takedaet al. (1998) je za dolbitev k£ uporabil razléne vrednosti iz literature. Thomas (1997)
je vrednostik doloCil s kombinacijo dveh razinih izrazov za dolGitev k, ki jih je naSel v literaturi.
Harmathy (1995) in Fredlund (1988) stadoloCila eksperimentalno, medtem ko je Janssens (1994)
odvisnost izrgunal na osnovi gostote suhega lesa in vsebnosti vlage.

Speciftna toplota lesa, v odvisnosti od temperatufE je podana na slik2.5. Skok specifine toplote

v obmaiju 90 < T < 110°C je posledica izparevanja vode v lesu. Podobno kot v primeru toplotne pre-
vodnosti je tudi tukaj raztros rezultatov dokaj velik. VVzrok raztrosa rezultatov je podoben kot pri analizi
toplotne prevodnosti.

Zmanpgevanje gostote materigtez visanjem temperaturg prikazuje slika2.6. V splasnem je gostota
lesa med00 in 700 kg/m?. Evrokod (2004), Janssens (1994) in Taketlal. (1998) predlagajo podobne
vrednosti razmerja gostote lesa pri temperdfupiroti gostoti lesa pri” = 20 °C. Zmanpevanje gostote
lesa pri temperaturah d200°C je v glavni meri posledica izhlapevanja in izparevanja vode. TPri
priblizno 200 °C je razmerje gostot med.9 in 0.95. Dodatnemu pov&nju temperature sledi izrazit
padec gostote. P’ priblizno 400 °C gostota lesa pade na pribtio 20% prvotne vrednosti. Pf" nad
400 °C ostane gostota materiala prakid nespremenjena.
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Slika 2.5: Specifina toplota lesa,, v odvisnosti od temperatutg.
Figure 2.5: Specific hea}, of wood as a function of temperature
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Slika 2.6: Gostota lesav odvisnosti od temperatufg.
Figure 2.6: Density of wood as a function of temperature

2.6 Ratunski primeri

Z racunskimi primeri prikZemo &inkovitost in primernost v disertaciji predstavljenega matetnatja
modela oglenenja za analizo oBaaja lesenih nosilcev pri paru. R&unske primere smo razdelili vse-
binsko v dve skupini.

V prvi skupini primerjamo predstavljeni mateniati model oglenenja z ragiimi empirtnimi modeli
enodimenzionalnega oglenenja, ki so predlagani v literaturi. Poleg tega predstavljeni model primerjamo
tudi z eksperimentalnimi rezultati, ki jih je predstavil Fredlund (1988, 1993). Na koncu izvedemo tudi
parametitno analizo, s katero analiziramo vpliv izbranih parametrov na hitrost oglenenja.
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V drugi skupini predstavljeni matematii model oglenenja uporabimo za analizo oglenenja dvodimen-
zionalnih homogenih pimih prerezov. Poleg homogenih prerezov obravnavamo tudi slojevite prereze.
V primeru slednjih izraunamo razporeditev temperature pri réaih Casih pdarne obtébe. Dobljeno
razporeditev temperature po preem prerezu dvoslojnega lesenega nosilca potrebujemo v drugem delu
disertacije pri mehanski analizi kompozitnih nosilcev piasnem delovanju zunanje state mehanske
obtezbe in obtébe paara.

2.6.1 Enodimenzionalno oglenenje lesenih nosilcev
2.6.1.1 Primerjava z empircnimi modeli

V literaturi obstaja mnogo empi@nih modelov za dolGitev hitrosti enodimenzionalnega oglenenja lesen-
ih nosilcev. Uporabni so za raghie vrste pbarne obtébe (standardna, nestandardna in konstantna).
Velika vetina empirénih modelov je bila razvita na osnovi eksperimentalnih rezultatov lesenih nosilcev,
podvizenih standardni g@rni obt&bi ISO 834 (1999) in ASTM E119 (1976).

I !
g H~————- Evrokod 5 (2004)
------------------ AS 1720.4-1990
7 [ White in Nordheim (1992) = .
— = - Lawson et al (1952) B
5§ 6 [|- — — Schaffer (1965)
s 5 M Schnabl in Turk
5 =
< 4
° 3 7 _==
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5] _
o2 // =
‘‘‘‘‘ LA
1 _\;"’.// g
sl
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Slika 2.7: Primerjava raZthih enodimenzionalnih modelov oglenenja lesa.
Figure 2.7: Comparison of different charring models.

Zaradi tega se oddmo, da v disertaciji predstavljeni matentati model oglenenja primerjamo z em-
piricnimi modeli oglenenja v primeru standardneame obtébe. Empiréni modeli up&tevajo kon-
stantne materialne karakteristike lesa in se med sebijplglede naStevilo parametrov, ki vplivajo na

hitrost oglenenja (glej poglavje Emgini modeli oglenenja). Pri tainu smo upstevali enodimenzion-

alno oglenenje smrekovega nosilca debelinéi je izpostavljen standardni garni obtébi ISO 834

(1999). Materialne podatke omenjenega smrekovega nosilca sta podala Chang in Weng (2000) in so
nasledniji:

Tp = 20°C, wo = 13°M, wy = 4°M, p = 370 kg/m?, kies = 0.12 koglje = 0.15 W/(m K),
Dy =22x107% kg/(ms°M), hry = 2500 kJ/kg, h.=22.5 W/(m?K), £=0,3,
cples = 1530/ (kg K), c¢poglie = 1050 J/(kgK), c¢p, = 0.01 kg/(kg°M), § = 2.0 °M/K,

By =25%x107%d=03m, v=0.
(2.64)
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Primerjavo modelov prikazuje slika.7. Velika vetina modelov (Schaffer (1965), Evrokod 5 (2004),
AS 1720.4 (1990)) predlaga konstantno hitrost oglenenja. Uporaba ozirorsteupioje konstantnega
oglenenja je pripravna, a ne odeadejanskega obBanja lesa. Nelinerni model oglenenja so razvili
Lawsonet al. (1952) ter White in Nordheim (1992). Iz primerjave r&niih modelov je razvidno, da
se v V&ini primerov razlike med posameznimi modeléasom povéujejo. Razlika v debelini oglja,

ki jo predlagata avstralski standard AS 1720.4 (1990) in Schaffer (1965), o minutah skoraj
100%. Opaziti je izredno dobro ujemanje predlaganega modela z modeloma, ki ju predlagajo Evrokod
5 (2004) ter White in Nordheim (1992). S sliRe7 se tudi vidi, da empitini modeli, ki jih primerjamo,
predpostavljajo zZ&etek oglenenja ob nastopuzaone obtgbe. To seveda ne predstavlja dejanskega
stanja. V ndem modelu je ugkievano, da les Zae ogleneti, ko temperatura dasgemperaturo pirolize
(300°C). To se zgodi pribkno 3 minute po zZ&etku paara.

2.6.1.2 Primerjava z eksperimentalnimi rezultati

V literaturi ni mnogo objav podatkov oziroma rezultatov eksperimentalnega opazovanja oglenenja lesenih
nosilcev pri pdaru.

Eden redkih primerov eksperimentalnega analiziranja lesenih nosilceviaippredstavlja deléved-

skega raziskovalca Fredlunda (1988, 1993). Eksperimentalno in rtmmoge obravnaval primer smre-
kovega nosilca Z&etne vsebnosti vlagel.5%. Z dodatnimi eksperimenti je dad temperaturno odvisne
termomehanske lastnosti lesa pri visokih temperaturah (Fredlund, 1988). Temperaturno odvisne lastnosti
materiala, ki jih podaja Fredlund (1988), smo Bfmvali pri izr&unu oglenenja z &m matematinim
modelom. Primerjava rezultatov je podana na &
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Slika 2.8: Primerjava numénih in eksperimentalnih rezultatov debeline oglja smrekovih nosil-

cev z&etne vlanosti14.5%.
Figure 2.8: Comparison of experimental and numerical results for penetration of the char layer as

a function of time for spruce with initial moisture contentlaf5%.

Primerjava pokze, da se modela razlikujeta predvsem glédsa, ko les Zme ogleneti, kar je lahko
posledica raztine definicije zéetka oglenenja. Fredlund (1988, 1993) nastanek oglja definira kot stanje,
kjer speciféna gostota lesa pade paeDh kg/m?, medtem ko v nsem primeru oglje nastane, ko les dose
temperatur®00 °C. Kljub temu se razlike §asom zmaujejo do priblzno45-ih minut, ko je debelina

oglja v obeh primerih enaka. Primerjava z eksperimentalnimi rezultati je v obeh primerih dobra. Na
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za&Cetku je model Fredlunda Bije rezultatom eksperimenta, gé minutah pa model Fredlund&itno
precenjuje hitrost oglenenja.

2.6.1.3 Parametrtnastudija

Matematéni model oglenenja lesa lahko uporabimo za paragretranalizo, s katero ugotavljamo vpliv
razlicnih parametrov na hitrost oglenenja. V sklopu izvedene paranetanalize smo analizirali vpliv
zaetne vl@nostiwy in speciftne gostote lesa ha obn&anje lesenih nosilcev pri standardnenigr.

V ta namen smo za raghe vrednosti Zgetne vlage in specifne gostote lesa iztanali debelino oglja
pri razlicnih Casih pdarne obtebe. Vpliv z&etne vlanosti lesa na hitrost oglenenja je prikazana na sliki
2.9

[ [
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e e
N L
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g o ~1000
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Slika 2.9: Vpliv z&etne vlanosti lesa na hitrost oglenenja.
Figure 2.9: Numerical results for penetration of the char layer as a function of time for different
initial moisture contents.

Iz slike 2.9 je razvidno, da se z ¥anjem zéetne vlanosti lesa hitrost oglenenja zmanje, medtem
ko seCas zé@etka oglenenja pogeje. Hitrost oglenenja je prakovano najv§a v primeru suhega lesa
(wg ~ 5°M). Razlika debelin oglja v primeru suhega lesa in leséetrge vianosti 20% znasa po
eni uri priblizno0.4 cm. Vpliv vlage je najbolj izrazit v prvil80-ih minutah. Cas potreben za dosego
dolocene debeline oglja je v primeru raaiih viaznosti zelo raztien. Na primer, za enako debelino oglja
(priblizno 3 cm), potrebuje suh les oko minut manj kot les z zZ&etno vlanostjo20 °M. Omenjeni
casovni zamik bistveno vpliva na nosilnost lesenih nosilcev. Glede na povedano, lahkgirakljda
ima vlaznost lesa pomemben vpliv na hitrost oglenenja.
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Slika 2.10: Vpliv gostote materiala na hitrost oglenenja.

Figure 2.10: Numerical results for penetration of the char layer as a function of time for different
densities of wood.

Vpliv gostote lesa na oglenenje prikazuje slika1Q Vidimo, da ima gostota lesa pomemben vpliv na
hitrost oglenenja. Les z §jo gostoto zéne ogleneti kasneje in ogleni asneje kot les z hjo gostoto.
Razlike v debelini oglja se v primeru raztiih gostot lesa §asom povéujejo. Pricasu60 min, je
debelina zoglenelega lesa z= 370 kg/m? priblizno za35% vetja, kot v primeru, ko je ~ 670 kg/m?.

2.6.2 Dvodimenzionalno oglenenje lesenih nosilcev

2.6.2.1 Homogeni leseni prerez

Obravnavamo oglenenje homogenega lesenega nosilca, ki je izpostavljen standardiemmiSio 834
(1999) s treh strani, medtem ko je zgornja stran nosilca toplotno imektno izolirana. Z&etni pre&ni
prerez nosilca je pravokotne oblike dimenzij 2A5 cm. Préni prerez nosilca diskretiziramo z ekvidis-
tantno difereino mreo 30x 45 tatk. Uporabimo enake materialne lastnosti kot pri enodimenzionalnem

primeru. Rezultati simulacije izpostavljenostizaou pricasih 1.2, 10, 20 in 30 minut so prikazani na
slikah2.11

Ker so vogali izpostavljeni prehodu toplote in vlage z dveh &ati strani, je oglenenje najhitfeg v
vogalih. Zato se oglenenje pneega prereza vedno @ prav v vogalih. Pojavi se tako imenovani
zaokraitveni efekt, ki ima za posledico spreminjanje oblike Gitega prereza, ki kmalu po @&stku
gorenja ni vé pravokoten.
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Slika 2.11: Porazdelitev temperature podrem prerezu smrekovega nosilc&etme vsebnosti
vlage13% in degradacija lesa v oglje pti2, 10-ih, 20-ih in 30-ih minutah.
Figure 2.11: Temperature distribution in cross-section of spruce beam with initial moisture content
of 13% and the transformation of wood into charla?, 10, 20 and30 minutes.
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2.6.2.2 Dvoslojni leseni prerez

Obravnavamo oglenenje dvoslojnega kompozitnega siémeiga lesenega nosilcateéne temperature

To = 20°C in zaetne vl&nostiwg = 13 °M, Ki je izpostavljen standardnemuZsru 1ISO 834 (1999)

s treh strani (glej slik@.12, a). Slojeviti nosilec sestavljata spodnji) (n zgorniji sloj ¢), ki sta iz lesa
razlicnih materialnih lastnosti. Materialne karakteristike so razen karakteristik, ki jih podajamo na sliki
2.12 enake, kot v podpoglavju Primerjava z emmiimi modeli .64). Dodatno predpostavimo, da je
sloj b na levem in desnem robu Aaostno povsen neprepusten, medtem ko stik med slojema modeliramo
kot povsem prepusten za toploto in vlago.

=380 kg/m’, P/=590 kg/m’
' , =110 kg/m’, R,=180 kg/m’
7777777 ; S c8.=1530 J/(kgK)

‘ ¢t 71050 J/(kgK)
k. =0.12 W/(mK)
k?,=0.15 W/(mK)
).=2500 J/(kgK)
- ™ ,, ch,=1400 J/(kgK)
1S0 834 K, =0.20 W/(mK)
h=20cm  # =0.18 W/(mK)

S oglie

e =h = 0kg/(s m*°M)

moglje

By o= 1000 W/(n'K)

hz= 10cm

b'=b'=20 cm = b;=10 cm h,, .= 1000 kg/(s m*°M)
™ v Z i ' nt:L’“:ntzb=20, ntyazso’
Ry nty"=20,

Slika 2.12: Geometrija, obba in materialne lastnosti dvoslojnega lesenega prereza.
Figure 2.12: Cross-section of the two-layer composite wooden beam and its equivalent symmetri-
cal part.

Dimenzije na zéetku simetnega pravokotnega fineega prereza posameznega sloja’sa® = 20 x

20 cm oziromab®/h® = 20 x 10 cm. S slike2.12 vidimo, da je tako izbran pimi prerez dvoslo-
jnega kompozitnega nosilca geometrijsko in materialno siGetrglede na navpho ravnino simetrije

y = 0. Poleg tega je simefima tudi obtéba s pdarom. Zaradi geometrijske in materialne simetrije
in simetrije deluj@e obt&be, lahko préni prerez razpolovimo na dva, po obliki in vrsti robnih pogo-
jev, popolnoma enaka dela. Del prereza, Kiilea simetrijski osi, moramo podpreti (izolirati) tako,
da bodo sprememba temperature in vlage ter toplotni iamndstni tok v smeri pravokotno na simetri-
jsko ravnino enaki 1. To pa pomeni, da moramo omenjeni del prereza povsem toplotnozinogdmo
izolirati (glej sliko 2.12b). Updstevanje simetrije je tansko zelo ugodno. Ugtevamo lahko gost&p
mrezo. Na ta nain izboljSamo natatnost ré&itev. Dimenzije obravhavanega prereza so Ztgp@njem
simetrije naslednjé%/h% = 10 x 20 cm oziromabg/hb = 10 x 10 cm. Pré&na prereza slojev v
nadaljevanju diskretiziramo z ekvidistantno toediferergnih tack ntz® x nty® = 20 x 30, oziroma
ntxb x nty® = 20 x 20. Opazovand:asovno obdobjet(= 60 min) razdelimo na enake intervale
(dt = 5s), pri tem pa upstevamcCisto implicitno metodot, = 1).

Casovni potek temperature in oglenenja po prerezu obravnavanega dvoslojnega kompozitnega nosilca
pri Casiht = 1,5, 10, 20, 30, 40, 50 in 60 min, prikazujemo na slik2.13 Meja med lesom in ogliem je
definirana s temperaturno izoterriio= 300 °C. Opazimo lahko, da so temperaturni gradienti \Zibii

meje med lesom in ogljem zelo veliki. Ta nenaden skok oziroma padec temperature je posledica relativho
majhne toplotne prevodnosti lesa in oglja. Oglenenje je tako najditrea zéetku. Ker ima oglje dobre
toplotno izolativne lastnosti, se z razvojem plasti oglja hitrost oglenenja postopomasuijearjaradi
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omenjenih izolativnih lastnosti lesa in oglja, ostane temperatura notranjih nosilnih delov prereza, kljub
visokim temperaturam @ara, relativno nizka.

S slike 2.13 oziroma2.14 vidimo, da je oglenenje spodnjega sloja v primerjavi z zgornjim bistveno
hitrejSe. Rezultat je péakovan, saj je gostota in spec€ifa toplota spodnjega sloja dosti niajod
gostote zgornjega sloja. Gostota in spéaifi toplota lesa imata hantrpomemben vpliv na hitrost ogle-
nenja lesa, (slik&.10. Oglenenje se Zane priblzno v4. minuti pdzara, zé&ne pa se najprej v spodnjem
vogalu spodnjega sloja. R@-ih minutah z&ne ogleneti tudi zgorn;ji sloj. Posledica hiega oglenenja

v vogalih je znani zaokrdtveni efekt, ki SLasom spreminja obliko pteega prereza. Zatni pravokotni
precni prerez dvoslojnega kompozitnega nosilca kmalu po nastopu oglenenjamiaxekoten.

t=1 min t=35 min t=10 min t=20 min Oglje
30 30 3 0 300
25 25 25 250
20 20 20 = 1 200
g 2
N2 =
215 15 15 g,
& £ 150
> &
10 10 10
100
5 5 5
50
0 0 0
0 5 100 0 5 100 0 5 100 0 5 10

Sirina (cm)
Slika 2.13: Porazdelitev temperature in oglenenje pémpeen prerezu dvoslojnega kompozitnega
lesenega nosilca pti= 1, 5, 10 in 20 min.

Figure 2.13: Temperature distribution in the cross-section of two-layer composite beam and the
transformation of wood into char at= 1, 5, 10 and20 minutes.

Izratunano temperaturno polje in razporeditev oglja p@&peen prerezu bomo v nadaljevanju uporabili
pri doloCitvi napetostnega in deformacijskega stanja dvoslojnega kompozitnega nosilca pri hkratnem
delovaniju stafine in p&arne obtébe.
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Slika 2.14: Porazdelitev temperature in oglenenje pémeen prerezu dvoslojnega kompozitnega
lesenega nosilca pti= 30,40, 50 in 60 min.
Figure 2.14: Temperature distribution in the cross-section of two-layer composite beam and the
transformation of wood into char at= 30, 40, 50 and60 minutes.



3 ANALIZA KOMPOZITNIH NOSILCEV

3.1 Osnovne enébe kompozitnih nosilcev

V tem poglavju predstavimo osnovne €ba, ki opisujejo mehansko olBanje kompozitnih nosilcev
Z updstevanjem zdrsa med sloji. Osnhovni algebrajsko—diferencialni sistet é&ianpozitnega nosilca
sestavljajo kinematine, ravnoténe, konstitutivne in vezne etlae ter pripadaj@i statni in kinematéni
robni pogoji posameznih slojev. Predstavljena formulacija kompozitnega nosilcgteuaojem zdrsa
med sloji je osnovana na kineméib (ali geometrijsko) ttni Reissnerjevi teoriji ravninskih nosilcev
(Reissner, 1972) za vsak sloj kompozitnega nosilca posebej. Le-ta opisuje membrarsko jrstpo-
gibno deformiranje ravninskih nosilcev pri poljubnih Kmih pomikih, rotacijah, vzdahih ter strgnih
deformacijah. Upsteva tudi Timoshenkovo hipotezo o ravnih@nmin prerezih. Ta predpostavka déég
da ravninski préni prerezi, pravokotni na nedeformirano refdnen os nosilca, ostanejo ravninski tudi
po deformiranju, a ne ipravokotni na referémo os nosilca. Upsieva tudi, da je pii prerez nosilca
v svoji ravnini absolutno tog, kar pomeni, da se oblika in velikostpega prereza med deformiranjem
ne spreminjata. Poleg omenjenih predpostavk, formulacija kompozitnega nosilcateugmgem zdrsa
med sloji up&tevaSe dodatno predpostavko, da sloja lahko drsita drug po drugem ne moreta pa se
razmakniti ali prodreti drug v drugega. Formulacija ni omejeBtesilom slojev.

3.1.1 Kinematicne ena&be

Definicijsko obm@je ravninskega kompozitnega nosilca d@annaica ta&k B = Uiffsl Bt C R3. Pri
tem (B?) predstavlja definicijsko obnige slojai, ki je definirano s predpisom

Bl =C'x A" = {(z%,y}, ) | ' € C', (3, 2') € A"} (3.1)

kjer je C' = [0, L] refererEna (v spl&nem ne nujno @tna) os posameznega slojd’ je konstantni
simetréni preéni prerez slojaN, pastevilo slojev kompozitnega nosilca, (sliBal). Mnozici B (B%)
reCemo tudi domena nosilca (sloja) ali refetaa konfiguracija. Zaradi enostavnosti izberemo, da ref-
erertna konfiguracija nosilca (sloja) sovpada s konfiguracijo kompozitnega nés{slaja 3) v nede-
formiranem stanju. Na ta 8 vse enabe zapsemo skladno z Lagrangevim {&inim) opisom. De-
formiranje kompozitnega nosilca analiziramo v ravnifii, ) nepoménega karteZinega evklidskega
(ambientnega) prostof® = {(X,Y, Z)}, ki je napet na ortonormirano kanonsko bd®y, Ey,E; =

Ex x Ey}. Referefna os ravnega nedeformiranega kompozitnega nosilca je skupna vsem slojem.
Predpostavimo, da sovpada z osjo prostorskega koordinatnega sistema. OblikeCpite prerezov
posameznih slojev je poljubna, a simétra glede na koordinatno ravnind = 0. V nedeformiranem
stanju se prostorske koordindt&?, Y, Z*) posameznega sloja ujemajo z njegovimi materialnimi koor-
dinatami(z?, y*, 2%).
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Pri izpeljavi osnovnih ertib se izkae (éas, 2004), da je referéno os posameznih slojev najprimerneje
parametrizirati z vpeljavo materialnih koordinet € Z; UZ* U Z!, = [0, L], kjer Z* predstavlja defini-
cijsko obmdje na stiku slojevi in i + 1. 7}, T} predstavljata definicijski obndji levega in desnega
previsa slojai. Koordinataz*! dolota zd&etno koordinato delca slojat- 1, ki je v deformirani legi v
kontaktu z delcem slojg s koordinatar?. Povezavo materialnih koordinat in z*+! prikazuje slika3.1

Deformirana lega kompozitnega nosilca je znaieapoznamo lego vsakedke (¢, ', %) sloja (3%) v
koordinatnem sistem(X, Y, Z). Definirana je z vektorsko preslikavo

R': B — R{(B%) c R3. (3.2)

S predpisom 3.2) je podan krajevni vektor poljubne &ke (¢, 3¢, z*) posameznega sloja glede na
izhodi&te prostorskega koordinatnega sistefia Y, Z}. Krajevni vektor téke (2, i, 2*) € C' x A’
lahko zapsemo kot

Ri(a',y',2") = rj(a’) +u'(a’) + p'(a", o', ). (3.3)

V (3.3 in v vseh nadaljnjih izrazih, oznake)’ pomenijo, da kokina (s) pripada slojui. Z r{(z%) =
rEx smo oznéili krajevni vektor poljubne toke referetine osi sloja. Nadalje sma# (z?) = u’(z*)Ex+
w'(z")Ez oznd&ili vektor pomikov referetine osi, kjeru’(z?) ter w'(x') dolotata pomika tok ref-
erertne osi sloja v smeri koordinatnih o&i in Z. Deformirano lego poljubne &e prereza glede na
referertno os v skladu s Timoshenkovo hipotezo oGmié prerezih izrazimo s krajevnim vektorjem
pia’,yt, 2') = y'el (af) + z'el ("), Kier {e} ("), €} ("), €. (2") } dolotajo materialno bazo zavrtenega
preCnega prerezae’. (z") je normalni,e’ (x") pa tangentni vektor na deformirano ravnino prereza sloja.
Zveza med materialno in prostorsko bazo se glasi

el (z) = cos o' (z")Ex — sin ' (z')Ez, . (3.4)
e, (2') = Ey, (3.5)
el (z') = sin¢'(z")Ex + cos ¢ (z)Ez, (3.6)

kjer je '(z') zasuk (rotacija) prenega prereza sloja, ki v sfieem, zaradi sithe deformacije pre-
reza, ni enaka naklonu deformirane refénmem osi sloja. Geometrijska upodobitev baznih vektorjev
Ex,Ez, e.(z') in e.(2') je prikazana na sliks.1

Konfiguracija 8.2) oziroma 8.3) se z up&tevanjem §.4)—(3.6) glasi

Ri(z',y", 2") = (2" + u' (") + 2'sin " (z")) Ex + (w'(z") + 2’ cos ' (z"))Ez + y'By,  (3.7)
oziroma v komponentni obliki

Xzt g, 2Y) = 2 + ul () + 2'sin o (z?), (3.8)
Yi(a'y' ) = o, (3.9)

Zi(xt,yt, 2Y) = w'(2?) + 2% cos o' (). (3.10)
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Iz (3.7) oziroma @.8—(3.10 se vidi, da je konfiguracija sloja8(3) popolnoma doldena s tremi funkci-
jami ui(2?), w'(z?) ter ¢'(z*). Ker ul(2?),w'(x?) in ¢'(z') natanko dol6ajo geometrijo sloja, jih v
nadaljevanju imenujemo tudi geometrijske Katie.

nedeformirana konfiguracija

I L %
sloj’ Ny’ :
S mmEmimimimimimimimimimimimimimimimimimimimimimimimimimimimimimimimis sizizidimimis
| sloj’i+1’ I
.. I
sloj’i’ |
1

____________ i+

145 (r

-

deformirana konfiguracija

Slika 3.1: Nedeformirana in deformirana konfiguracija kompozitnega nosilca.
Figure 3.1: Undeformed and deformed configuration of the multi-layered composite beam.

S konfiguracijo nosilca (sloja) je definirano tudi njegovo deformirano stanje. Poleg geometrijskih koli
zato potrebujemo tudi deformacijske Kotie. Preslikava.2tako ni poljubna. VEejo jo geometrijske
vezne enébe, ki predstavljajo mankajo clen med geometrijskimi in deformacijskimi kéihami. V
primeru ravninskih nosilcev je zvezo prvi podal Reissner (1972). V tem primeru govorimo o Reissnerjevi
teoriji ravninskih nosilcev. Za vsak posamezen sloj kompozitnega nosilca so zveze med geometrijskimi
in deformacijskimi kol€inami dol@ene z Reissnerjevima kinentatima enéabama:

2t € ZJUT'UTY:

Cmf;fi) = (1+¢'(a"))ek(a") +7'(a")el (2"), (3.11)

dzt
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oziroma v komponentni obliki

1 20D (14 i) cosii(a) — 7@ sl ) = 0, (3.13)

du();SZ) + (1+&'(a") sing'(2') — v'(2") cos ' (z") = 0, (3.14)
det (z) i i

q ) =0 (3.15)

Z Rj(z") = ri(z") + u’(2") smo oznaili krajevni vektor deformirane referéne osi, sp’(z') pa
vektor rotacije prénega prereza sloja. V eff@ah 3.11-3.15 predstavljay’(z*) strizno deformacijo;
e'(x%) > —1 je speciféna vzdokna deformacija materialnega vlakna in sicer v smeri prip@eagn-
ergijsko konjugirane osne sile sloja. Funkcijdz’) predstavlja tudi specifno spremembo dbine
referertne osi deformiranega sloja, a le v primeru, ko jezstai deformacija’(z*) = 0. Podobno pred-
stavlja upogibna deformacijel (%) pravo ukrivljenost refergime osi deformiranega sloja le kadar je
g'(x%) = 0 (Vratanar in Saje, 1998). V nadaljevanju jo zato imenujemo psevdoukrivljenost. $pacifi
sprememba dalne poljubnega materialnega vlakna@@rega prereza posameznega sloja kompozitnega
nosilca je po Timoshenkovi hipotezi o fgreh prerezih naslednja

Di(z', ") = e'(z") + 2K (2"), (1=1,2,...,Ng). (3.16)

Enabe @.11-3.15 predstavljajo kinematne enébe na stiku med posameznimi sloji. Prtuaanju
kompozitnih konstrukcij z upgtevanjem zdsa med sloji pa moramo poznati tudtbaarevisov kom-
pozitnega nosilca. Kinemdte enébe previsov so povsem enake épam (3.11-3.15), le definicijsko
obmaje funkcij je potrebno spremeniti. Definicijsko obiije na stikuZ* zamenjamo z definicijskim
obmaEjem previsoVZ; in Z!,. Za dvoslojne nosilce so kinemétie enébe previsov ter razine mane
kombinacije definicijskih obm&ij geometrijskih (kinematinih) in deformacijskih funkcij podane é@s,
2004).

3.1.2 Ravnot&ne en&be

Z ravnotenimi en&bami povéemo notranje staine kolitine kompozitnega nosilca z zunanjo ctiie,

ki predstavlja vpliv ambientnega prostora (okolice) na kompozitni nosilec. Kotzgneanenili, na kom-
pozitni nosilecB oziroma na posamezen siBj v splasnem @inkujeta dve vrsti obtgb: koncentrirana
in zvezna obteba. Zvezna nadomestna linijska ditap’(z%) = p' (2°)Ex + pl,(2')E ter linijski
momentm'(z’) = mi (z*)Ey delujeta na nekem podintervalu interviliaL], medtem ko koncentri-
rana obtébaS;'- u€inkuje le na njegovem roby’ = 0 terz’ = L. V naSem primeru predpostavimo, da
obtezbi p’(2%) in m(x?) delujeta na deformirani referéni osi sloja in da sta merjeni na nedeformirano

dolzino kompozitnega nosilca.

Kompozitni nosilec obravnavamo kot unijodlenih nosilcev (slojev). Posledica medsebojnega delovanja
slojev je, da je posamezen sloj zaradi stika z sosednjima slojemzeobiedok referene osiz’ € 7°
tudi s t.i. nadomestno kontaktno linijsko obb®

¢'(@") =gi(a')e (a") + g (a)el (") =
= (gh (@) + ghy () el (a) + (alja (2) + Bl (a") ) el (o) =
=g () Ex + (') Bz, =
(¥ jo1@") + die; (o) ) Bx + (a (@) + 9z (2") ) B,

(3.17)
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in nadomestnim kontaktnim linijskim momentom
R (a) =hi(a)el(a) = (R oy (@) + Bl (1) e (@) = (25-10b o0 (o) + 2idl (o) ) e (') =
=1y () By = (bl (') + B (2') ) By =

= [(zj_1q§(7j,1(:ﬁi) + qué(’j(:c")>cos o' (x') — (zj_lq%vj,l(x") + qu%,j(x")>sin go’(xl)} E,,
(3.18)

kjer na primerg’; ; _,(z) oziromag ;(«") predstavljata komponenti kontaktne linijske dtiteq’(z")
slojai zaradi stika le tega s spodnjifh— 1) oziroma zgornjim slojenti + 1). Pri tem smo z indeksom
Jj(i=1i=1,...,Nq; j# Ng)ozn&ili stik slojai z zgornjim slojemi + 1. Z z;_; in z; Smo oznaili
rotici komponent kontaktne linijske oldteeq’(x?), ki delujeta v spodnjem in zgornjem stiku. Podobno
kot za zunanijo linijsko obio p’(x?) in momentm’(z*), tudi za kontaktno linijsko obio g’ (z*) in
momenth’(2*) predpostavimo, da sta merjena na nedeformiraniimiolrefereline osi kompozitnega
nosilca.

Definicijsko obm@@je funkcij, ki nastopajo v ravnoimih en&bah, je podobno kot pri kinematiih
end&bah sestavljeno iz treh medsebojno povezanih intervalov: zajslef € Z; UZ* U} = [0, L].

Ravnot@ne enébe posameznega sloja kompozitnega nosilca predstavljata vektorski diferenciélii ena
prvega reda (Simo, 1985) o
dN*(z")

o TP +d) =0, (3.19)

dM (%) n dR}(z")
dax? dx?
V enabah @.19 in (3.20 predstavljata vektorski funkciiN‘(x?) in M(x%) pospldeni notraniji sili
v deformirani refereéni osi posameznega sloja kompozitnega nosilca. Zapisani v komponentni obliki
glede na materialno in prostorsko bazo se glasita

x N (z%) + mi(z") + hi(z') = 0. (3.20)

Ni(zh) = Ni(zV)el (z) + Q' (zh)el (z)) = Ry () Ep + RY (2 E, (3.21)

M (z%) = Mly(xz)ey(:rl) = Ml (z))Ey. (3.22)
Komponenti rezultante notranjin s\ (z*) in Q%(z*) v (3.21) predstavljata ravnoi®o osno in ravnotano
precno silo sloja v smeri baznih vektorjev materialnega koordinatnega sistérpig ) in el (x*). Na tem
mestu moramo poudariti, da vekigy(z*) ni tangenten na deformirano refetao os, temvé pravokoten
na pré&ni prerez, sliké.2 Vektore! (z*) postane tangenten na refetan ossele ob predpostavki, da so
strizne deformacije enake®y'(2') = 0). PodobnaM; (z') = M, (2') pomeni ravnoténi upogibni
moment sloja. R (') terR,(«") sta komponenti rezultante notraniji sil, zapisani glede na prostorsko
bazoE x, E;. Geometrijski pomen posameznih komponent, zapisanih v materialni in prostorski bazi, je
razviden iz slike3.2

Zveze medV'(z%), Q' (z?) terR% (z'), R%, (") so opisane tudi z izrazi:

Ni(z") = Ry (2") cos ' (z") — Ry (") sin o' (), (3.23)

Qi(z') = R (") sin o (2%) + Ry () cos o (2). (3.24)
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sloj’’

Slika 3.2: Komponente notranjih sil glede na materidkfi, e’ ) in prostorski(Ex, Ez) koordi-
natni sistem. o
Figure 3.2: Internal forces in the mater(@l“ e’) and spatialEx, E;) coordinate system.

€Tz

Z vstavitvijo izrazov 8.21) in (3.22 v ena&be @.19-3.20 in updstevanjem 3.13 in (3.14) dobimo
ravnot&ne endébe za posamezen sloj kompozithega nosilca. Zapisane glede na prostorske bazne vektorje
Ex, Ey in Ez, so naintervalu?’ € 7¢ naslednje

(f,:(i) +px (@) + d j_1(2') + ¢ j(z') = 0, (3.25)
(fr(i) +pz(2") + qz;-1(2") + gz ;(2") =0, (3.26)
dMi(x?)

o — (14 @)) Q) + 4 ()N (@) + mi (a)+ (3.27)

(2510 o (@) 2% (51) ) cos o' (a) = (251051 (2) + 20 () Jsin o' () = 0.
Ce pri zapisu erib (3.25-3.27) upcstevamo zvezi3.23-3.24), dobimo ravnoténe enabe sloja zapisane

v celoti v odvisnosti od ravnome osne sileVi(z?), ravnoténe pré&ne sileQ’(z?) ter ravnoténega
upogibnega moment&1*(z*) sloja kompozitnega nosilca:

A(N (&) cos (') + Q(a) sin o/ (a1

i + P (2') +dx (@) +ax (e =0, (3.28)
(M) ooy (wdlj_ Zla)ding (=) +p7(2") +dz,;-1(2") + qz,(z") =0, (3.29)
dM?(z?)

=~ (L' @)) Q) + 4 (@I (@) + miy (2)+ (3.30)

+(zj_1q§(7j_1(xi)+zjq§(7j (xi))cos ozt — <zj_1qiz7j_1(:ri) + zjinJ(:ri))sin oi(zh) = 0.

V en&bah 8.17-3.18 in (3.25-3.30 smo kontaktno linijsko obt&ho opisali v prostorskefEx, Ez},
in materialnem{e’, (z*), e’ (z%)} koordinatnem sistemu. Ker pa bomo konstitutivni zakon stika, ki ga
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vpeliemo v nadaljevanju, izrazili s komponentami linijske kontaktneZister naravnenfe (z*), el (z*)}

n

koordinatnem sistemu, izrazimo nadomestno linijsko kontaktnd@zbbig (z*) v smereh omenjenega ko-
ordinatnega sistemgei (z*), el (x%)}.

rTn

Slika 3.3: Geometrijska upodobitev baznih vektogéyz?), et (z¢), ei(x?), el (x?).

n

Figure 3.3: A geometric representation of base veatb(s’), e (z*), ei(x?), el (x?).

n

V ta namen definiramo ortogonalni preslik&?ii_xi (z")=spafEx,Ez} — sparfei(z’), el (%)} in
T (x*)= sparfe.(z"), e (z")} — sparde}(z’), el (x")}, ki definirata lego vektorske baZe](x"),

el (z')} glede nabaz¢Ex, E}, oziromaglede nge’, (z'), €. (z") }. Kotarotacije stg’(x")—x'(«") in
x'(z"), slika3.3 S preslikavamd‘;i_xi (x*) terT; (z") lahko komponente linijske kontaktne obbe
q'(z") izrazimo glede na bagiEx, E} ter {ej(z"), e} (z")} kot

i1 _ T’L T\ 0 a0 —_ T I\ 00 3.31
@@ | oy = Tome @@ | L =T @] (3.31)
oziroma v komponenti obliki v stikyi kot
[ q;;(=") ] _ [ cos(p’(a') — x'(2"))  —sin(p’(z’) — x'(z")) ] [qsg,j(w?’) } _
(") sin(p(2') — x'(z"))  cos(p'(z") — x'(a")) qy,;(x") (3.32)
_[ cosxi(#')  siny’(a) ] [ g (o) ]
—sinx'(z") cosx'(a') | | ¢ (=) |
Ravnotene endbe @3.25-3.27) lahko s transformacijo3(32 zapsemose drugée
(gl (@) + i (1) ) eos (6 (@) = (@) (gh 1 (27) + gh s (2") )sin( () = 1 (2")) = 0,
(3.33)
T + p(z")

(gl () + gl () )sim (' (@)= (2)) + (b (57) + i (7)) cos((2) — ' (21)) = 0,
(3.34)
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CW(;m(fl) — (146'(") Q¥ (a) + 7/ (z" )N (z") + miy (a7 + (Zj—l(.Jf,j_l(xi) n qu;j(xi))

(cos @' (x%) cos(p!(x%) — X' (")) + sin ¢’ () sin(! (z°) — X"(xi))>+<zj,1qi7j_1(xi) + qufm(:ci))

(cos ' (@) sin( (@) — x'(a) = sin @' (a') cos(i' (&) = x'(a')) ) = 0.
(3.35)

Analogno kinematinim en&bam @.11-3.13, so tudi ravnoténe enébe na desnem in levem previsu
slojai enake enébam (3.25-3.27) in (3.28-3.30). V tem primeru je potrebno spremeniti le definicijsko
obmaje funkcij, ki nastopajo v ertah. Definicijsko obmge stikaZ® zamenjamo z definicijskima
obmajema previso\Z; in Z),.

3.1.3 Konstitutivhe ena&be

Ambienti prostor (okolica) deluje na kompozitni nosilBpreko zunanje obibe. Posledica je deformi-
ranje kompozitnega nosilca. Nosilec se deformiranju upira tako, da so ramedteline vedno enake
konstitutivnim. Konstitutivhe eridbe tako predstavljajo vez med ravrigian napetostnim prostorom

z elementi{ N'{(z%), Q*(2?), M*(z")} in deformacijskim prostorom z elemel{tﬁ( 1) 71(901),/#(901)}.
Poleg tega moramo vpeljati tudi konstitutivni napetostni prostor z elemaritiz?), Q¢ (z%), Mi(z")},

kjer Ni(x%) predstavlja konstitutivno osno sil@:(z*) konstitutivno préno silo in MZ(x%) konstitu-

tivni upogibni moment posameznega sloja. Paziti moramo, da so konstitutivne sile in momenti definirani
Vv istem koordlnatnem sistemu kot ravnite sile in momenti, tj. v rieem primeru v materialni bazi
{el(2%),e ( 9, Z( )}. Kot smoze omenili, s konstitutivnimi erédami zahtevamo, da so vzdakfe-
rercne OSI slojai, #* € [0, L], ravnote&ne statine koltine enake konstitutivnim kdlinam. Konstitu-
tivne koliCine so v direktni zvezi s prvim Piola-Kirchoffovim napetostnim tenzorjem. Po privzetih pred-
postavkah ravninskega nosilca v pnem prerezu sloja utinkujeta fizikalna normalna’ in fizikalna
striznar! napetost:

ol(al,yt, 2t) = F (x’ y', 2t el (@), ki (2"), Ty, 1), w2, o, zi)) (3.36)

ria g, = G (o y 2y @), Ty ) (@ ) ). (3.37)

V splodnem sta funkcijiF* in G? poljubni in ju dolatimo eksperimentalno za vsak uporabljeni material
posebej. S tako spdmim materialnim modelom lahko g@mo elastino, hiperelastino, plasttno in
tudi termeraturno-viskozno obganje materialov. Z u@evanjem konstitutivnih materialnih zveZ 86-
3.37) definiramo konstitutivne katine prereza slojaz naslednjimi izrazi:

ch(l'l) = /aé(xlvyzvzl)dAZ = /‘fi(xiayivzivei(‘ri)"{i(xi)aTi(xiyyiaZi)vwi(xiayivzi)>d‘4i7
(3.38)

Qmﬂ=/ﬁwwu%w:/gdﬂyfmwmwwwwmwwyfgmi@%)

Wmﬂ=/%WW@%%N=/2ﬁ@ww%%%ﬂﬂ$%ww%MWJfﬁMi
(3.40)
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Ni(zh), Qi(z%), Mi(z*) so funkcije istih argumentov kot fizikalni napetosti in 7¢. Konsistentno
ravnoteje v poljubnem prénem prerezu slojaje tako zagotovljencie je

Qi(a) = Qw7 (a!), T (@', 21), wi (', ', ) ), (3.42)
Mi(a') = M (o), 1 (@), T (0, 2, 0 (0 ', 2)), (3.43)

zavsake® € [0, L]. En&be @.41-3.42) predstavljajo konstitutivne edihe pré&nega prereza sloja

3.1.4 \Vezne enébe

Vezne enabe dol@&ajo pogoje, s katerimi poxemo posamezne sloje kompozitnega nosilca v celoto.
Kot smoze uvodoma omenili, posamezni sloji lahko drsijo drug po drugem, ne morejo pa se razmakaniti
ali prodreti drug v drugega. Ta pogoj izrazimo z zahtevo

Ri(:ci,yi =0,z = 2j) = R’A'H(;ri'H,yi+1 =0,z = ;) (1=j=1,2,...,Ng—1), (3.44)

kier Ré(z%,y* = 0,2° = z;) in R (2L, 1 = 0,271 = 2;) pomenita krajevna vektorja krivulje,

ki opisuje deformirano stno ploskev med slojemain i + 1. z; predstavlja razdaljo med krivuljo, ki

opisuje nedeformirano €mo ploskev in nedeformirano refe@ os kompozitnega nosilca, glej sliko
3.1 Zahtevo 8.44) lahko z enébo 3.7) zapBemo tudi v komponentni obliki, in sicer

7t + uz(xz) + 2 sin (pz(xz) — pitl + ui-l—l(xi-i-l) + 2 sin (pi+l(xi+1)7 (345)

w'(z') + zj cos o' (z") = w T (@ + 2 cos (@ T)). (3.46)
Enabi (3.45-3.46 predstavljata kinemathi vezni endbi slojai: 2’ C 7' = [0, L] N (Z; UZ}), oziroma
slojai + 1: 2+t ¢ 7+ = [0, L] n (Z; T U ZSM).

Pri deformiranju kompozitnega nosilca se v §slem pojavijo zdrsi (zamiki) na stiku slojev. Ker do
sedaj zdrsa\’;(z') med delcema slojev in i + 1 z materialnima koordinatam# in z**! $e nismo
definirali, to storimo zdaj. Z ugievanjem zveze3(44) oziroma (3.45—(3.46 definiramo Zdl’SAé(xi)
preprosto kot razliko materialnih koordinat tistih dveh delcev sidjer ¢ + 1, ki sta v j-tem stiku v
kontaktu. Dobljeni izraz za zdrs se glasi

A;(:L,’L) — SL‘i o xi—H — UZ(IL‘z) o qu(xH'l) + zj (Sil’l ¢2($z) —sin (pi_‘—l(ﬂ’ji_‘-l)). (347)

Geometrijski pomen zdrsaA’ (z*) prikazuje slika3.4. S slike3.4lahko zdrsA'’ (z*) izrazimo z defor-
macijskima koltinamae’ (z?) ter eit!(2i1), ki predstavljata spectfni spremembi ddin materialnih
vlaken krivulje stika med slojeméteri + 1:

T (a0 17,0\ _ At T
Al(x") + 577 (") = A%(0) + si(2"). (3.48)
Z upcstevanjem izrazov za iztan infinitezimalne spremembe @oie krivulje stika

ds (z%) = (1+ el (z"))da’ (3.49)
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nedeformirana konfiguracija

sloj’i+71

é

sloj’s’

—-—
———

deformirana konfiguracija

Slika 3.4: Geometrijski pomen zdrgkag(mi) med slojema in i + 1 kompozitnega nosilca.

Figure 3.4: A geometric representation of interlayer ﬁiijixi) between the layerandi + 1 of
the composite beam.

dstt(z?) = (1+ ei“(:ni))dxi (3.50)
lahko ené&bo za zdrs3.48 zapSemo tudi drugée

1

A (o) = A (0) + /0 " (e (6) — (). (351)

V enabi (3.5 lahko ei(x?) in eit!(z?) nadomestimo z deformacijskimi kélnami referetine osi
posameznega sloja. V ta namen uporabimo izraza (Reissner, 1972), ki povezujetérgpsgitmembo
referertne osi nosilca(z) z deformacijskimi kolginami referegne osi

e(z) = (1 + e(x)) cos x(z) — 1, (3.52)

v(z) = (1 + e(2)) sin x(z). (3.53)

S pospl@itvijo na kompozitne nosilce in ugtevanjem 3.16) v (3.52 namesta(x), dobimo po kratki
izpeljavi naslednja izraza

el(z) = (1 + (') + zjni(xi))cos X (") + 44 (2" sin x' (") — 1, (3.54)

ezt = (1 + (") + Zj/ii+1($i))COS X (@) + 4 (@) sin T (@) — 1. (3.55)
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Z vstavitvijo izrazov 8.59) in (3.59 v (3.51) dobimo endbo za izréun zdrsaA’(«") v odvisnosti od
deformacijskih kolin & (z?), 1 (%), 74 (z?), ¥ (2?), k' (x?), k¥ (2%) ter zasukow® (z?), x* 1 (x?).

i

A%ﬂ>—Aﬂm+;ﬂx01+H@w+%#@»awv@»+¢@wmx%9—

(3.56)
— (L4 e™H(&) + zia™ (&) ) cos X T (€) + 4T (€) sin Xi+1(§>>d§~
Enabo zdrsa .48 oziroma @.51) lahko zapsemo tudi drugée:
- ) xi+1(xi) '
Aj(x') = / (1+ et (9))de, (3.57)

oziroma z upétevanjem zveze3(55 kot

o CY . , , , .
Al(2') = / l_ ((1 + NG + 2E(€)) cos X (&) + 4 (&) sin X@“(g))dg. (3.58)
Podobno kot smo zapisali izraz za zdx$(z"), lahko zapsemo tudi izraz za ZdrA;"'l(ac”l), ki pred-
stavlja zdrs med delcema slojéin i + 1 z materialnima koordinatama !, kot

) ‘ xi+1 (Il) '
AT = [ (1 el(©)ds -
o (359)

= [ (14O + 2 () )eos X () + (€ sinx (€)ag
zt(i+1)

Vezni end&bi (3.47) ali (3.56 povsem dolGata konstitutivni zakon stika.

3.1.5 Konstitutivni zakon stika

Kompozitne konstrukcije sestavljajo posamezni deli (sloji), ki so s ggonmazlicnih veznih sredstev
povezani v celoto. Uporaba veznih sredstev se razlikuje glede na vrsto uporabljenega materiala in zah-
tevane stopnje povezanosti slojev. Le-ti so lahko povezani togo, delno (podajno) ali pa so povsem
nepovezani. Absolutno toge povezave slojevéinih kompozitnih konstrukcij, ki nastopajo v grad-
benBtvu, ni mogde zagotoviti. Lahko se ji le pritlamo z uporabo izredno togih veznih sredstev. V
spladnem pa je povezava med sloji podajna. Poslealse v vseh fazah obremenitve pojavijo zamiki na
stiku med sloji. Pri modeliranju kompozitnih nosilcev se moramo zavedati, da je stik oziroma povezanost
slojev kljutnega pomena pri dabitvi napetostnega in deformacijskega stanja obravnavanih nosilcev.

Stik oziroma povezavo slojev diijno obravnavamo kot kontaktni problem. Veda, ki se ukvarja s kon-
taktom oziroma trenjem med telesi se imenuje tribologija (gr. besduas pomeni trenje). Pri tako
imenovanem tribolskem kontaktu medsebojno delujeta vsaj dve telesi &onr ki sta v medseboj-

nem relativnem gibanju. Posledica sta normalna in tangencialna kontaktna napetost. Predstavljata do-
datno obremenitev sloja v stiku. Analiza dejanskih trilsgib sistemov (kontaktov), kjer je prisotna

tako normalna, kot tudi tangencialna obremenitev, jgmacz uporabo superpozicije dveh enostasihej
problemov,Ciste normalne irtiste tangencialne obremenitve. Pogoji, ki karakterizirajo stik, se tako
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obi¢ajno delijo na pogoje, ki opisujejo kontakt v normalni smeri in pogoje, ki opisujejo kontakt v tan-
gentni smeri na stho ploskev. V literaturi obstaja veliko raztiih formulacij stika v normalni smeri sku-

paj s tribolagkimi zakoni v tangencialni smeri (Wriggers, 1999), (Jonhson, 1987), (Rabinowicz, 1995),
(Kalker, 1990), itd. Med najprepros&iini in najve&krat uporabljenimi je Signorinijev model stika z
upcstevanjem kvazistdthega modela trenja po Coulombovem zakonu (Raous, 1999), (Renaud in Feng,
2003), (Fernandez in Sofonea, 2002), itd. Omenjeni model stika spada v skupino unilateralnih stikov.
Osnovna predpostavka omenjene skupine stikov je, da deformabilna telesa, ki so v kontaktu s poljubnim
togim telesom, ne morejo prodreti van;.

V nadaljevanju na kratko opémo Signorinijev model stika z ugievanjem Coulombovega zakona
trenja.

Dn p
A 14Pn ADP:
U, —t—>,
/L Pn
Signorini-jev model stika Coulomb-ov model trenja
(b) (c)
Slika 3.5: (a) Kontakt telesa s togo podlago; (b) Signorinijev model stika; (c) Coulombov zakon
trenja.
Figure 3.5: (a) Contact with a rigid obstacle, (b) a Signorini’s contact law, (c) a Coulomb friction
law.

V ta namen obravnavamo poljubno deformabilno |di je v kontaktu s togim telesom oziroma pod-
lago. Rob deformabilnega telesa definiramod@Qt= 09y U082, U 0,. Z Q¢ (2,) 0zn&imo obmaje

0N kjer je predpisana obtba (pomiki), sof)s pa z&etno obmdje stika deformabilnega telesa s togo
podlago. Definiramo tudi zvezno kontaktno napejost p.t + p,n ter vektor pomikovu = wt + u,n
dotikalistnih taCk obmaja 0€2,. Pri tem stat in n enotska vektorja v smeri tangente in normale na rob
0f). Z upcstevanjem modela stika (slika5) (a) ter Coulombovega zakona trenja, ki ga prikazuje slika
3.5(b), je Signorinijev kontaktni problem opisan z naslednjimi pogoji:

1. ¢eu, <0 —p,=0 ni kontakta,
2. Ceu=0in |p¢| < ki |pn|  kontakt-lepenje,

3. Ceur #01in |p| = ke |pn|  kontakt—drsenje,

kjer smo zk; ozn&ili Coulombov koeficient trenja. V primeru 2, koeficigatimenujemo tudi koeficient
lepenja.

Pri opisu modela kontakta se do sedaj nismo&gvrali o obliki in lastnostih kontaktne p@&me. Realne
kontaktne powine niso idealno gladke, temveo hrapave. To pomeni, da je kontaktna gowa dveh
teles zmarjjana na zelo majhen del navidezne kontaktneioer pricemer je realna kontaktna p&ima

sestavljena iz mikrokontaktov med posamezningiaki hrapavosti kontaktnih teles, slilga6.
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i 1

M toga ravna povrsina
1

1

srednja linija hrapavosti

‘noming|ni kontaifthi tlak |

dejanski kontaktni tlak pod vrSickom
(a) (b)

Slika 3.6: (a) Realna kontaktna pé&ima in porazdelitev kontaktnega tlaka, (b) kontakt dveh hra-
pavih povsin, predstavljen s kontaktom hrapave deformabilne $inerin ravne toge
povrsine.

Figure 3.6: (a) A real contact surface and a distribution of contact pressure, (b) contact inter-

face represented by the contact between a rough deformable surface and a rigid flat
obstacle.

Kontaktnhe napetosti, ki nastopijo v posameznem mikrokontaktu so lahko zelo visoke, kar ima lahko
za posledico pojav lokalne plaétie deformacije, slik8.6 (a). Za natatno formulacijo realnega kon-
taktnega problema potrebujemo poleg @raa dejanske kontaktne p&ime tudi vrednosti materialnih
konstant ter koeficient trenja v vsakitkd kontaktne povgine. Vse te kotiine je izredno téko natagno
dolcCiti. Kontakt dveh hrapavih pogin zato obtajno predstavimo s kontaktom hrapave deformabilne
povrsine telesa in ravne toge §ie, slika3.6 (b), materialne lastnosti pa predpostavimo oziroma povza-
memo iz literature. Na slikB.6 (b), predstavljad zaCetno razdaljo predpostavljene srednje linije hra-
pavosti od toge ravne pdsine. S tako definirano kdiino lahko ragirimo Signorinijev model stika na
kontaktno povgino, ki se spreminja z obremenitvijo telesa. To storimo preprosto z zamenjavo pogoja
up < 0 s pogojemu,, < d. Omenimo leSe, da v literaturi obstaja cela vrsta emgih in analitEnih
konstitutivnin modelov stika (Wriggers, 1999), ki polegstetega upstevajose adhezijo, vpliv nivoja
obtezbe na velikost in obliko kontaktne p@&ine itd.

Poleg materialnih lastnosti posameznih slojev opisanih Zlmarai 8.41-3.43, ima na nosilnost in to-

gost slojevitih konstrukcij z upsievanjem zdrsa med sloji pomembno viogo tudi konstitutivha zveza
stitnhe povéine med sloji. Tona formulacija konstitutivnega modela stika je zato izredno pomembna in
tudi zelo zahtevna naloga. Mehanske in toplotne lastnosti materialov se v kontaktih nesprestano spremi-
njajo. Pri vsakem nivoju obremenitve moramo poznati dejanské&ikelinajrazicnegin parametrov, ki
vplivajo na obnaanje stika. S spfmim konstitutivhim zakonom stika tako pd&aamo komponente vek-

torja kontaktne napetosti s parametri stika. Spkoblika konstitutivnega zakona stika vzdafereigne

osi kompozitnega nosilca je tako

qz,] (':CZ) = Hllf,] (xia QZ,J (:Cz)v Ai,](l‘l)v Tl(xzv yia Zi)a wi(xia yia Zi)7 e ')a (360)

q'fz,j (xl) = H;,](xl7 A%,] (xl)a Tl(xla yi7 Zi)? wi(xi7 yiv Zi)v s ')7 (361)

kjer smo zA; ;(z") in Al ;(z*) ozn&ili zdrs v tangentni smeri in razmak med sloji v normalni smeri na
referer€no krivuljo j-tega stika. Z enedbama 8.60-3.61) povezemo tangencialnq;j(:ci) in normalno
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komponentay;, ;(z*) linijske kontaktne obtébeq’;(«*) z zn&ilnimi kolitinami na stiku med posamezn-
imi sloji.

Zaradi predpostavke, da sloji lahko drsijo drug po drugem, ne morejo pa se razmakniti oziroma prodreti
drug v drugega, v nadaljevanju obravnavamo le konstitutivni zaR@t), DoloCitev konstitutivne zveze
(3.60 je izredno zahtevna. Konstitutivho funkci}q&i’j obicajno dol@imo eksperimentalno s tako imen-
ovanim testonpush-out slika 3.7. Na ta n&in, za razléne vrste stikov (oziroma veznih sredstev) in
drugih parametrov stika, datoamo razmerje med obibo in zdrsom. Poenostavljen konstitutivni zakon
(3.60 ima tako obliko

g 5(a') = Hy (2, A ;). (3.62)
Pogosto konstitutivni zakor8(62 imenujemo tudi zvezatrizni tok-zamikZ njim lahko opsemo véino
natinov izvedb stika med sloji kompozitnega nosilca, ki nastopajo v praksi. Najenostevraj analizi
kompozitnih nosilcev najbolj uporabljeni je linearen konstitucijski model stika

q;j(a:i) = K;Afzj(:z:z) (3.63)

KoeficientKj v (3.63 imenujemo koeficient togosti stika. V skladu z zahte®al{) z uporabo tretjega
Newtonovega zakona o akciji in reakciji ter relacif@ g2 izpeljemo povezavo med komponentama
kontaktne linijske obtbe slojai in i+1 v j-tem stiku deformiranega kompozitnega nosilca

g ;(2") + g5 (=) =0, (3.64)
G j (@) + @, (@) = 0. (3.65)
Z uporabo konstitutivhega zakon2i62 se izkae, da velja v ravnoiai deformirani legi kompozitnega
A
> - F tog stik
F |
- ;
F
e
F podajen stik
-
> A

Slika 3.7: Eksperimentalno ddlanje lastnosti veznih sredstev uporabljenih v stiku.
Figure 3.7: Experimental determination of the interlayer connection properties.

nosilca neenakost:

g1 ;(x") + g5 (@) £ 0. (3.66)

Tako vpeljan konstitutivni zakor8(62) pa je lahko nekoliko dvoumene ne updtevamo dejstva, da smo
pat vpeljali tak konstitutivni zakon, da sta delca, ki solegata v deformirani legi, v kontaktu le v normalni
in ne tudi v tangencialni smeri na krivuljo stika.

3.1.6 Robni pogoji

Poleg osnovnega algebrajsko-diferencialnega sistentdédwanpozitnega nosilca z ugievanjem zdrsa

med sloji 3.11-3.12), (3.19-3.20), (3.41-3.43, (3.60 ter (3.45-(3.46, (3.47), (3.57 in (3.69, potre-
bujemo za njegovo Eitev tudi pripadajée robne pogoje. V spimem se robni pogoji delijo na nar-
avne (Neumannove) in bistvene (Dirchletove). O naravnih ali Neumannovih robnih pogojih govorimo
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tedaj, kadar so robni pogoji posledica predpisanih robnih sil, medtem ko bistveni ali Dirchletovi robni
pogoji izhajajo iz predpisanih geometrijskih kith na robovih. Znano je, da robni pogoji v spieem

ne doldajo enoléne réitve sistema ertd kompozitnega nosilca (npie so predpisani le naravni robni
pogoiji, ti. Neumannov problem). Robni pogoji zato @jno niso samo Neumannovi ali Dirchletovi.

V tem primeru govorimo o nianih robnih pogojih. Definicijski obndji naravnih in bistvenih robnih
pogojev se medsebojno izk§ujeta, kar pomeni, da je v robnidki za vsako prostostno stopnjo lahko
predpisan le en robni pogoj, naravni ali bistveni. Robni pogoji za posamezni sloj kompozithega nosilca
se glasijo

RE(0) - S =0 ali u'(0) = ul,

RL(0) — S5 =0 ali w(0) = ub,

MH0) — SE =0 ali ©'(0) = u,

Ri(L)=Si=0  ali (L) = b, (3.67)
(L) -8 =0 ali wi(L) = ul,

MY L) - S, =0 ali (L) = u.

Z robnimi pogoiji je formulacija robnega problema nelinearnega kompozitnega nosilcatzvgrgem
zdrsa povsem dotena. Osnovni algebrajsko-diferencialni sistemtbrearadi preglednosti z&g@mo v
oknu 3.1.

3.1.7 Poenostavljene teorije kompozitnih nosilcev

V nadaljevanju z vpeljavo doiznih predpostavk izpeljemo raitie poenostavljene teorije kompozitnih
nosilcev z upétevanjem zdrsa med sloji.

3.1.7.1 Linearizirana teorija kompozitnih nosilcev

Pri veCini konstrukcij, ki nastopajo v gradbesvu, so pomiki in zasuki ter deformacije majhni v primer-
javi z dimenzijami konstrukcije. To pomeni, da lahko ravrimie enébe v ve&ini primerov up&tevamo
na nedeformiranem stanju konstrukcije. V takem primeru pravimo, &flgemo problem kompozitnega
nosilca po teoriji prvega reda. Eitae kompozitnega nosilca po teoriji prvega reda zgglaobimo z lin-
earizacijo nelinearnega diferencialnega operatgrja katerem so zdizene enébe 3.89-3.107). Vse
neznane funkcije zdaimo v vektor neznanih funkcij

g = (w(@),w' (@), @' (a"), €' (@), (@), W (@), R (a), Rip (@), MI(a'), df 5 0), g 5 0), ),

(3.68)
ki ga pogosto imenujemo tudi vektor pospémih kooordinat problema. Pri tentim, v kateri robni
problem kompozitnega nosilca lineariziramo, ozn@ s pr&ko nad simbolom. Torej se &ka lin-
earizacije glasi

g= (ﬁ(wz)@l(wz)ﬂ(z’),?Z(xl),7’(@“’)7El(wl)fx(f)ﬁz(z’),Ml(xl),éi,j(fvz)@%,j(wz)v~- :
(3.69)
éepravje tékag (3.69 poljubna, se bomo v nadaljevanju omejili na trivialno ravizatetackog = 0.
Trivialni ravnoteni tocki recemo tudi nedeformirano stanje. Preidimo sedaj k linearizaciji. Linearizacija
robnega problema kompozitnega nosilca z&ipwanjem zdrsa med sloji temelji na¢Enetovem odvodu

F preslikavf, ki ga imenujemo tudi smerni odvod (Marsden in Huges, 1983):

i = dg _dg
f(x ,g+eg, e + gdxi>' (3.70)

e=0
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Fréchetov odvod3.70 v mehaniki konstrukcij imenujemo tangentna (togostna ali podajnostna) matrika.
Linearizacija funkcijf okoli poljubne ravnotene t@&keg in v smeri vektorjag je tako z up&tevanjem
(3.70 naslednja:

Lg(f,g)zf( ,g,§§)+F( ,g,%)g. (3.71)

Robni problem 8.89-3.107 moremo pisati v kraji obliki kot f(:c g, %) — 0. Od tod in z upéte-
vanjem, da lineariziramo okoli nedeformirane lgge- 0, dobimo linearizirani robni problem kompoz-
itnega nosilca zapisan v slad@bliki

F(xi,g —0,99 _ o)g —0. (3.72)
dax?

Z resitvijo (3.72 lahko v okolici ravnoténe t@ékeg = 0 (nedeformirano stanje) sklepamo na lastnosti

reSitve nelinearnega sistema.§3-3.107). Z linearizacijo smo nelinearni robni problem kompozitnega

nosilca z up8tevanjem zdrsa med sloji prevedli na linearnega. Kot rezultat dobimo sistem linearnih

diferencialnih in algebrajskih edh (3.108-3.129, ki ga laje obvladujemo. V komponentni obliki ga

zapBemo v oknu 3.2.

Na koncu omenimde, da kljub temu, da smo uftevali majhnost pomikov in zasukov posameznih
slojev, velikosti zdrsov med sloji ostajajo poljubno velikezénirsko predpostavko o majhnosti zdrsov
med sloji bomo upstevali v nadaljevanju.

3.1.7.2 Teorija majhnih zdrsov

V gradbenstvu imamo oliajno opravka s kompozitnimi konstrukcijami, pri katerih uporaba veznih
sredstev kot sdeblji, mozniki, itd. pogojuje relativno majhne zdrse med posameznimi sloji. Vpeljava
predpostavke o majhnih zdrsih je pri analizi kompozitnih nosilcéemirsko povsem upras&na. To
predpostavko potrjujejo tudi opazovanja obaaja kompozitnih nosilcev pri eksperimentih, kakor tudi
pri njihovi vsakdaniji uporabi v praksi. Omenjeno predpostavkoSapo kot

Af(a') =2 A (@) = Aj(a), (3.73)

kar pomeni, da sta zdrsa dveh sloj&{(z") in N“( i+1) v stiku j praktiéno enako velika. Posletho
to pomeni, da je vpliv previsov na deformlranje kompozitnega nosilca zanemarljivZiorell; = 0 ter
7,71 = 7771 = 0. Dolzina sttne ploskve med slojema je pribfio enaka zzetni dokini kompozitnega
nosilca. Definicijsko obm@e kinemattnih, deformacijskih in ravnoaih kolicin kompozitnega nosilca
je tako za vse sloje prildiho enako celotni dalni kompozitnega nosilca’ = Z:*! ¢ [0, L]. To pomeni,
da lahko vse kotiine poljubnega sloja zag@mo v odvisnosti od materialne kooordinate refénexga
sloja. Izbira refereénega sloja je poljubnaée materialno koordinato referémega sloja ozréamo z

', potem za vse kdtine preostalih slojev veljge)"*! ('*1) = (o)'*!(2"), na primerw ™! (2 +1) =

Z“( 4, Qitl(z+1) =2 gitl(2%), itd. Ker velja slednje tudi za komponente linijske kontaktne bie
iz (3.64) in (3.69 sledi

g (@) + g5 (@) = 0 — gp;(2") = =5 (2) = qug(2") (3.74)
@ (7)) + ¢ (@) =0 — g (") = =g, 1 (2") = gn j(2") (3.75)

Z updstevanjem izrazov3(64) ter (3.74) lahko poenostavljen konstitutivni zakon stika&2 piSemo v
preprost&ji obliki
grj (') = Hj(2', Aj(2")). (3.76)
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Skladno z opisanimi predpostavkami se osnovnélemiompozitnega nosilca z uggevanjem zdrsa med
sloji nekoliko poenostavijo. Eride kompozitnega nosilca, kjer velikosti pomikov, zasukov in deformacij
posameznih slojev niso omejene, zdrsi pa so majhni, dobimo Zteyanjem poenostavite8.73-3.76)

v sistemu enéb (3.89-3.107). Zdruzene jih zaemo v oknu 3.3.

3.1.7.3 Timoshenkov kompozitni nosilec (teorija prvega reda in teorija majhnih zdrsov)

Enabe kompozitnega nosilca, po teoriji prvega reda v primeru majhnih zdrsov, dobim&teugojem
predpostavk3.73-3.76) v sistemu lineariziranih ed kompozitnega nosilc8(108-3.129. Zap&emo
jih v oknu 3.4.

3.1.7.4 Bernoullijev kompozitni nosilec (teorija prvega reda in teorija majhnih zdrsov)

Enabe 3.89-3.158, ki smo jih izpeljali v pregnjih razdelkih, doldajo razltne Timoshenkove teorije
kompozitnih nosilcev z upsievanjem zdrsa med sloji. Enaizmed glavnih lastnosti omenjenih teorij je, da
updstevajo vpliv strznih deformacij na pomike in zdrse kompozitnih nosilcev. Vplivztii deformacij
je pomembno up&tevati predvsem pri kratkih nosilcih. V primeru vitkih nosilcev, kjer je razmerje med
viSino in dokino nosilca majhno (manj két 1), je napaka, ki jo naredim@e zanemarimo vpliv sithih
deformacij, majhna. Tedaj lahko uftevamo, da je sttha deformacija posameznega sloja kompozitnega
nosilca zanemarljivo majhna, tjy?(x?) = 0. Z upcstevanjem zadnje predpostavke3d/g9-3.107) po
krajSi izpeljavi dobimo naslednje zvez€d4s, 2004):
tan gl (a!) = tan o' (211) — (') = (@), (3.77)
' ‘ 14 et (gitl)
+17 1+1\ _ (Y
KT ™) = BT K'(z"), (3.78)
dzit! 1+ gt (xith)
det — 1+4¢&i(a?)

(3.79)

Ker updstevamo, da so pomiki, zasuki, deformacije ter zdrsi majhné&ikelj dobimo iz 8.78 in (3.79
povezavo med psevdoukrivljenostima reféneih osi dveh sosednijih slojev kompozitnega nosilca

da™+1 , , , ; ;. ;. predpostavka , ; o ; ;
e ~ 1 HZ+1($Z+1) ~ /12+1(1'Z) o~ Iil(:ﬂl) L R(xl) — Hl(xl) — HlJrl(xZ)’ (380)
xr

ter njunimi navpenimi pomiki in zasuki

wi(z) 2wt (ziH) = it (z1) DfedP_OS}aVkaw(xi) = wi(z') = wtl(zh), (3.81)

predpostavka , ir i i i

—p(a’) = ¢i(a') = ¢ (ah), (3.82)
Ce predpostavke oziroma nove 0znaBé(0-3.82) vstavimo v sistem3.143-(3.159 se izk&e, da lahko
namesto eriz (3.144-3.145 updstevamo samo eihi za skupen pomiko(z?) in zasuky(z*) kompo-
zZitnega nosilca:

@Z(xl) ~ (pi—&-l(xi—O—l) ~ (PH—I(xi)

dlgifi) +o(a) = 0, (3.83)
d@(aéi) — k(z") = 0. (3.84)

dax?
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Zaradi @.83 in (3.84 lahko vpeliemo skupno péeo silo Q(z?) in skupni upogibni moment (z?)
kompozitnega nosilca. Zato se poenostavijo tudi pripageiavnoténe enabe

. N dQ(xi) Na
Q) =) Q') — i T 2_pz(a) =0, (3.85)
=1 i=1
oziroma . N
; sl I dM(l’Z) ; sl ; ;
M(.T):;M (z") dai —Q(.T)—I—;my(m):(), (3.86)
ter nekateri kinemathi in stattni robni pogoji
NU(0) — Si =0 ali Wi (0) = ul,
QO -T M S =0 ali w(0) =,
MO) =3 S5 =0 i 0(0) = us,
NHL)— S, =0 ali W(L) = ul, (3.87)
QL) -y Si=0  ali w(L) = us,
M(L) = SN 58 =0 ali ¢(L) = ug.

Napetostno in deformacijsko stanje geometrijsko linearnega Bernoullijevega kompozitnega nosilca z
upcstevanjem majhnih zdrsov med sloji je tako dmoo z dvema nepovezanima diferencialno algebra-
jskima sistemoma el (3.162-3.172 in (3.173-3.178. Izpeljava je trivialna zato jo tu ne prikamo.
Podana je v(v()as, 2004). Zaradi nazornosti oba sistemabrmikazemo v oknu 3.5. Omeniti velja, da

je posebnost &evanja opisanega sistema @n¢3.162-3.179 za dolc&itev napetostnega in deformaci-
jskega stanja kompozitnega nosilca v tem, da normalne kompopente®) linijske kontaktne obtebe

g niso osnovne neznanke problema. K&ingo osnovni sistem3(162-3.1732, jih dolocimo z resitvijo
dodatnega sistem&.(073-3.178, oziroma sistema

dot(z?)

Tty
] i ‘ 2(..0 .
1 00 0 0 Gn,1(2) de(z{E)—i_pQZ(xz)
-1 1 0 0 0 Qn,Q(l’%) ngx(.’El)
0 -1 1 0 0 asl@) | G T Pz() (3.88)

0 00 -1 10 Gn Ny —2(2") N -
”8 . d 51_2 7 o )
9 @) +py (2
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Okno 3.1: Robni problem kompozitnega nosilca v komponentni obliki

Zaz' € T/ UT' U T, = [0, L):
° (Z:]: 1,...,N51;j7éNsl) in qtl,O(
kinemattne enabe

#) = gh o) = 0

dut (2t o o U o
1+ ud( z) _ (1+¢&" (")) cos o' (z") — ~'(z") sinp’(z") = 0, (3.89)
du(;a(ﬂx ) + (1 +el(x )) sin o' (x") — 7' (z") cos ' (x*) = 0, (3.90)
dwdi =) _ Ki(z') = 0, (3.91)
te ab dRE, (2 o
ravnoténe enébe X(ix ) pl(a)+
S o A (3.92)
(a1 (@) + gl (@) )eos (' (@) —x (2))+ (gl (2) + 5 (1) )sim(' (') = X' (1)) = 0,
Ry |
— = +pz(a)—
e (3.99)
(a1 (@) + iy @) )sin( (@)= (@) + (gh 1 (27) + @b (1) ) cos(' (&) = X' () = 0,
Ni(z?) = Ry (z%) cos o' (z°) — Ry (2") sin @' (2"), (3.94)
Q' (z") = R (x%) sin ' (x') + RY (") cos o' (z*), (3.95)
S = (14 £1@) Q") + 9 @OV @) 4w () + (510l o @) + 2l )
(cose(a") cos(ip' (@) = X' (@) + sin ' (") sin(' (@) = X (@) )+ (251602 (27) + 2560, 5 (a") ) (3:96)
(cos () sin( (&) — x(2)) — sim (2 cos(ip () — x () ) = 0.
konstitutivhe enébe L o
Ni(a') = NE ('), k@), T o, 20, 0 ' 21 ) (3.97)
Q'(a") = Qi (7' (), Ty, &), w' (' ', 1)) (3.98)
Mi(ah) = Mi(a',&'(a"), 51 ('), T'(a' o 21), ' (e 21) (3.99)
pripadaj@&i naravni (Neumannovi) in bistveni (Dirichletovi) robni pogoji
R’ (0)—Si=0 ali ut(0) = ui,
R (0) — SQ—O ali wi(0) = ub,
M(0) — 85 =0 ali ©"(0) = uj,
R (L) — S4 =0 ali ul(L) = ul, (3.100)
RY (L) — 5 = ali wi(L) = u,
ML) — S, =0 ali 0 (L) = u.
e (i=j=1,...,Ng—1)
pospl&ene vezne eﬁbe
ot 4l (zh) + zjsin (%) = 2 W T (@) 4 25 sin T (2T, (3.101)
w'(x%) + zj cos p'(2*) = w T (1) + 2 cos " T (@), (3.102)
Al(a) = 2t — o =ule (1) — it (2t (sm oi(z%) — sin <pi+1(xi+1)), (3.103)
AT () = /_( )(1 +e'(E) + ijfi(ﬁ))COSXi(f) +7"(&) sinx*(€)d¢, (3.104)
z (141 i i
(") — q;"'jl( 1) =, (3.105)
qzj(x’) = Hi’j(mi7q;7j(x ), A;(x )7 (mi7yi,zi),wi(xi,yi,zi))7 (3.106)
qz—lj-l( i+1) _ Hi;1($i+1,q;—~}1( Z+1),A;+1(l'i+1),Ti+1($i+l,yi+1,zi+1)7wi+l ((L’i+1,yi+1,zi+1)), (3107)

Osnhovne neznanke problema so:

u'(a'), w' (@), ¢' (%), ' (2"), 7" (2%),

K:i(xi)v RZX (xi)a Riz(xi)a Mi(xi)’ qz,j (xz)v qz,j (mi)’ A; (xz), xi
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Okno 3.2: Linearizirani robni problem kompozitnega nosilca v komponentni obliki
Zaz' € I} UT'UT, = [0, L]:
o (i=j=1...,Na:j# Na) in ¢}(a") = g 0(z") =0
kinemattne enébe (gt o
du'(x) iy Z o, (3.108)
dz*
du()l (Zc ) +el(2") — 4 (z%) =0, (3.109)
x
dﬁﬂi(xi) i)
i k'(z") =0, (3.110)
ravnoté&ne enébe dR (2 P P
#) +px (@) + g ;-1(2") + g ;(2") =0, (3.111)
RAL) 4 011y o) + iy ) =0, (3.112)
Ni(zh) = R ("), (3.113)
Q'(a") = Ry (z"), (3.114)
dM’ (z* Qg i (o i i i (0
M) Qi) i (e) + 2ymaaly 1 (27) + 2yl () = 0 (3.115)
konstitutivne enébe A/ (z%) = ./\/Ci(xi75i(xi), ni(xi),Ti(a;i,yi,zi),wi(aji,yi,zi)), (3.116)
Q') = Qi1 (#'), T'(a', ', '), w'(a', ', 21)) (3.117)
Mi(a') = Mi(a', & (), /(). T (o', 21), 0y, 1)) (3.118)
pripadaj@&i naravni (Neumannovi) in bistveni (Dirichletovi) robni pogoji
Rix(0) = S; =0 ali u'(0) = ui,
R%(0) =S5 =0 ali w'(0) = ub,
MH0)—55=0 ali ©'(0) = u},
Rig (L) — S = ali w(L) = ul, (3.119)
Ry(L) —S5=0 ali w'(L) = ug,
MY (L) — S§ = ali ©"(L) = uf.
e (i=j=1,...,Ng—1)
pospl&ene vezne eihe
2t + Ui(l‘i) + ngoi((ﬂi) — it + ui+1(xi+1) + zjcpiﬂ(xiﬂ), (3120)
w'(x?) = w (2", (3.121)
A; (x%) = 2™ — 2 = ui(2?) —u T (2T + 2 ((pi(xi) - (pi+1(xi+1)), (3.122)
l_i+l
AP = [ (14 % 2 (©)eos (O + 7€) s ) (3.123)
z*(i+1 . . . .
ap,;(2") = g, (@) =0, (3.124)
g 5 (') = Hi j(a', g, ;(2"), Aj(a), T (2", ", =), w' (2", ', 21)), (3.125)
qz31($i+1) _ Hi:;l(l,i-&-l’ q;:le (.’L’H_l), A;-+1($i+1), Ti—H(.TH_l, yi-&-l’ Zi+1>7 ,wi+1($i+17 yi+17 ZH_l)), (3126)
Osnovne neznanke problema so:
ul(xl)7 wz(zz>7 @Z(x2)7 sl(xz)a ryl('rl)’ K/l(xl)’ Rl}( (IZ)? RZZ(I,L)) Mz(mz)’ q%,j (:CZ)’ qf;lq,’] (I2)7 A; (:CZ)’ x*
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Okno 3.3: Robni problem kompozitnega nosilca v komponentni obliki (teorija majhnih zdrsov)

Zazx 22" =7'=10,L):
e (i=j=1,...,Ng; j # Na) in gio(z") =g (") =0

kinemattne enabe dui (2 i)
1+ Epa (14¢€"(2")) cos ' (z") — 4(z") sinp’(z*) = 0, (3.127)
du(]h(; ) + (1+£'(2") sin ' (x") — 7 (z") cos ' (2") = 0, (3.128)
d*;;i z) _ Ki(z') = 0, (3.129)
ravnotene enébe dR%(zY) .,
R O e
(a051(5) + @05 () )03 (' (@) =X (&) + (g1 () + g g (@) Jsin(e' (+7) = x'(a")) = O,
dRY(a") iy
e ey
(g1 + 403 (@) )sin (" (@) = (@) + (@051 () + a3 () )cos(' (=) = x'(a")) = 0,
Ni(z) = Rx (") cos p'(z') — RY (") sin ' (), (3.132)
Q' (x) = Ry (z%) sin ' (z%) + R (2") cos ¢* (2", (3.133)
dM(z?)

= (14 @) Q@)+ @IV @)+ my (@) + (5101 + 200 ()
(cos’ (@) cos(ip'(a") = (7)) + sin ' (2") sin(* (@) = %' (2)) )+ (25-1005-1(2") + 21605 ("))

(cos @' (@) sin(i (") — x'(a')) — sim () cos(ip’ (") — x'(2')) )= 0.

(3.134)
konstitutivhe engébe
Ni(at) = N (o, €)' (), Tt o', 21, ' (e ' 27)), (3.135)
Qi(a') = QL (w7 (@), T'(a', ', #), wi (', o, 1) (3.136)
Mi(a') = Mi(a', & (@), /' (@), T (o', 21, 0o, ) (3.137)
pripadaj@&i naravni (Neumannovi) in bistveni (Dirichletovi) robni pogoji
R4 (0)— S =0 ali u(0) = ul,
RZ 2(0)—Si=0 ali w'(0) = ud,
MZ(O) —-Si=0 ali ©'(0) = ud,
Ri(L)—Si=0  ali W(L) = u, (3.138)
Ry(L) —S5=0 ali w'(L) = ug,
MY (L) — St =0 ali ©"(L) = uf.
e (i=j=1,...,Ng—1)
pospld&ene vezne elihe
ot ul(zh) + zjsin (%) = 2 W (2h) + 25 sin T (o), (3.139)
wh(z') + zj cos o (2') = w (2?) + zj cos " (), (3.140)
Aj(x") = u'(2") — u' T (") + 2 (smcp (z%) —sin " (z )), (3.141)
a1, (x") = H; (xi, Aj(gci)), (3.142)

Osnhovne neznanke problema so:
Uz((EZ),wl((EZ), sz(xz%&_z(xz)’,yz(xz)’ HZ(.’E’L),RlX(.’El),RlZ(Z’Z), MZ(.’I}Z), qt’j(xz% Qn,j(xl)7 Aj(l'l),.’l,'H_l
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Okno 3.4: Linearizirani robni problem kompozitnega nosilca v komponentni obliki (teorija majh-

nih zdrsov)

OSNOVNI SISTEM ENA CB:
Nsl; J 7é Nsl) in qél.’o(xz) = Q}L,O(xl) =0

Zax' € UT' = [0, L):
o (i=j=1,...,

kinemattne engbe du’(a’) i(2%) = 0
dxt ’
dw? (2 o o
ZS)+¢@9—¢@ﬁ=&
d (el o
e e
. y AR (2 o . .
ravnot&ne enébe % Fpie (2) + g1 () — oy (2) = O,
dRY (")

Aot + ply(a’) - n,j—1(x D) "‘qﬂ,j(ﬂvi) =0,

dMi (2t o . , .
dix(i) = Q@)+ my (27) + 251ar 1 (27) = zjan(a") =0,
konstitutivne enébe N (x ( Uz, K (2), T (z ,yi,zi)7wi(:vi,yi,zi))
Qi(a’) = Q( V()T (ﬂ%i%MWMAﬂﬂ
M (& (@), (), Ty 20,0 (0, 21))
pripadaj@i naravni (Neumannow) in bistveni (Dmchletow) robni pogoji
Ri (0)— St =0 ali u(0) = ul,
R%(0) — S =0 ali wi(0) = ud,
M(0) — 53 =0 ali ©*(0) = ud,
Ri (L) — S}l =0 ali ul(L) = ul,
Ry (L) —Si=0 ali w'(L) = u,
ML) — S =0 ali 0 (L) = u.

e (i=j=1,....,Ng—1)
pospl&ene vezne eghe Aj(2') = ui (') — u 't (27) + 2 (@i(xi) _ Sﬁiﬂ(zi)),
qr,(2') = Hj(a', A (x"),
w(z?) = w' T (2?).
N_eznanke osnovnega sistema so: o _ _ _ _ _
ul(ajl)7 w(x2)7 gp(xl)a 51(332)7 ’YZ(IJ% KZ(£2)7N1(1‘Z)7 Q(‘rl)v M(xl)a Aj (zl)7 qt,j (xl)a qn,j (lerl)

DODATNI SISTEM ENA CB:
Ng —1)

P ) + 5 @) = 2 ) £ 2 ),
e (i=1,...,Ny) N

o (i=j=1,...,

Neznanke dodatnega sistema sb"! (x%), N (z?), Q(x%), M(z?)

(3.143)
(3.144)

(3.145)
(3.146)
(3.147)
(3.148)

(3.149)
(3.150)

(3.151)
(3.152)
(3.153)

(3.154)

(3.155)
(3.156)
(3.157)

(3.158)

(3.159)

(3.160)

(3.161)
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Okno 3.5: Linearizirani robni problem Bernoullijevega kompozitnega nosilca v komponentni ob-
liki (teorija majhnih zdrsov)

Zaz' € UT' = [0, L]: OSNOVNI SISTEM ENA CB:
o (i=j=1....Na;j#Na) in gfy(a) = gn (") =0
kinemattne enébe du(;;z:l) i) =0, (3.162)
dﬁf) p(z') =0, (3.163)
dsg(;i) — k(z) =0, (3.164)
ravnoténe enabe dA(/i";iﬂfl) +p§(( i) +Qtj \(2%) + g5 (2) = 0, (3.165)
de ) Z (3.166)
N
ZM — dﬂji ) o)+ ;m@(m") —0, (3.167)
konstitutivne enébe Ni(zh) = N! (xi,ei(a;i), n(x"),Ti,wi), (3.168)
i=Nq

=Ny
Z Mi(z?) = Z Mé(xi,si(xi),/i(mi),Ti,wZ) — M(mi):Mc(g;i,gi(xmn(xi)ji,wi) (3.169)

prlpadajm:l naravnl (Neumannow) in bistveni (Dirichletovi) robni pogoji

Nl( ) i—O ali Ui(O)Zui,
Q(0 )—Ziﬁl Sg =0 ali w(0) = us,
0) — SV St =0 ali 0) = u

e )/\/(EL:):—l Sz =0 ali uEL)) - u34 (3.170)

QL) — N S =0 ali w(L) = ug,

M(L) =3 Si =0 ali (L) = ue.

e i=j=1,...,Ng—1)

pospl&ene vezne eihe Aj(x") = ui(z?) — ut(z?), (3.171)
qr,(2') = H;(a', A (2"), (3.172)

Neznanke osnovnega sistema st{z?), w(z?), p(x?), ' (z?), ' (%), N (2?), Q(x%), M(x?), A, (z?), g1 ; (z?)

L DODATNI SISTEM ENA CB:
e i=j=1,...,Ngq—1)

'+ ui(zh) = 2 a2 — 2T (2f) = 2 + A (2Y), (3.173)

.(Z:]:177NS7J#NS) Nl . ;
: : (') =3 Q(a'), (3.174)
v,
=> M(ah), (3.175)
QD | e + gy @) + () = 0. (3176)
%x(fz) — Q'(x") + mi (2") + zj—1qr j—1(2") + zjqr ;(2") = 0, (38.177)
Mi(a') = M), (3.178)

Neznanke dodatnega sistema sb:'(z?), ¢, ; (%), Q' (%), M (x?)
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3.2 Analiticno reSevanje

3.2.1 Pregled literature

Zacetki teorije kompozitnih nosilcev z uptevanjem zdrsa med sloji segajétirideseta leta prépjega
stoletja. Potem, ko sétevilni raziskovalci tisteg&asa (nataten pregled med leti 1920 in 1958 po-
daja Viest (1960)) z eksperimentalnim opazovanjem mostnih nosilcev potrdili delno povezanost med
posameznimi sloji kompozitnega nosilca, se JeSvadskem \Bvici in v Zdruzenih dzavah Amerike,
neodvisno druga od druge, razvilo kar nekaj teorij delne povezanosti slojev kompozitnih nosilcev. Teme-
ljile so na predpostavkah linearno elésgga materiala in Bernoullijeve hipoteze o ravnih¢pik pre-

rezih. Najbolj znana med njimi je teorija, ki jo je leta 1943 razvil in leta 1951 s sodelavci objavil New-
mark (1951). S teordtno analizo je podal zaklfiene izraze za zdrs, deformacije in nav@ pomike
dvoslojnih nosilcev iz razinega materiala. Rezultate so primerjali z eksperimentalnimi rezutati po-
manpanih modelov dvoslojnih nosilcev iz jekla in betona in dvoslojnih nosilcev iz jekla in betona v
naravni velikosti. Analittne rezultate so primerjali tudi z rezultati testov "push-out”. Primerjava je
pokazala dobro ujemanje med andtitimi in eksperimentalmimi rezultati. Poleg tega so ugotovili, da so
zamiki med slojema obravhavanega nosilca zanemarljivo majhni. Zik§o, da je za izenirsko anal-

izo sovpreénih nosilcev dovolj nataten standardni fain z up&tevanjem togega stika med sloji. Toda
kasneje se je izkazalo, da so obravnavali relativho togo povezane nosilce, kjer je bil zdrs med sloji zelo
majhen. Z nadaljnjimi raziskavami so raziskovalci ugotovili, da ima zdrs med slojema pomemben vpliv
na obn&anje kompozitnih nosilcev.

Pozneje sta Goodman in Popov (1968, 1969) pokazala, da so vse do tedaj razvite teorije déleoprakti
enake rezultate. Poleg tega sta med prvimi izpeljala atwéitizraze za linearno obsenje lesenih
troslojnih prostoleeCih kompozitnih nosilcev, sestavljenih iz enakih slojev in obremenjenifileotoo
obtezbo. Rezultate sta primerjala z eksperimentom. Validacija je pokazala zelo dobro ujemanje rezul-
tatov. Med prvimi sta tudi prikazala postopek za &@vanje nelinearnega ol¥i@ja veznega sredstva.
Dvoslojne nosilce iz jekla in betona je obravnaval tudi Adekola (1968), ki je analizo praatiidkom-
pozitnih nosilcev ragiril z updstevanjem navgnega razmaka in trenja med sloji. V svojem delu je
opozoril na téavno dol@itev modula podlage in podifa negativhega razmaka (kompresije) med sloji.
Plum in Horne (1975) sta predstavila pribie in analittne ré&itve dvoslojnih kontinuirnih nosilcev,
obremenijenih s ttkovnimi silami. Priblgne réitve, ki so bile lZje obvladljive, sta izpeljala z metodo
rotacijeclenka. V blgini prijemalisca takovne sile, kjer je koncentracija deformacije zdrsa ngpissta
dodalaclenek s katerim sta pogala deformabilnost prereza. Ugotovila sta tudi, dailga taka anal-

ize dolctitev modula stika. Namesto d@itve modula stika s poni@jo testa "push-out”, sta predlagala
dolocitev modula stika neposredno iz testa dejanskega kompozitnega nosilca. Pedsttdenelirane
nosilce z up8tevanjem zdrsa med sloji sta obravnavala Suzuki in Chang (1979). Zdrs med sloji sta
modelirala malo drugse. Togost stika sta zamenjala s koeficientom trenja. Zdrs na&tgi ko je

v stiku doséena krittna strkna napetost. V numémem primeru sta pokazala uporabo predlagane
metode v primeru lameliranih, heterogenih superprevodnih magnetov fuzijskih reaktorjev. Kristek in
Studnika (1982) sta s pondjo izvedene paramebtme analize v primeru prostdetih dvoslojnih nosil-

cev iz betonain jekla, predlagala poenostavljen&badn izraze primerne za pra&to uporabo. Retev
Goodman in Popova (1968, 1969) je uporabna samo v primeru stmiétpre&nih prerezov. Rasritev

na nesimetiine pr&ne prereze je predstavil McCutheon (1986). Izpeljal je preproste izraze troslojnih
lesenih prostolestih nosilcev. Pritem je predpostavil, da je togost srednjega sloja d@ssi ud togosti
ostalih dveh slojev. Analitine izraze za doffitev navp€nih pomikov linearno elaginih troslojnih pros-
tolezetih nosilcev brez uggtevanja zadnje predpostavke sta izpeljala Chui in Barclay (1998). Primer-
java z McCutheon (1986) je pokazala, da je izmerjena togost vedn@Ganadjizr&unane. Odstopanje
pripiSejo strenemu vplivu deformacije lesa, kajti McCutheon (1986) je testiral relativno kratke nosilce,
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pri katerih vpliv strzne deformacije pogosto ni zanemarljiv v primerjavi z vplivom upogiba in zdrsa med
sloji. Chui in Barclay (1998) nista ugtevala vpliva stédne deformacije na navjmie pomike, zato ni
presenetljivo, da so le-ti magijod tistih, Ki jih je izmeril McCutheon (1986).

Nekateri avtorji so analizirali tudi uklon kompozitnih nosilcev z 8mvanjem zdrsa med sloji. Rassam

in Goodman (1970, 1971) sta analizirala uklon linearno éagtitroslojnih lesenih kompozitnih stebrov.
Izpeljala sta analitine izraze in predlagala projektne diagrame, ki nad@aje uporabo empithnih for-

mul. Uklon lesenih kompozitnih elementov je analiziral tudi Kamiya (1987). Analiziral je leseni steber,
ki je z zeblji povezan z leseno oblogo. Uklonske sile raati podprtih dvoslojnih kompozitnih nosil-

cev izpeljeta tudi Girhammar in Gopu (1993). Dvoslojne nosilce analizirata s t.i. modificirano teorijo
drugega reda, Kse vedno predstavlja geometrijsko poenostavljeno teorijo nosilcev, a je bolgnatan
kot teorija prvega reda. Poleg uklonskih sil izpeljeta tudi aradiizraze za kinemdtie in staitne
koli€ine prostolgetga kompozitnega nosilca po teoriji prvega reda in modificirani teoriji drugega reda.
Nadalje sta Girhammar and Pan (1993) predstavitagdn priblZne réitve dinamEno obremenjenih
Euler-Bernoullijevih kompozitnih nosilcev z zdrsom med sloji. Razvintodinamina analiza kom-
pozitnih nosilcev je oshovana natta stattni analizi, ki sta jo predstavila Girhammar in Gopu (1993).
Dodatno sta upgtevala, da ni trenja in &enja. Analizirala sta vpliv zdrsa na lastne frekvence nosilca.
Analiticne ré&itve dobita le za preproste ¢ine obt&be in podpiranja. Za prakto uporabo razvijeta
poenostavljeno metodo. Jasim in Ali (1997) ter Jasim (1999) na osnovi analititve prostoléecega
nosilca, obremenjenega imvno obtébo, razvijeta za dimenzioniranje zelo pdree izraze. Rezul-

tate prik&eta v obliki projektnih diagramov za@an navptnih pomikov. VelikoStevilo parametrov,

ki vplivajo na navptne pomike, zajameta v brezdimenzionalnih parametrih. Diagrami so uporabni za
vse vrste obteb, geometrije in materiala. Podobno Jasim (1997) in Jasim in Atalla (1999) izpeljejo
oziroma prikaejo projektne diagrame zadn navptnih pomikov kontinuirnih kompozitnih nosilcev.
ReSitve kontiniurnih nosilcev dof@jo s superpozicijo r&itev prostoléeCih kompozitnih nosilcev. Betti

in Gjelsvik (1995) upétevata, da sta sloja dvoslojnega efastiga nosilca povezana s tankim slojem.
Izvedeta paramefine analize. Navpne pomike normalizirata glede na pomike nosilca s togo poveza-
nimi sloji. Poudarita pomen drsne podpore med sloji kot pamge togosti celotnega nosilca. Cosenza

in Pecce (2001) ter Nguyen, Oehlers in Bradford (2001) podobno kot Adekola (1968) obravnavajo delno
povezanost v dveh pravokotnih smereh. Cosenza in Pecce (2001) poudarita pomen normalne kontaktne
napetosti v stiku, ki je v analizi kompozitnih nosilcevtkeat zanemarjena. Med pregledom literature
smo zasledili tudi ténjo nekaterih avtorjev po razvoju preprostiGuaskih postopkov. Omenimo avtorje

kot so Wang (1998), Seracino, Oehlers in Yeo (2001) ter Nie in Cai (2003). Ti avtorji so podali poenos-
tavljene izraze za tain navptnih pomikov sovprénih nosilcev iz jekla in betona. Velikosti havpiih
pomikov dolcijo s sklepanjem iz razporeditve pomikov togo povezanih kompozitnih nosilcev. Nekateri
avtorji so pri analizi kompozitnih nosilcev uptevali tudicasovno spreminjafe se pojave, kot so lezenje

in kr€enje. Ranzi in Bradford (2003, 2006) sta podala zd@kine izraze vpliva deformacije denja na
mehansko obrianje razEno podprtih dvoslojnih nosilcev. V okviru doktorskega dela smo (Schnabl it
et al., 2006) raxirili teorijo troslojnih prostoleecih nosilcev, ki so jih predhodno obravnavali Goodman

in Popov (1968, 1969), McCutheon (1986) ter Chui in Barclay (1998), na kontinuirne troslojne nosilce.

Pregled raunskih postopkov in razine mane izvedbe upogibno obremenjenih kompozitnih nosilcev iz
lesa in betona predstavita Van der Linden (1999) ter Dias (2005). ZeloGestqmegled literature s po-
drocja analize kompozitnih nosilcev z ugtevanjem zdrsa med sloji do leta 1997 sta v svojem prispevku
podala Leon in Viest (1998).

Vse zgoraj omenjene teorije kompozitnih nosilcev z&tpeanjem zdrsa med sloji so izpeljane na osnovi
klasicne ali irzenirske Euler-Bernoullijeve teorije upogiba, pri kateri zanemarimo vplizregrdeforma-
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cije. Omenjena predpostavka temelji na predpostavki, da prerezi, ki so pred nastopom deformacije ravni
in pravokotni na nedeformirano refe@ro os nosilca ostanejo taki tudi po njej. Posledica omenjene
predpostavke je Bha strkna deformacija oziroma neskoma strzna togost prénega prereza. V real-

nosti material, ki bi imel ta&ne lastnosti seveda ne obstaja. |z tega sledi, da je uporabéniddsorije v
nekaterih primerih vpi&jiva. Tak primer so kratki in debeli (visoki) nosilci.

Prvi, ki je v teorijo upogiba nosilcev vkiil tudi vpliv strizne deformacije je bil ukrajinski raziskovalec
Timoshenko (1921). Vpliv stzne deformacije je ugeval kot dodaten zasuk @reega prereza. Na ta
natin je predpostavil, da je ska deformacija konstantna paini prereza. V literaturi je teorija dobro
znana kot Timoshenkova teorija upogiba. V sedemdesetih letibrjegja stoletja je na ta éia strizno
deformacijo v svoj model vkKlIj€il tudi Reissner (1972). Potreba po nadtaegi dolcCitvi razporeda in
velikosti striznih napetosti po prerezu (posebno v letalski in vesoljski industriji) je vodila do izpeljave
bolj natar€nih iterativnih strnih teorij viSjih redov. Naj omenimo le nekaj avtorjev kot so Soldatos in
Watson (1997), Matsunaga (2002), Gorik (2003), Piskunov in Grinevitskii (20004), ite:tZigriblzek

pri striznih teorijah vgjih redov je analogen Euler-Bernoullijevi teoriji nosilcev, prva iteracija paajho
Timoshenkovi teoriji upogiba. Ker v okviru zahtevane n&taosti vBje iteracije pri analizi konstrukcij,

ki nastopajo v gradbesivu, ne vplivajo pomembno na rezultate, pregled literature s pdstriznih
teorij vigjih redov ni namen tega dela. Obravnavali bomo le prvo iteracijprstrimetod oziroma Timo-
shenkovo teorijo upogiba.

V literaturi analitEnih resitev dvoslojnih nosilcev z upgbevanjem sténih deformacij posameznih slojev

in zdrsa nismo ri&li. Zato so objave (Schnalet al, 2005, 2006, 2007) na to temo pomemben del
doktorskega dela. V teh prispevkih z izpeljano an&titi resitvijo izvedemo parameftno analizo, s
katero pokaemo, da ima v nekaterih primerih gna deformacija prereza pomemben vpliv na mehansko
obnaanje kompozitnih nosilcev z uptevanjem zdrsa med sloji.

3.2.2 Bernoullijev kompozitni nosilec

V tem podpoglavju bomo obravnavali Bernoullijev kompozitni nosilec Ztgeaanjem majhnih zdrsov in
sicer po teoriji prvega reda. E¢lae, ki opisujejo mehansko olB&nje omenjenega nosilca smo prikazali

v oknu 3.5, enébe 3.162-3.178. Predstavimo algoritem $evanja, s katerim analizo prostbégih
troslojnih kompozitnih nosilcev preprosto &zmo na kontinuirne troslojne kompozitne nosilce. Anal-
itiCne rezultate prostateCega troslojnega kompozitnega nosilca najprej primerjamo z rezultati, ki sta
jih predstavila Goodman and Popov (1968) ter rezultati, dobljenimi z uporabo émbignd&b, ki so
predlagane v Evrokodu 5 (2004). V nadaljevanju ptikao analizo troslojnih kontinuirnih kompozitnih
nosilcev z upétevanjem zdrsa med sloji.

3.2.2.1 Algoritem réSevanja

Izkaze se, da lahko sistem dtmBernoullijevega kompozitnega nosil@&162-3.178 preprosto réimo,

Ce le poznamo izraze za zdrse med posameznimi sloji. Postopekarga je sestavljen iz naslednjega
zaporedja korakov. V prvem koraku z integracijo ravizoib en&b (3.166 in (3.167) doloCimo skupno
ravnote&no pr&no siloQ(z*) in skupni ravnoténi upogibni momeni\(z*) kompozitnega nosilca

' 2t Ngi '
Q') = Q(0) - /0 (Zﬂz(é))cl& (3.179)
=1

i

z Ng1
M(z') = M(0) + /0 (Q(xi) - ng‘/(g)> de. (3.180)
i=1
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V drugem koraku z dvakratnim odvajanjem &ha @.171) po vzdokni koordinatiz® in updstevanjem
kinemattne enébe (.162), izpeljemo diferencialne eghe za zdrs

d*Aj(") _ del(ah)  dett(ah)
dzi?  dat dat
Tl i+1( .1
Odvode specifinih vzdoknih deformacijdg (‘f ) in de (m ) v (3.18] dolo€imo z odvajanjem in

€T 1
invertiranjem konstitucijskih erid (3.168-3.169, ki imajo v primeru linearno elasihega materiala in
stacionarnega temperaturnega inzviastnega stanja naslednjo obliko

(3.181)

N(a') = Ni(a') = Clye'(a") + Clan(a’), (3.182)
Ngi Ny

M(z') = Mc(a") =) Cy1e'(a') + Y Chyr(a?). (3.183)
=1 =1

Poleg linearno elagihega materiala predpostavimo tudi linearni konstitucijski model stika
q,j(2") = KA (2), (3.184)

kjer s K; ozna&imo linearni koeficient togosti stika V nadaljevanju z r&itvijo odvajanih in invertiranih
enab (3.182-3.183 dobimo

(- del(a?) dN(z?)
dat dxt
de?(x?) dN?(z?)
da? dat
; =C! : (3.185)
deMVsi (%) dNNa (%)
dat dat
dr(x") dM(z*)
da? \ da?

C predstavlja konstitucijsko matriko materialnih konstan€in' njeno inverzno ali recipi@no matriko

-1
ct 0 ... Cl, Dy 0 coo Ding+1
o1 0o C4 ... C%, B 0 Doy ... Donyt1
Ch C3 ... Ch+..+Cy Dng+11 Dngt1z oo Dngving+
(3.186)

Z zaporednim vstavljanjem eéla (3.189, (3.169, (3.167 in (3.189 v ena&bo (.18, dobimo sis-
tem linearnih navadnih diferencialnih efmdrugega reda s konstantnimi koeficienti za zdrse med sloji
kompozitnega nosilca
AjAN; 1+ A;’ + BjA; + CjAj1 = fj, (3.187)
kiersoA;, B;, C; in f; konstante, ki jih doléimo z naslednjimi izrazi
Aj=K; 1Dy, Bj=—K;j(Diyi+ Diy1i11), Cj=Kji1Diy1,41,
Not ) (3.188)

fi = =Dipk + Dirin1 P + (Ding+1 — Dig1,ng+1) (Q =D _my(a')
i=1
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Sistem navadnih diferencialnih &ia(3.187 lahko enoléno re&imo, ¢e poznamo pripadaje robne
pogoje. V tem primeru so to vrednosti zdrsov na rebe= 0in 2 = L kompozitnega nosilca. Analitho
resitev sistema3.187) dobimo z uporabo faunalnskega programa MATHEMATICA (Wolfram, 2003).
Ko poznamo vrednosti zdrsov med sloji kompozitnega nosilca, lahkthenasnovnega sistem® {62-
3.172 preprosto réimo. Najprej iz ravnotga vozI& dolatimo robne vrednosti zasukov in pomikov z
resitvijo linearnega sistema etia

Kru=g. (3.189)

Enabo @.189 imenujemo tudi enégba konstrukcije, kjeK 1 predstavlja togostno matriko konstrukcije,
u je vektor neznanih robnih pomikov in zasukovgrje obteni vektor. Ko poznamo robne vrednosti
pomikov in zasukov, lahko izEunamo robne vrednosti ravnateh sil. Z znanimi vrednostmi rob-
nih sil in pomikov je r&itev osnovnega sistema.162-3.172 za neznane funkcije’ (z?), w(x?), p(x?),
el(x?), ki (xt), Ni(2%), Q(x?), M(z?), Aj(z?), ¢ ;(z) znana. Na koncu EémoSe dodatni sisten8(173-
3.179, ki predstavlja sistem efih za naslednje neznane funkcijg ! (z%), g, j(z?), Qi (z?), M (a?).
Normalne kontaktne napetogtj ; doloCimo z reitvijo sistema 8.89).

3.2.2.2 Primeri

Z ratunskimi primeri ilustriramo €inkovitost predstavljenega ¢anskega postopka zactwo analizo
napetostnega in deformacijskega ckargia linearno elagtnih troslojnih prostolgecih in kontinuirnih
kompozitnih nosilcev z ugievanjem delne povezanosti slojev. Poleg tega so prikazgiteeraporabne
Za oceno natdmosti in Winkovitosti na novo razvitih numemih formulacij opisa troslojnih kompozit-
nih nosilcev. V ta namen obravnavamo dvauaska primera:

1. troslojni prostol&eCi leseni nosilec,

2. troslojni kontiniurni leseni nosilec preko dveh polj.

3.2.2.2.1 Troslojni prostolgeci leseni nosilec

Toctno resitev geometrijsko in materialno linearnih kompozitnih nosilcev pogosto zasledimo v literaturi:
Newmarket al. (1951), Adekola (1968), Jasim (1997), Wang (1998), Ranzi in Bradford (2006), itd.
R&Sitev je ob€ajno podana za dvoslojne nosilce.Ce reitve troslojnih prostoleecih nosilcev poda-

jajo Goodman in Popov (1968), Rassam in Goodman (1971), McCutheon (1986) ter Chiu in Barclay
(1998).

Veljavnost in &inkovitost predstavljenega ¢anskega postopka za doltev taCne reitve troslojnih
nosilcev z up8tevanjem zdrsa med sloji prikamo s primerjavo med nagsiimi pomiki, izra&&unanimi s
predstavljenim postopkom in nagpiimi pomiki, izr&unanimi z enéami Goodman in Popova (1968)
ter empirtnimi formulami, ki jih predlaga Evrokod 5 (2004). Nagpe pomike na sredini razpona
prostoleetega nosilca primerjamo za dva r&zla obt&na primera in sicer:

e za nosilec, ki je obremenjen stkovno siloP na sredini razpona in
e zanosilec, ki je obremenjen z enakomerno zvezno linijskoatitg, .

Geometrijski in materialni podatki ter podatki o obité so prikazani na sliks.8.

V preglednicalB.1in 3.2 so prikazani prispevki k navpnim pomikom zaradi podajne povezave med
sloji. Rezultati so prikazani za zelo podajne stiké & 0.01 kN/cm?) pa vse do zelo togih stikov
(K = 100 kN/cm?). Primerjava rezultatov poka, da so rezultati matemétiega modela, ki sta ga
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predstavila Goodman in Popov (1968) idénti naSim rezultatom za obe vrsti obremenitve. Ker se
rezultati Goodman in Popova (1968) dobro ujemajo z eksperimenti, ki sta jih opravila, lahko sklepamo,
da je n&a predstavljena formulacija ustrezna za opis napetostnega in deformacijskega stanja troslojnih
nosilcev v obmaoju obremenitev nosilca v stanju uporabnosti.

o

- X prerez I-I:
> A II B b'=b"=b"=30.5cm
E e
=z L=252cm > _
c h=2.5cm
Y b
z I p,=0.01kN/cm b h=2.5cm
a K'=2.5cm
RN ) T
; z
7 A | 7B B'=E"=E'=1200kN/ent
- L=252cm >|

Slika 3.8: Geometrija, obBba in materialne karakteristike enostavno podprtega troslojnega pros-
tolezetega nosilca.
Figure 3.8: The geometric, material and loading data of simply supported three-layer beam.

Preglednica 3.1: Enostavno podprt prostele troslojni nosilec, obremenjen sdkovno siloP.
Prispevki podajne povezave k nagpim pomikom v cm za raatne togosti stika,
K = K% = K" Navpitni pomik homogenega nosilca(e246 cm.
Table 3.1: Simply supported three-layer beam subjected to the poinfodthe contribution of
the flexible connection to the vertical deflections in cm as a function of slip modulus,
K = K% = K", Deflection of a solid beam %246 cm.

P =1kN

K Goodman in Popov (1968) disertacija EC 5 (2004) EC 5 (2004)

[kN/cm?] [ecm] [em] [cm] relativna napaka [%]
0.01 1.953 1.953 1.953 —0.01
0.1 1.852 1.852 1.852 —0.08
0.5 1.506 1.506 1.499 0.39
1 1.222 1.222 1.212 0.76
2 0.899 0.899 0.877 1.45
3 0.701 0.701 0.686 2.06
4 0.579 0.579 0.564 2.62
) 0.494 0.494 0.479 3.12
10 0.287 0.287 0.273 5.13

100 0.035 0.035 0.031 13.56
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Analiticni rezultati prispevkov k navphim pomikom zaradi podajne povezave med sloji troslojnega
nosilca, obremenjenega tavno silo na sredini, so za majhne vrednosti togosti stika<( 1 kN/cnv?)
prakticno enaki prispevkom po Evrokodu 5 (200&gprav so empiéne formule podane v Evrokodu

5 (2004) namenjene le zatan navptnih pomikov nosilcev obremenjenih z zvezno linijsko de,

ki povzrata kvadratno in kubZno razporeditev upogibnih momentov vzelolosilca. Za véje togosti
stikov so pomiki po Evrokodu 5 (2004) nekoliko manjEmpiricne formule za réun navpenih pomikov
slojevitih nosilcev, ki so podane v Evrokodu 5 (2004), so uporabne tudi@araavptnih pomikov
nosilcev, ki so obremenjeni sdkovno silo. V tem primeru smo nekoliko na nevarni strani, saj so tako
izraCunani pomiki nekoliko masj od ta&no izra&unanih.

V primeru obremenitve slojevitega nosilca z zvezno linijsko bbbep, so navpEni pomiki oziroma
prispevki k navpinim pomikom zaradi podajne povezave préakt enaki za vse togosti stikov, glej
preglednica.2 Razlike so zelo majhne in sogje za vé&je togosti stikov. V primeru zelo toge povezave
med sloji, kjer je K = 100 kN/cr?, je relativna napaka po Evrokodu 5 (2004) iraanih pomikov v
primerjavi s t&nimi navptnimi pomiki2.52%.

Preglednica 3.2: Enostavno podprt prostete troslojni nosilec, obremenjen z enakomerno zve-
zno linijsko obtgbo p;. Prispevki podajne povezave k nadpim pomikom v
cm za razléne togosti stikafk = K% = K. Navptni pomik homogenega
nosilca je 0.386 cm.
Table 3.2: Simply supported three-layer beam subjected to the unifornp}oathe contribution
of the flexible connection to the vertical deflections in cm as a function of slip modulus,
K = K% = Kb, Deflection of a solid beam %386 cm.

pz = 1KN/m

K Goodman in Popov (1968) disertacija EC 5 (2004) EC 5 (2004)

[kN/cm?] [cm] [cm] [cm] relativna napaka [%]
0.01 3.069 3.069 3.069 0.00
0.1 2.907 2.907 2.908 0.02
0.5 2.355 2.355 2.357 0.10
1 1.902 1.902 1.906 0.20
2 1.373 1.373 1.378 0.37
3 1.073 1.073 1.079 0.52
4 0.881 0.881 0.887 0.66
5 0.747 0.747 0.753 0.78
10 0.423 0.423 0.429 1.24
100 0.048 0.048 0.049 2.52

Primerjava prispevkov k naviimim pomikom zaradi podajne povezave med sloji v pregle@ipokaze,
da so lahko prispevki v primeru zelo podajne povezave med sloji tudi-ki@t vetji od navptnih
pomikov nosilca s togo povezanimi sloji, kjer je nadmipomik0.386 cm.

Povezanost slojev bistveno vpliva tudi na razpored in velikosti ostalih kinénifatin staténih koliCin.
Velikosti in razpored vzddhnih normalnih napetosti,, v prerezu na sredini razpona troslojnega pros-
tolezeCega nosilca obremenjenega zkovno siloP za razltne togosti stikov prikazujemo na slii9.
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Razpored vzddinih napetosti ., je po viini slojevitega nosilca odsekoma linearen. Maksimalne vred-
nosti napetosti v posameznem sloju f&ego z marganjem togosti stika in so lahko @ltno v&je kot

v primeru homogenega nosilca, kjerfe = oco. V primeru zelo podajne povezanosti slojev se napetosti
v posameznem sloju spreminjajo odciéh napetosti na zgornji strani sloja do nateznih napetosti na
spodnji strani sloja.
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Slika 3.9: Razpored vzdohih normalnih napetostr,, po viSini pr&nega prereza enostavno
podprtega troslojnega nosilca obremenjeneg&lsovno siloP na sredini razpona.
Figure 3.9: Simply supported three-layer beam subjected to pointffodche distribution of the
normal stresses,, over the cross-section.

3.2.2.2.2 Troslojni kontinuirni leseni nosilec preko dveh polj

Namen tega fGunskega primera je réizitev analize troslojnih prostateCih nosilcev na troslojne kon-
tinuirne nosilce. V ta namen obravnavamo troslojni kontinuirni nosilec preko dveh polj. Za obravnavani
kontinuirni nosilec prikaemo t@&ne ra&itve napetostnega in deformacijskega stanja. Posamezni sloji so
izdelani iz lesa raztine kakovosti. Ozri@ni so s trdnostnimi razredi skladno z Evrokodom 5 (2004).
Togost stika med slojemain b je K = 3 kN/cm? ter medb in ¢ paK® = 0.01 kN/cm?. Kontinuirni
nosilec je obremenjen v obeh poljih z enakomerno zvezno linijskabbe; = 0.01 kN/cm. Geometri-

jski in materialni podatki ter podatki o olitlei so podani na sliks.10

Neznane vozicne vrednosti pomikov in zasukov iZnanamo z enébo konstrukcije 3.189. V ta namen
kontinuirni nosilec razdelimo na elemente. Za vsak eleméite osnovni sistem enh (3.162-3.172).
Vrednosti vozl§tnih pomikov in zasukov podajamo v pregledrisc8. Pomiki so podani v centimetrih
in zasuki v radianih.

Preglednica 3.3: VoZAEne vrednosti pomikov in zasukov troslojnega kontinuirnega lesenega
nosilca preko dveh polj, obremenjenega z zvezno linijskoziizg ;.
Table 3.3: Nodal displacements and rotations of the three-layer continuous wooden beam over two
spans subjected to the uniform loagl.

A A A B B _ , B B C C C C
Up Ue ¥ Ug Uy = U ¥ Uq Uy, U 4

—-0.064 —0.151 —0.011 —0.065 —0.065 0 —0.131 —0.067 0.021 0.012

Z znanimi vozlscnimi vrednostmi pomikov in zasukov lahko iZ@aamo vozEcne vrednosti osnih in
precnih sil ter upogibnih momentov slojexn b in c. Vrednosti neriielnih koli€in so podane v preglednici
3.4
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Slika 3.10: Geometrijski in materialni podatki ter podatki o dietroslojnega kontinuirnega
lesenega nosilca preko dveh polj.
Figure 3.10: The geometric, material and loading data of continuous three-layer beam over two
spans.

Preglednica 3.4: VoAtne vrednosti osnih in péaih sil ter upogibnih momentov v vogiih A
in B troslojnega kontinuirnega lesenega nosilca preko dveh polj, obremenjenega
z zvezno linijsko obtébop .
Table 3.4: Nodal internal forces at noddsand B of the three-layer continuous wooden beam
over two spans subjected to the uniform Igad

\Vozliste A \ozliste B
Q.1(0) H(0)  N5(0) (0) Qe2(0) Me2(0)

9.53 kN —5.38kN 539kN —0.01kN 15.47kN —743.04 KNcm

Poleg vozlstnih vrednosti posameznih koin prikazemo tudi velikosti in porazdelitev izbranih koiin

vzdok kontinuirnega nosilca. Na slikd.11so prikazani diagrami zdrsox® in A’ ter ravnoténih

koli¢in V', Q in M vzdok refere@ne osi troslojnega kontinuirnega nosilca. 1z sik#&1(a) je razvidno,
da so zdrsi najvgi na mestih skrajnih podpor.

DiagramaA® in Ab¢ sta praktEno enaka. Osni sili spodnjegan zgornjega sloja: sta enako veliki a
nasprotno usmerjeni, medtem ko je osna sila srednjegaisiigaemarljivo majhna, glej slikd.11(b).
Rezultanta osnih sil je takctino enaka ri (N = N + N® + N¢ = 0). Kadar jeA® natezna jeV®
tlaCna in obratno. Drugae kot pri osnih silah so upogibni momenti in pne sile posameznih slojev
vedno enako predziani, glej sliki3.11(c) in 3.11(d). Njihove velikosti so priblino sorazmerne z up-
ogibno togostjo posameznega sloja. Najvdel pre&ne sile in upogibnega momenta prevzame najbolj
tog sloja, medtem ko je stéina in upogibna nosilnost vmesnega skpjalativno majhna.

Spreminjanje zamika med slojeman b (A%), navptnega pomikay), normalne komponente kontak-
tne napetosti med slojentain ¢ (p°) ter upogibnega momenta sloja(M¢) vzdokz referergne osi v
odvisnosti od togosti stika prikazujemo na sl&il2 1z slike 3.12je o€itno, da ima koeficient togosti
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Slika 3.11: Porazdelitev zdrsa¥?® in A% ter ravnoténih kolicin \V, Q in M posameznega sloja
vzdok referene osi troslojnega kontinuirnega nosilca.
Figure 3.11: Distribution ofA%, A’ and A/, Q in M in layers along the span of continuous
three-layer beam over two spans.
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Slika 3.12: Porazdelitev zdrsA®, navptnega pomikaw, normalne komponente kontaktne
napetostip?® ter upogibnega momenta1¢ vzdok refereine osi troslojnega kon-
tinuirnega nosilca v odvisnosti od togosti stika= K = K.

Figure 3.12: Distribution ofA®, w, pb¢, and M€ along the span of the continuous three-layer

beam as a function of different values of the interlayer slip moddli K = Kb
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stika pomemben vpliv na stéatie in kinematine koltine. A% in w sta mar§a za véje koeficiente zdrsa
K, medtem ko sta’® in M¢ za veje koeficiente togosti stika med slojigja.

3.2.3 Timoshenkov slojeviti nosilec

V tem podpoglavju bomo obravnavali Timoshenkov kompozitni nosilec Bt@vanjem majhnih zdrsov

po teoriji prvega reda. Eftae, ki opisujejo napetostno in deformacijsko stanje Timoshenkovega kom-
pozitnega nosilca smo prikazali v oknu 5.4. V nadaljevanju bomo predstavili algoritem Gmedii
reSevanja enéb omenjenega nosilca. Z znanimi analitimi reSitvami bomo nato izvedli parametrio
analizo s katero bomgtudirali vpliv razlnih parametrov na mehansko obaaje kompozitnega nosilca.

3.2.3.1 Algoritem réSevanja

Podobno kot v primeru Bernoullijevega kompozitnega nosilca lahko tudi v primeru Timoshenkovega
kompozitnega nosilca sistem osnovnih @n¢3.143-3.157) preprosto réimo, ¢e le poznamo izraze za
zdrse in normalne kontaktne napetosti med posameznimi sloji. Postdeanga je sestavljen iz nasled-
njega zaporedja matemétih operacij. V prvem koraku dvakrat odvajamo épia(3.155 in (3.157

po vzdokni koordinatiz?. Z updstevanjem kinematnih end&b (3.143-3.145 izpeljemo diferencialne
end&be za zdrse in psevdoukrivljenosti

d?Aj(z")  del(at)  detTi(af) dei(z%)  drt(z?)
= L A ; - — . A
dai’ o’ el LG v ) (3.190)

dii di+1i
d@) | dyial)

EE W N
() = wa) da? dz?

(3.191)

Odvode deformacijskih katin v ena&bah ¢.190 in (3.19] dolofimo z odvajanjem in invertiranjem
konstitucijskih enéb (3.15%-3.153, ki imajo v primeru linearno elasihega materiala in stacionarnega
temperaturnega in viostnega stanja naslednjo obliko

Ni(z') = Ni(2") = E'A'e(z") + E'S'k'(2") = C} €' (a") + Clyr'(2h), (3.192)

Q'(a") = Q") = kyG'A'' (") = Czy'(2), (3.193)

Mi(2") = Mi(a") = E'S'e(z") + B Tk (2') = Oy’ (x') + Chor' ("), (3.194)

kjer smo sC%,,C%,,...,Ck; oznd&ili osno, strzno in upogibno togost slojaE® in G* sta elastni

in strizni modul slojai, A° je plo&tina pré&nega prereza sloja’ in J* pa sta stafini in vztrajnostni
momoment prénega prereza sloja glede na refémm os kompozitnega nosilca. Ker van modelu
predpostavimo konstantno gmnio deformacijo po pem prerezu, v elddi updstevamo korekcijski
faktor k,, ki ga je predstavil Cowper (1966). V primeru pravokotnihdmié prerezov in izotropnega
materiala jek, = 5/6. Poleg linearno elagthega materiala predpostavimo tudi linearni konstitucijski
model stika

qr.j(x") = KA (), (3.195)
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kjer s K; ozna&imo linearni koeficient togosti stika V nadaljevanju z r&itvijo odvajanih in invertiranih
end&b (3.192-3.194 dobimo

det(z?) dNi(z?) )

da’ da’
@) L o] d) L (3.196)
dzt de*
dk'(z") dM'(x")

dzt dzt )

C; predstavlja konstitucijsko matriko materialnih konstant slkjjaC;l njeno inverzno ali recip@no
matriko

-1

Chy 0 Ci Di, 0 Di
c;i'=1] 0 Ci 0 =1 0 i o |. (3.197)
Cs1 0 Chy Dy 0 Dy

Enabe .196 vstavimo v 8.190 in (3.197. Odvode ravnotinih kolicin izrazimo preko ravnoimih
enab (3.146-3.147 in (3.150 s komponentami kontaktne napetagti:’) in zunanje obtgbep(z?) in
m(z") posameznega sloja. S ponovnim odvajanjem obeblepavzdokni koordinatiz® in updstevanjem
ravnotene enabe @.147, dobimo sistem linearnih navadnih diferencialnih @mdrugega reda s kon-
stantnimi koeficienti za zdrse in normalne kontaktne napetosti med sloji kompozitnega nosilca

AjA;;l + A;’/ + BjA; + CjA;’Jrl +Djgnj—1+ Ejqn; + Fign,j+1 = f;, (3.198)

GiA_y + HN, + LA+ Jiay i1 + Liay j + Mgy ;1 4 Nignj—1+ Ojanj + Pignjv1 = gj,
(3.199)
kier soA;, B;,Cj, D;, E;, Fy, Gy, Hj, 1, J;, L, M;, N;, O;, P; konstante terf; in g; desne strani, ki
jih dolo€imo z izrazi
Aj=Kj (—Dh + zj_1D%) + z(Djy — Zj—1D§2)>,
B; = ZjKj( o+ D'+ 2(Dsy + D%?)) _Kj< L+ Dt + (D5 + Dﬁl))v
Cj = Kjn (DZHI +2; D5t — 2 (D + sz§§1)>, Dj = —Di,y — 2D,
Ej= ( {2+ Dis' + 2(Dhy + Dgl))a Fj=—Di3' — 4Dy}, Gy =K; 1(Diy — z-1D3),
Hj = K; (— t2 — Dig' + 2i(Dy + Dgl)), Ij = Kj(Diy' = 2 D35Y),  Jj = Dig,
Lj = —(Dyy + Dit'),  M; = D', Nj=—Dj, 0O;=(Dy+ D), Pj=—Dy,
fi = =(Diy + 2jDhy) py + (D5 + 2 D55 ) pif Y, g5 = Dy ply — Dy iyt
(3.200)

Pri izpeljavi en&b (3.198-3.200 smo up&tevali, da je posamezni sloj kompozitnega nosilca obremen-
jen samo s konstantno linijsko zunanjo dtitep’,, p’, in momentommy,..

Sistem navadnih diferencialnih ea@3.198 in (3.199 lahko enoléno r&imo, e poznamo pripadaje
robne pogoje. Robni pogoji so vrednosti zdrsov in njihovih prvih dveh odvodov na robu ter vrednosti nor-
malnih kontaktnih napetosti in njihovih prvih odvodov na rau= 0 kompozitnega nosilca. Analiho
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resitev sistema3.198-3.199 dobimo z uporabo faunalnskega programa MATHEMATICA (Wolfram,
2003). Ko poznamo vrednosti zdrsov in kontaktnih napetosti med sloji kompozitnega nosilca, lahko
end&be osnovnega sisten&{43-3.157 preprosto réimo. Najprej iz ravnotga vozIiSE dolatimo robne
vrednosti zasukov in pomikov z$#vijo linearnega sistema etia

Kru=g. (3.201)

Kot smo Ze povedali engbo 3.201) imenujemo enéba konstrukcije, kjetK; predstavlja togostno
matriko konstrukcije,u je vektor neznanih robnih pomikov in zasukov gnje obt&ni vektor. Ko
poznamo robne vrednosti pomikov in zasukov lahkoGareamo robne vrednosti ravnateh sil. Z
znanimi vrednostmi robnih sil in pomikov jeSitev sistema ertd (3.143-3.157 za neznane funkcije
ul(xl)’ w(wi)7 So(xi)v gi(xi)v ’Yi(xi% ! (xl)' Nz(xz) Q(wl)v M(xz)v Aj (wl)7 dt,j ($1)7 an,j (‘Tz) znana. Na
koncu r&imoSe dodatni sisten8(158-3.161J), ki predstavlja sistem el za naslednje neznane funkcije:
(2%, N(x?), Q(x?), M(z?).

3.2.3.2 Primer

Z racunskim primerom predstavimoCimkovitost matematinega modela oziroma njegovo anélikd
reSitev za t@no analizo mehanskega oBaaja geometrijsko in materialno linearnih ravninskih kom-
pozitnih nosilcev z upétevanjem stéine deformacije pfega prereza in zdrsa med sloji. Z izvedeno
parametigno analizo analiziramo vpliv sime deformacije pega prereza na stéatie in kinematne
koli€ine posameznega sloja dvoslojnega kompozitnega nosilca.

3.2.3.2.1 Dvoslojni nosilec z upitevanjem strizne deformacije prereza

V okviru raCunskega primera izvedemo parani&td Studijo, s katero analiziramo vpliv razhih para-
metrov, kot so togost stik&', razmerje upogibne in skme togosti£'/G, razmerje ddine proti vsini
nosilca oziroma slojd /A itd., na izbrane statne in kinematine kol€ine dvoslojnega prostatetega
Timoshenkovega nosilca obremenjenega z zvezno linijsk@bbig; (glej sliko3.13) ter dobljene rezul-
tate primerjamo z f&tvami, ki jih dobimo z uporabo kla&ne upogibne teorije kompozitnih nosilcev.

prerez I-1:
| v, B ba:bb‘
WO T T I gy sloyb™ 1 it
f T ey a
A B slo{]a K
- L > i
Z

Slika 3.13: Geometrija in obiba enostavno podprtega dvoslojnega prog&blega Timo-
shenkovega nosilca.
Figure 3.13: The descriptive geometric and loading data of simply supported two-layer Timo-
shenko beam.

Poseben poudarek smo posvetili ditai vpliva strizne deformacije pega prereza na nagpie pomike
kompozitnega nosilca. V ta namen primerjamo @znaane navjiine pomike na sredini razpona pros-
tolezeCega kompozitnega nosilca, ki jih iZnanamo po Timoshenkovi teorifiwr) in pomiki, izra-
¢unanimi po klagini Euler-Bernoullijevi teoriji(w ) kompozitnih nosilcev.
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Slika 3.14: Vpliv strine deformacije na naviie pomike lesenega dvoslojnega prostelega
nosilca zE /G = 16 za razltne vrednostK in L/h.
Figure 3.14: Influence of slip modulus and L /h ratios on vertical deflections fdt /G = 16.

Pomike primerjamo za raglne togosti stikds in razlicnha razmerja med doho in viSino kompozitnega
nosilcaL/h ter za razlEne vrste materiala, ki ga gi@mo z razmerjem upogibne in &tre togosti&’/G.
Rezultate prikaemo graftno z diagramB.14 3.15 3.16ter numeréno s preglednic@8.5.

Vpliv strizne deformacije prereza v primeru lesenega nosilca, kjer je razig¢fe= 16, prikazuje slika
3.14 Vpliv je prikazan za razéine togosti stikds in razlicna razmerjd./h. OCitno je, da vpliv stizne

deformacije raste z v@&njem togosti in manganjem razmerjd /h. Vpliv strizne deformacije tudi v
primeru vitkih nosilce\ L/h = 10) z relativno togo povezanimi slofik > 50kN/cm?) ni zanemarljiv

in je vetji od 13%. Vpliv je Se vé&ji pri krajSih nosilcin(L/h = 5), kjer za razltne togosti stikd{ znaa

0d 19.2% d059.5%.

Analizirali smo tudi vpliv izbire material&éF /G) na velikost vpliva stiine deformacije piaega prereza
na navptne pomike dvoslojnega prostakEega nosilca. Navpne pomike smo izfunali za razltna
razmerja(E/G). Slika 3.15 prikazuje vpliv striga za relativno podajne povezd¥é = 0.1kN/cm?),
medtem ko sliké8.16 prikazuje vpliv v primeru relativno toge povezave med s{@ji = 100kN /cm?).
IzkaZe se, da vpliv stéine deformacije pri razmerji'/G > 16 ni zanemarljiv, kase posebej velja za
relativno toge povezave z velikim koeficientom stika Vpliv striga je 0d15.4% za L/h = 10 pa do
veC kot 250% v primeru kratkih nosilcev Z./h = 3.

V primeru izotropnega materiala(#/G) = 2.68 (jeklo, aluminij, baker, itd.) zr&a vpliv striga za
razli¢ne togosti stikd).001kN /cm? < K < 1000kN/cm? pri razmerjuL/h = 5 0d0.3% do8.3%. Za
take nosilce je v v@ni primerov vpliv striga zanemarljiv z izjemo zelo kratkih nosilagv/h < 3) in
zelo togih stikov.

Pri nosilcih iz steklenih vlaken Z/G = 8.67 in L/h > 10 je vpliv striga margi od 8.4%. Vpliv
postane pomemben pki/h < 5 kjer zn&a 0d10.4% do 32.9%. Rezultati za anizotropen lesen nosilec
z F/G ~ 20 so podobni rezultatom za leseni nosile&’2G = 16, ki smo gaZze analizirali. Poleg tega
smo izr&unali vpliv strzne deformacije na navjzie pomike za material, ki nima realnih materialnih
lastnosti, npr.E/G = 100. V primeru10 < L/h < 20, znaa vpliv striga zak = 0.01kN/cm? od
10.4% do 32.9%, medtem ko je zd = 100kN/cm? 0d 20.4% do 62.3%.
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Slika 3.15: Vpliv strzne deformacije na navimie pomike dvoslojnega prostakEega nosilca s
K = 0.01kN/cm? za razlEne vrednostE /G in L/h.

Figure 3.15: Influence of’ /G and L/ ratios on vertical deflections fd& = 0.01kN/cm?.

Preglednica 3.5: Vpliv stthe deformacije p&ega prereza na naépie pomike r/wg) za
razlicne vrednosti parametrav, £/G in L/h.
Table 3.5: Influence oK, E /G, andL/h on vertical deflectionsi{y /wg).

E/G=2.68 E/G=8.67 E/G=16

K [kN/cm?] | [ i | I i | [ Il
0.001 1.090 1.032 1.008 1.287 1.104 1.026 1.524 1.192 1.048
0.01 1.090 1.032 1.008 1.287 1.104 1.026 1.524 1.192 1.048
0.1 1.090 1.032 1.008 1.288 1.105 1.027 1.524 1.192 1.049
1 1.091 1.033 1.008 1.293 1.110 1.032 1.529 1.197 1.054
10 1.092 1.034 1.010 1.341 1.152 1.056 1581 1.244 1.087
50 1.098 1.040 1.014 1494 1.237 1.075 1.767 1.370 1.128
100 1.105 1.046 1.017 1.603 1.274 1.080 1.931 1.445 1.139
1000 1.182 1.083 1.024 1.875 1.329 1.084 2.534 1.595 1.154

I:L/h=3 W:L/h=5 1ll:L/h=10

Poleg vpliva stizne deformacije na nawjyie pomike kompozitnega nosilca smo analizirali tudi vpliv
strizne deformacije prereza na druge s$ta¢i in kinemafine koline, kot soA, ¢,,, %, N¢, itd. Izbrane
koliCine smo v primeru lesenega nosilc&ZG = 16 izratunali za razline vrednosti parametrav/h

in K. Rezultate predstavimo grafio na slikal8.17in 3.18ter z vrednostmi v pregledni&i.6. Rezultate

v primeru podajne povezave med sldii (= 0.1kN/cm?) prikazuje slika3.17, v primeru toge povezave
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Slika 3.16: Vpliv strine deformacije na naviie pomike dvoslojnega prostakEega nosilca s
K = 100kN/cm? za razléne vrednost¥ /G in L/h.

Figure 3.16: Influence of’ /G and L/ ratios on vertical deflections fd¢ = 100kN/cm?.

med sloji (K = 100kN/cm?) pa slika3.18 Izbrane kolgine smo izréunali z razlénima teorijama
kompozitnih nosilcev. Z oznak@e)s ozn&imo koliCine, ki jih izra&unamo z Euler-Bernoullijevim
modelom kompozitnih nosilcev z zdrsom med sloji, medtem Ke)z ozn&imo koli€ine izr&unane
s Timoshenkovim modelom kompozitnih nosilcev.
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Slika 3.17: Vpliv strine deformacije na izbrane kéilne lesenega dvoslojnega proskazega
nosilca zE/G = 16 in K = 0.01kN/cm? za razléne vrednosti. /h.
Figure 3.17: Static and kinematic quantities as a functiod 0§ for E/G = 16 and K =
0.01kN/cm?.

Zanimivo je, da je vpliv stidne deformacije pfega prereza na raztie koltine razlten. Nekatere
kolicine, kot sow, ©°, k*, N'® se pové&ajo, medtem ko se druge, npy,, %, ¢%, zmangajo v primerjavi
s koliCinami izr&unanimi s klasinim Euler-Bernoullijevim modelom kompozitnega nosilca.
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Slika 3.18: Vpliv strne deformacije na izbrane kéilne lesenega dvoslojnega proshkaEega
nosilca zE/G = 16 in K = 100kN/cm? za razltne vrednosti. /h.
Figure 3.18: Static and kinematic quantities as a functiod 0§ for E/G = 16 and K =
100kN /cm?.

Vpliv strizne deformacije na poganjex?(0) je v primeruk = 0.1kN/cm? in L/h = 3 priblizno25%,
medtem ko je v primerd./h = 5 samode 1.2%. Na drugi strani je vpliv na zmab@njec’(L/2) v
primeruK = 100kN/cm? in L/h = 3 okrog—10.3% ter pri L/h = 10 samose—2.2%.

Preglednica 3.6: Vpliv sttne deformacije na stétie in kinematine kol€ine za razEne vrednosti
parametrovk in L/h pri E/G = 16.
Table 3.6: Static and kinematic quantities as function&atindL/h for E/G = 16.

K = 0.1kN/cm? K = 100kN/cm?

(O)r/(®)s | I [ | [ i

w(L/2) 1.524 1.192 1.049 1931 1.445 1.139

A(0) 1.046 1.020 1.006 1.026 1.012 1.005
©*(0)  0.939 0973 0.992 0.919 0.960 0.988
¢(0) 1250 1.092 1.026 1.185 1.083 1.030
KO(LJ2)  0.944 0977 0994 0.927 0.969 0.992
kP(L/2) 1188 1.077 1.020 1.156 1.059 1.015
NO(L/2) 1.044 1.019 1.005 1.022 1.007 1.001
e*(L/2) 0944 0977 0.994 0.897 0.942 0.978

an(L/2) 0968 0.994 1.000 1.993 1.004 1.001

I: L/h=3 W:L/h=5 1l:L/h=10
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Opazimo tudi, da ima sitha deformacija za raZine togosti stika raten vpliv na razEne kol€ine.
Nekatere koline se z véanjem togosti stikdS' povetujejo (npr.w(L/2), q,(L/2)), druge zmar§ujejo
(npr. A(0), ¢"(L/2), k*(L/2), N, itd.) v primerjavi s kol€inami, izr&unanimi s klasino teorijo kom-
pozitnih nosilcev. Slika3.19 prikazuje vpliv strzne deformacije na razmerje vzdolh in normalnih
kontaktnih napetosti lesenega kompozitnega nosilca z razmé?jgih= 16 za razltne K in L/h.
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Slika 3.19: Vpliv strine deformacije pfega prereza na razmerje vzaah in normalnih kon-
taktnih napetosti za ragine K in L/h v primeru lesenega kompozitnega nosilca z
E/G = 16.
Figure 3.19: Ratio of tangential and normal tractions as a functioh/éffor £/G = 16 and
different K’’s.

Iz slike 3.19je razvidno, da je vpliv stéine deformacije na razmerje kontaktnih napetggty, velik
tudi v primeru vitkih nosilcev. Pri razmerji/h = 10 je priblizno29%. Vpliv je vegji za bolj podajne
povezave med sloji. Poleg tega iz sli&B&20vidimo, da je razmerje vzdbhih kontaktnih napetosti proti
normalnim v primeru Timoshenkovega nosilca&jeza bolj vitke nosilce in bolj toge povezave med
sloji. V primeru vitkega nosilca z razmerjef/h = 20 in K = 1000kN/cm? so vzdokne napetosti
priblizno20-krat vetje od normalnih kontaktnih napetosti. V primeiydh = 20 in K = 0.1kN/cm? so
veCje leSel.5-krat.

V okviru parametitne Studije smo analizirali tudi vpliv razmerja 3in posameznih slojex®/h’ na
navpthe pomikew in pretne sileQ dvoslojnega lesenega prostodéega kompozitnega nosilca. V ta
namen smo za rag#ine vrednosth? /A’ ter K izratunali navpéne pomike na sredinir(L/2) in preéne
sile na z&etku Q(0) kompozitnega nosilca. Rezultati so za n&vya pomike prikazani na slild.21

Parameti@naStudija pokde, da je vpliv stiine deformacije na navine pomike vedno najmasij kadar
imata sloja priblzno enako \&ino, kadar je razmerjg® /b’ ~ 1. Iz slike 3.21vidimo, da je vpliv margi

za mange vrednosti. V primeru podajne povezave, ko€ < 1kN/cm?, je lahko vpliv tudi do4-krat

mangi kot v primeru relativno toge povezave, kole= 1000kN /cm?.
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Slika 3.20: Vpliv strzne deformacije piaega prereza na razmerje vzaaoh in normalnih kon-
taktnih napetosti po Timoshenku za rérke K in L/h v primeru lesenega kompozit-
nega nosilca /G = 16.

Figure 3.20: Ratio of tangential and normal tractions as a functiob/éffor E/G = 16 and
different K'’s.

Vpliv strizne deformacije na péae sile posameznega sloja piikano za razline togosti stikak in
razlicna razmerja in posameznih slojek® /b’ s slikami3.22 3.23in 3.24 Primerjava prénih sil Q¢
in QY pokaze, da je vpliv stizne deformacije, podobno kot pri nagpih pomikih, najmari v primeru,
ko sta sloja pribino enakih \&in, takrat jeh®/hb ~ 1.
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Slika 3.21: Vpliv strzne deformacije piaega prereza na naépie pomikew za razltne K in
h® /R v primeru lesenega kompozitnega nosilcE 25 = 16 in L/h = 10.

Figure 3.21: Vertical deflections as a functiomhéf/h’ for L/h = 10 andE /G = 16 and different
K’s.

IzkaZe se, da so lahko piee sile v sloju, ki je zelo tanek v primerjavi z drugim slojem, v primeru
podajnega stikd K < 1kN/cm?), tudi do 2.5-krat veje, kot so préne sile v tem sloju, iz€&unane
po klastni upogibni teoriji kompozitnih nosilcev z uptevanjem zdrsa med sloji. V primeru zelo toge
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povezave K > 1000kN/cm?) je vpliv strizne deformacije na péae sile zanemarljiv. Izjema so nosilci,
kjer je zgornji slojb, zelo tanek v primerjavi z spodnjim slojeim V tem primeru, so lahko poae sile
Q¢, tudi do2-krat mange, kot so préne sileQ®.
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Slika 3.22: Vpliv strzne deformacije piega prereza na finee sileQ® za razléne K in h®/hb
v primeru lesenega kompozitnega nosilca 2G = 16.
Figure 3.22: Shear forc@® as a function of.®/h’ for L/h = 10 and E/G = 16 and different

K’s.
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Slika 3.23: Vpliv strzne deformacije pinega prereza na finee sileQ’ za razléne K in h®/h®
v primeru lesenega kompozitnega nosilc& 2& = 16.

Figure 3.23: Shear forc@’ as a function oh®/h’ for L/h = 10 andE/G = 16 and different
K’s.
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3.0 ‘

K
Slika 3.24: Vpliv strzne deformacije piega prereza na razmerje §mén sil 9%/ Q" za razltne
K in h®/hP v primeru lesenega kompozitnega nosilcE a7 = 16.

Figure 3.24: Shear force rat@®/ Q" for L/h = 10 andE/G = 16 and differenti’s.

V nadaljevanju primerjamo uporabo raziih modelov za réun navptnih pomikov ravninskih nosil-
cev. Navpéne pomike lesenega dvoslojnega nosilda/Z7 = 16 in L/h = 10 izratunamo z uporabo
razlicnih modelov oziroma formul{1) empiricne en&be, ki jih predlaga Evrokod 5 (2004R) Euler-
Bernoullijev model z in brez ugtevanja zdrsa i(3) Timoshenkov model z in brez uptevanja zdrsa.
Primerjavo navginih pomikov razlénih modelov za raztine togosti stikaK' prikazujeta slika3.25in
preglednicas.7.

wp 1.5

1.0

-100 -7.5 50 -25 0.0 2.5 50 7.5 100
LogK
Slika 3.25: Primerjava nav@mih pomikovw za razlEne togosti stikds in razlicne modele nosil-
cev.
Figure 3.25: Comparisons of vertical deflections calculated by different beam models, for different
K’'swith L/h = 10 andE /G = 16.

Iz slike 3.25 vidimo, da togost stikak" v primeru dokaj podajnih stikoy0.001kN/cm? < K <
0.1kN/cm?) nima vpliva na prispevek skine deformacije k navpnim pomikom. Vpliv zdrsa na
navpitne pomike(wg/wj;) razumljivo pada z na&ianjem togosti stika. V primeru zelo togega stika
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(K > 1000kN/cm?) ima vpliv na navpine pomike samo simna deformacija. V tem primeru z&a
razlika med navg@inimi pomiki po Timoshenku in Bernoulliju 1&.2%. Pomiki po Evrokodu 5 (2004) se
dobro ujemajo s pomiki po Bernoullijtwpcs /wg) za togosti stika.001kN /cm? < K < 10kN/cm?
in 100kN/cm? < K < 1000kN/cm?. Vegje odstopanje je zaslediti na intervalokN /cm? < K <
100kN /cm?, kjer so pomiki po Evrokodu 5, tudi d25% vetji od pomikov po Bernoulliju.

Preglednica 3.7: Primerjava na&pih pomikov za raztine vrednosti parametra in razlicne
modele nosilcev.
Table 3.7: Vertical deflections calculated by different beam models for diffétéwith L/h =

10 andE/G = 16.

E
K EC5 wjp wp wp wr ﬁ ar w*B wz wz
wp wp wp wr wp
kN
ol lm fom fom)fom
CIn
0.001 3.875 1.085 3.875 1.252 4.062 1.000 1.048 3.571 3.243 3.743
0.01 3.872 1.085 3.869 1.252 4.057 1.000 1.048 3.566 3.239 3.738
0.1 3.845 1.085 3.818 1.252 4.005 1.007 1.049 3.518 3.197 3.691
1 3.602 1.085 3.391 1.252 3.573 1.062 1.054 3.125 2.853 3.293
10 2.427 1.085 1.982 1.252 2.154 1.225 1.087 1.826 1.720 1.985
50 1.526 1.085 1.325 1.252 1.494 1.153 1.128 1.221 1.193 1.377
100 1.326 1.085 1.230 1.252 1.379 1.096 1.139 1.115 1.101 1.270
1000 1.111 1.085 1.098 1.252 1.267 1.012 1.154 1.012 1.012 1.168

* brez zdrsa

Analiza razlEnih modelov réunanja nosilcev poks, da so modeli, ki ugtevajo delno povezavo
med sloji, zelo pomembni za nataro napoved velikosti navfiih pomikov kompzitnih nosilcege
posebno v primeru zelo podajnih povezav, kjed @1kN/cm? < K < 1kN/cm?. Primerjaviwg /w

in wr /w3 pokaeta, da so lahko pomiki nosilcev z delno povezanimi sloji tudBdekrat vetji od
pomikov nosilcev s togo povezanimi sloji. Vidimo, da je potrebno model Ztgvanjem zdrsa med sloji
upcstevati tudi za togosti stik& > 50kN/cm?. 1z primerjavewr/wp je razvidno, da je vpliv stzine
deformacije na navpne pomike tudi dd5.4%.

Analizirali smo tudi vpliv togosti stikd< na porazdelitev napetosti pasuni dvoslojnega lesenega nosilca
zE/G = 10ter L/h = 10 in z upcstevanjem delne povezanosti slojev. Za &ami togosti stikdl smo
izratunali glavne vzddne normalne napetosti., v prenem prerezu na sredini razpona nosilca in
tangencialne stzne napetostr,, v precnem prerezu na £atnem robu

nosilca, glej slika3.26
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Slika 3.26: Vpliv togosti stikak na velikost in razporeditev normalnit,,. in striznih o,
napetosti po \Hini pr&nega prereza dvoslojnega lesenega nosilégy@ = 16 in

E/h = 10.
Figure 3.26: The distribution of normal and tangential stresses over the cross section for different
K’s.

Po viini prereza kompozitnega nosilca dobimo odsekoma linearno razporeditev normalnih napetosti
in kvadrattno razporeditev sttnih napetosti. Vidimo, da ima vpliv togosti stikd zelo pomemben

vpliv na velikost in razpored stthih in normalnih napetosti po prerezu. V primeru zelo podajnih stikov

so maksimalne sithe in normalne napetosti dostitje od napetosti, ki jih dobimo z ugtevanjem
klasicnega modela nosilcev s togo povezanimi sloji. i napetosti,., SO v primeru zelo podajnih
stikov tudi za25% vecje od napetosti homogenega nosilca togo povezanimi sloji. Razlike v primeru
normalnih napetostik,., soSe véje.

3.3 Numericno reSevanje

3.3.1 Pregled literature

V dostopni tehriini literaturi obstaja velikGteviloclankov in drugih prispevkov s podifa numertnega
reSevanja problemov kompozitnih nosilcev, sestavljenih iz taih materialov in z upétevanjem zdrsa
med sloji. V nadaljevanju na kratko &gmo pregled literature na tem podita

Eden prvih raziskovalceyv, ki je numéno obravnaval kompozitne nosilce je bil Thompson s sodelavci
(1975). Na osnovi predhodno razvitega modela za élastanalizo sestavljenih lesenih nosilcev je
izdelal r&unalnski programFEAFLQ, ki temelji na metodi koénih elementov. Program je nekaj let
kasneje ragiril Wheatet al. (1983), in sicer tako, da omoga modeliranje nelinearnega zakona stika. S
sodelavci je ugotovil, da so rezultati nelinearne analize bistveno raggn kot rezultati linearne anal-
ize. Razlike scse posebej opazne v primeru nosilcev, ki so obremenjeni z zveznobabté&roberts
(1985) je eden redkih avtorjev, ki je pri analizi kompozitnih nosilcev uporabil metodorkbmiferenc.

V veliki vecini primerov so avtorji analizirali nosilce iz jekla in betona. Tako je Ogeal. (1997) obrav-
naval geometrijsko in materialno nelinearne so¥peenosilce. Rezultate za prostodéi in kontinuirni
nosilec je primerjal z eksperimentalnimi rezultati, ki jih je dobil iz literature. [Baro dobrem ujemanju
rezultatov. V nadaljevanju so Salari in Spacone ter sodelavci (1998) obravnavali kompozitne nosilce z
metodo kognih elementov, ki je osnovana na aproksimaciji notranjih sil. Stik med sloji so modelirali
z zvezno razporejenimi vzmetmi. Koni element so primerjali z elementi osnovanimi na aproksimaciji
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pomikov. S predstavljenim numériim primerom so pokazali prednosti njihovega &onega elementa v
primerjavi z ostalimi. Manfredi in Pecce (1998) sta obravnavala armiranobetonske nosilce, pri katerih sta
upcstevala zdrs armature. Vpliv cikine obtébe na obnganje sovprinega nosilca sta z riano metodo
kontnih elementov obravnavala Ayoub in Filippou (2000). Leta 2001 sta Salari in Spacone (2001) model
linearnega stika Salaet al. (1998) raZirila na nelinearni stik. Pri tem sta ponovno uporabila metodo
koncnih elementov osnovano na aproksimaciji notraniji sil. Podobno metodo je pri svojem delu uporabil
Ayoub (2001, 2005). Pri tem je stik med sloji modeliral s tankim slojem. Pri analizi je zanemaril trenje in
loCitev slojev. Dall’Asta in Zona (2002, 2004a, 2004b) sta predstavilatraziinetode kainih elemen-

tov za analizo kompozitnih nosilcev iz jekla in betoSudirala sta nata@most in konvergenco ragliih
razvitih kortnih elementov, ki se med seboflm glede stopnje interpolacijskih polinomov, s katerimi
aproksimirajo neznane funkcije. Opozorila sta na prisotnost blokiranja zdrsa in psevdoukrivijenosti slo-
jev v primeru velikih togosti stika. Vzrok blokiranja prieta nekonsistenti interpolaciji vzaoiih in
navpinih pomikov. Za réitev problema blokiranja predlagata ustrezno izbiro interpolacijskih nastavkov
za polje pomikov. Faelat al. (2002, 2003) predlaga tako imenovano direktno metodo, pri kateri aproksi-
macija neznanih pomikov ni potrebna. Direktno metodo uporabi pri analizi kontiniurnih kompozitnih
nosilcev tudi Ranzet al. (2004). Uporabo metode konih elementov v primeru prednapetih sovgprih
nosilcev prikaeta Dall’Asta in Zona (2005) in Zona (2005). Pri tem &pmvata zdrs zunanjega kabla,
zanemarita pa trenje med kablom in betonom. Zenhal. (2006) izvede tudi otutljivostno analizo
kontinuirnih sovprenih nosilcev, s katero analizira vpliv raitih parametrov na mehansko obagaje
obravnavanih konstrukcij. Ranei al. (2006) ter Garaet al. (2006) sta poleg zdrsa ugievala tudi
loCitev slojev. Pri tem uporabita tri razlie metode katnih elementov. Podobno kot Dall'Asta in Zona
(2004a 2004b), tudi onadva pdata o blokiranju zdrsa med sloji ter psevdoukrivljenosti posameznih
slojev. Materialno nelinearno analizo sovpnéh nosilcev predstavi tudtas s sodelavci (2004b). Pri

tem uporabi metodo kamih elementov, ki temelji na aproksimaciji deformacij. Schbredlal. (2007)
izpelje na osnovi deformacijske metode Eaih elementov koéni element s katerim ugteva vpliv
strizne deformacije posameznega sloja na mehanskdsahjekompozitnega nosilca. Pri tem vsak sloj
modelira s Timoshenkovo teorijo nosilcev. Izvede tudi parafedstudijo, s katero pokae, v katerih
primerih vpliv striga ni zanemarljivéas (2004) predstavi geometrijsko in materialno nelinearni model
kompozitnih nosilcev z ugtievanjem poljubnih zdrsov med sloji. Predpostavka o majhnih zdrsih je
namre& osnovna predpostavka oziroma omejitev vseh ostalih modelov kompozitnih nosilcev. Aplikacijo
modela z upstevanjem majhnih zdrsov prikaCaset al. (2004a). Primer uklona lesenih stebrov obrav-
navaCaset al. (2007). Z dinamiko sovpimnih nosilcev z upstevanjem zdrsa med sloji se je ukvarjal
Sapountzakis (2004).

Nekateri raziskovalci so analizirali tudi re&ko obn&anje kompozitnih nosilcev z uptevanjem zdrsa

med sloji. Dezi in Tarantino (1993a, 1993b) sta analizirafekje in lezenje sovpiaih kontinuirnih
nosilcev. Podobno sta red@ke pojave v primeru sovgzaih nosilcev z delno povezavo med skdjidirala

Kwak in Seo (2000, 2002). Fragiacomo in Ceccotti (2005, 2006a, 2006b) sta predstavila metodo
konCnih elementov za reosio analizo kompozitnih nosilcev iz lesa in betona. Pri tem sta&tepala
mehanaosorptivno lezenje,danje in nabrekanje materiala, itd. SZzaono analizo kompozitnih nosilcev

so se ukvarjali Huangt al. (1999), Elghazoulet al. (2000). Elghazoulet al. (2000) je obravnaval
sovpre&ne nosilce pri pparu. Rezultate, ki jih je dobil z uporabo metode &oiln elementov je primer-

jal z eksperimentalnimi rezultati. Tudi Huamg al. (1999) je obravnaval sovpree nosilce z metodo
kontnih elementov. 1zdelal je model za nelinearno analizo tridimenzionalnih nosilcev.

3.3.2 Diskretizacija. Metoda kortnih elementov

ToCne réitve endb, ki opisujejo napetostno in deformacijsko stanje kompozitnih nosilcev Zteye
njem zdrsa med sloji, v spghmem ne poznamo. Analitie ré&itve lahko dobimo le v izjemno preprostih
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primerih linearno elasthnega materiala in preproste geometrije ter robnih pogojev. V vseh ostalih
primerih je ré&evanje mano le z uporabo priltinih numergnih metod, kot so metoda konih raz-

lik, metoda konih elementov, metoda robnih elementov, metoda&kidnvolumnov, itd. V nalogi se
odloCimo za uporabo metode konih elementov.

Osrednja naloga poglavja je tako diskretizacija robnega problema kompozitnega nosil&exapjem
zdrsa med sloji. Z razliko od metode Komih razlik, kjer aproksimiramo osnovne é&h&, pri metodi
koncnih elementov aproksimiramo Sigev osnovnih er@. To pomeni, da aproksimiramo neznane
funkcije, ki enoltno dold&ajo napetostno in deformacijsko stanje kompozitnega nosilca. S tem sistem
diferencialnih enéb, ki dolatajo robni problem kompozitnga nosilca, nadomestimo s sistemom algebraj-
skih en&b.

OdloCimo se, da bomo diskretizirali eflae lineariziranega robnega problen®&al433.157. Ker je
rezultat linearizacije linearna teorija kompozitnih nosilcev z&tpeanjem majhnih zdrsov, se pri izpelj-
avi diskretiziranih enéb nosilca brez izgube s@oosti izognemo pisanju funkcijskih argumentov.

3.3.2.1 lzrek o virtualnem delu

Enabe kompozitnega nosilca lahko namesto v strogi oblkil43-3.157, piSemo vSibki oziroma
variacijski obliki. Tedaj je ravnotge dolageno z minimumom funkcionala, ki ga v mehaniki imenujemo
izrek o virtualnem delu. Omenijeni izrek zahteva, da je virtualno delo notranjih sil enako virtualnemu
delu zunanijih sil. Ravnoige v tem primeru doléa naslednji izraz (Planinc, 1998),

/s:aEdv—/v-audv+/p~5udS, (3.202)
% v S

kjer je z5 ozn&ena variacijap in p sta vektorja specitne prostorninske oziroma p&inske obtébe,
S je drugi Piola-Kirchhoffov napetostni tenzadk; je Green-Lagrangev tenzor deformaciirje vektor
pomikov. V komponentni obliki ima izra3(202 v primeru kompozitnega nosilca naslednjo obliko

Nsl Nsl

L L
Z </ (N oe' + @ oy' + M! 6&Z)dm) = Z (/ (P + aqrj—1 — qt,j)éuzdx> +
i=1 \’0 i=1 \’0

Nsl Nsl

L L
Z (/ (Pz — qnj—1+ qmj)éwzdx) + Z (/ (my — zjqj + Zj_1q1§7j_1)(5(pld$> + (3.203)
0 0

i=1 i=1
Ngq 6
=1 k=1

V izrazu (3.203 koligine du’, sw' in 6' ozna&ujejo virtualne spremembe pomikov in zasukov re-
ferertne osi slojev, medtem kix?, 54 in §~* predstavljajo virtualne spremembe deformacijskih&ali
dut (i =1,...,6) so virtualne spremembe robnih pomikov in zasukov:

Sub = 6ut(0), dul = sw'(0), dul = 5¢p'(0), duly = du'(L), dul = dw'(L), dul = dp'(L).
(3.204)
Z S; (i =1,...,6) smo oznaili vozli¥&ne sile in momente.

3.3.2.2 Modificirani izrek o virtualnem delu

Z namenom izpeljave diskretnih pospémih enéb kompozitnega nosilca v nadaljevanju uporabimo
modificirani izrek o virtualnem delu, (Planinc, 199&}e predpostavimo, da je kinenitim en&bam
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(3.151-3.153 identitno zad&teno, lahko ravnotme koltine v 3.203 zamenjamo s konstitutivnimi.
Po zamenjavi dobimo

Ng L Nl L
W= (/O (NZ e’ + Qp oy + M, M)dw) - </0 (P + qrj—1 — %J)(Suzd»f) -

i—1 i=1
Ny L ) . Na L X .

- (/ (P% — Gnj—1+ qn,j)(swzdl’) -3 (/ (my — 2jqej + Zj—lqt,j—l)&f’ldx) -
i=1 \/0 i=1 \’0
Nsl 6 . .

=Y ) Sjouy =0.
=1 k=1

(3.205)

Kinematitne in deformacijske kdiine v (3.205) med seboj niso neodvisne. Povezane so preko kine-
maticnih en&b (3.143 — —(3.145). To pomeni, da so v primeru posameznega slojasextih funkcij

el vt KL ut, w', o neodvisne le tri. Glede na izbiro neodvisnih funkcij delimo izt metode kainih
elementovCe za neodvisne funkcije izberemo pomike sleja (%, %), pravimo da metoda kdmih ele-
mentov temelji na aproksimaciji pomikov. Taka metoda je zelo pogosto uporabljena. Poleg tega nekateri
raziskovalci izberejo za neodvisne funkcije poljubno kombinacijo neodvisnih funkcij. Taki metodi prav-
imo mesana metoda. Obe metodi sta v d@aih primerih podveni razlEnim numerEnim problemom
oziroma blokiranju. Najbolj znano je strio blokiranje v primeru Timoshenkovih nosilcev. V disertaciji

se zato lotimo pristopa, ki ga predlaga Planinc (1998). V tem primeru se za neodvisne funkcije izbere
deformacijske kotiine. Dobra lastnost tako razvitih kémh elementov je ne@uitljivost na kakgnokoli
blokiranje (strino, membransko, itd) ter konsistentno &f@wanje ravnotih pogojev.

Izpeljava kognega elementa poteka v grobem takole. Funkcio®&0§ razsirimo s kinematinimi
ena&bami(3.143 — —3.145) v smislu problema vezanega ekstrema, poznanega Vv variacijskemua
V ta namen jih najprej pomrimo z Lagrangevimi mrigtelji R%, R ter M*. Tako pomndene kine-
maticne enabe integriramo po referéni osi kompozitnega nosilca. Dobljene izraze variiramo po vseh
spremenljivkah. Integrale, ki jih dobimﬁf R Sut'dz, fOL Lw'dx terfOL Miyp'dz, integriramo po
delih in pristejemo k principu virtualnega dela.g09. Simbol’ pomeni odvod po vzdahi koordinati.
RaZirjen princip virtualnega dela ima obliko

Ng L
Wy =) </ ((/\/g‘ —RY) 6t 4 (QL — RY) 6" + (ML — M) 5,4)013;) _

i=1 \”0
/O (RY +px + a1 — qt,j)5uld$> - ( /0 (RS + 1% — qnj—1 + qn,j)5w’dfv> -

=1

L . . . . NSI L . . .
/0 (M =Ry +my — zjqr,5 + Zj—l(lt,j—l)&ﬂldv’v) - (/0 (u'' — 51)573’161%) =

=1

Ng L Nqg) L
- Z </0 (W' + ' — ’yi)éRéd:r) - Z (/0 (o' — Hi)5Midx> -

i=1 i—1
- % (Si + Rzi(o))&ti - (S; - Ré(o))éug - (Sg + Mi(o)>5ug> _
=1
- % (Si - Rli(L)>5ufi - (Sé — RE(L))dug _ (sg _ M%L))é%) _o
i=1

(3.206)
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Variacije 6<%, 6%, dk*, dul, sw?, 5, IRY, SRS, M so v funkcionalu 8.206 neodvisne funkcije. Po-

dobno predstavijajou}, dub, ul, sul, du, dul poljubne neodvisne diskretne vrednosti na robu ele-

menta. Z upétevanjem osnovnega pravila variacijskegaure, ki pravi, da so koeficienti pri poljubnih

neodvisnih variacijah enaki@jdobimo Euler-Lagrangeve eitse kompozitnega nosilca:
zel0,L],i=j=1,...,Ny:

konstitutivhe enébe:

fiEe k) =N =R =0, (3.207)
f(7) = Qe — Ry =0, (3.208)
faE k) = ML — MP =0, (3.209)
kinemattne enabe: S ' ‘
fieut)y =u"'"—¢" =0, (3.210)
w0 = wt + ot —F =0, (3.211)
feR ) = o — k' =0, (3.212)
ravnot&ne endabe: o ‘ ‘
f1(RY,A) =RY +px +qrj-1— qj =0, (3.213)
FERY gy Gnj—1,X) = RY + Py — Gnj-1 + qnj =0, (3.214)
FSMY Ry, N) = MY = Ry +my — zjqr,j + 2j-141,j-1 = 0, (3.215)
ter pripadaj@i naravni (statini) in bistveni (kinematni) robni pogoji:
ST+ Ri1(0)=0 ali u*(0) = uf, (3.216)
Si+RL(0)=0 ali wt(0) = ub, (3.217)
St 4+ MY 0)=0 ali ©'(0) = ul, (3.218)
rz=1L:
Si—RYL)=0 ali u'(L) = ul, (3.219)
Si—RL(L)=0 ali w'(L) = ul, (3.220)
Sg— M (L) =0 ali O (L) = ul. (3.221)

Napetostno in deformacijsko stanje kompozitnega nosilca poleg Euler-Lagrangetiih@287-3.221)
sestavljajo tudi pospkene vezne eghe @.155-3.157%), ki dolotajo pogoje povezanosti posameznih slo-
jev v kompozitni nosilec:

z€0,L),i=j=1,...,Ng—1:

Aj = ut — w4 2j (npi — go”l), (3.222)
atj(w) = Hj(z, ), (3.223)
w' =w't (3.224)

Sistem Euler-Lagrangevih etla kompozitnega nosilc88(207-3.22]) sestavlja skupaj s posglenimi
veznimi en&bami 3.222-3.224 pri izbrani referenni obte&bi in obt&nem faktorju\ sistem12Ny — 3
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endb za dolditev prav toliko neznank. Poleg neznanih funkéijy’, x*, u?, w?, ¢*, Ri, Ry, M’ so nez-
nanke tudi normalne kontaktne napetosti v sgjky, (j =1,..., Ng).

V nadaljevanju lahko sistem etfa (3.207-3.229 Se nekoliko poenostavimo. Z uftevanjem vezne
enabe @.229 sledi, da velja tudbw = sw’ = dw'*!. Ce to updtevamo v radirjenem izreku o virtu-
alnem delu 8.206, dobimo po krai izpeljavi naslednji sistem modificiranih Euler-Lagrangevih@ma
kompozitnega nosilca:

zel0,L],i=j=1,...,Ny:

konstitutivhe enébe:

fie" K = N =R} =0, (3.225)
) ) ) Nsl
(" K" = Qe = Ra + Y (ML —mi + 2nin — Zn-14n-1) = 0, (3.226)
fiE k) = ML — MP =0, (3.227)
kinemattne enabe: o ' '
fiE vy =u"'" - =0, (3.228)
F(vw', ) =w' + ¢ =y =0, (3.229)
fo(s', ") =" =K =0, (3.230)
ravnot&ne enébe: o ‘ ‘
[(RY,A) =Ry + 0k +arj—1 — a =0, (3.231)
Nsl )
fs(R3,A) =Ry + Y py =0, (3.232)
=1
Fo(MY, Qe A) = MY + QL+ miy — zjqrj + 2j-14rj-1 = 0, (3.233)
ter pripadaj@i naravni (statini) in bistveni (kinematni) robni pogoji:
ST+ Ri(0)=0 ali u'(0) = uj, (3.234)
Nsl
D S5+ Ry(0) =0 ali w(0) = ug, (3.235)
=1
St 4+ MY 0)=0 ali ©'(0) = ub, (3.236)
x=1L:
Si—RYL)=0 ali u'(L) = ul, (3.237)
Nsl
> SE—Ra(L)=0 ali w(L) = us, (3.238)
=1
Si— ML) =0 ali O (L) = uf. (3.239)

Poleg modoficiranih Euler-Lagrangevih éha(3.225-3.239 imamo seved&e vedno tudi pospiene
vezne enébe @3.240-3.242), ki doloCajo pogoje povezanosti posameznih slojev v kompozitni nosilec:

xel0,L],i=5=1,...,Ng— 1
A =’ — oyttt —|—zj(<pi—g0i+1), (3.240)
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at,j(x) = H;(@, 4;), (3.241)
w=w=wth (3.242)

Z reSitvijo kinemattnih (3.228-3.230 ter ravnoténih (3.2313.233 ena&b lahko izrazimo kinemathe
in ravnotgne spremenljivke samo z deformacijskimi Kitiami (glej Planinc (1998)). Na ta tia
postane funkcional r&rjenega izreka o virtualnem del8.209 odvisen samo od deformacijskih k@il
e', 7, K" ter stat€nih robnih vrednostR? (0), R2(0), M*(0), R} (L), R2(L) in M*(L). Z reSenimi kine-
maticnimi ena&bami lahko med seboj po¥emo robne pomike in zasuke. Na taCimalahko nosilec
geometrijsko umestimo v prostor (konstrukcijoqvle tako izraene kinemaline enébe pritejemo k
razirjenemu funkcionalu virtualnega dela kompozitnega nosic20g, dobimo tako imenovani mo-
dificirani izrek o virtualnem delu:

Ng L ) ] 4 4 Ng 4 ' L '
W™= Z:; (/0 (Ve = RY) 0"+ (ML= M) b )dx> ; ((go’(L) — ¢'(0) —/0 Hldx)wz) -
Ng L Ng
Z (/ (Qf; —Ra2+ Z(M?' —mY + 2nGtn — Zn-1Qt.n—1) 57i)dm> _
i=1 \”/0 n#i
Nl Nai
-3 ((uiu) i (0) - /OL ez‘dx)m) -3 ((w(L) —w(0) - /OL@ , )dx)éR’)
—§<<Si+7€l )5U1 (ZSQ + R2(0 )5uQ— (Sé-i—/\/li(()))éué)—
i=1
- %: ((Si - )5u4 (Z St — Ra(L )6u5 - (sg - Mi(L))(sug) —0.
=1

(3.243)

Zn&ilnost funkcionaladW* (3.243 je, da v njem kot edine neznane funkcije nastopajo le deformacijske
koliinee?, +*, k'. Vse ostale spremenljivke nastopajo v funkcionalu le s svojimi robnimi vrednostmi.

3.3.2.3 Galerkinova metoda kognih elementov

Ker v variacijskem problemu, ki je formuliran s funkcionalom modificiranega virtualnega dé&la
(3.243, kot osnovne neznane funkcije nastopajo le deformacijské&ikeli si pri r&evanju pomagamo

z aproksimacijo deformacij in njihovih variacij. Kompozitni nosileccetne datine L razdelimo v
spladnem naV¢ — 1, N,i —1in N — 1 razlitno dolgih odsekov. To storimo z izbimg,Ng oziromaN}:

v splasnem poljubno razporejenihdk. Pri izpeljavi predpostavimo, da gevilo tak v vsakem sloju
enako, fj,N. = N!, N, = N’ in N,, = N/.. Neznane funkcije’, ", x" aproksimiramo z Lagrangevimi
polinomi P,_(z) (ne = 1,...,N;), Py (z) (ny = 1,...,N,), Py, (z) (ne. = 1,...,N,). Variacije
neznanih funkcipe’, §v*, dx* lahko aproksimiramo z enakimi ali raiimi interpolacijskimi nastavki

kot neznane funkcije. V nalogi izberemo za aproksimacijo variacij znano Difaokcijo (Reddy,
1986). Metoda koénih elementov, ki temelji na aproksimaciji tako izbranih interpolacijskih nastavkov
se imenuje Petrov-Galerkinova kolokacijska metodackdim elementov. Tudi izbira kolokacijskihdk

je v splanem poljubna. Odimo se, da sta lega Btevilo kolokacijskih tGk enaka tokam skozi katere
potekajo Lagrangevi polinomi. Interpolacijski nastavki neznanih funkcij in njihovih variacij so tako
nasledniji:

~ Z P (z) €, ot (z) = 6(z — x), (3.244)
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Z P, (z ), 6y (z) = 6(z — ), (3.245)

~ Y P, () k), Ok (x) = 0(x — x), (3.246)

Diskretne vrednost , v/ , k! predstavljajo vrednosti interpoliranih neznanih funkcij v izbranih interpo-
lacijskih tockah;x; pa je lega kolokacijske &ke. Z vstavitvijo interpolacijskih nastavko8.@44-3.249

v (3.243 in updstevanjem osnovne leme variacijskegaurga dobimo sistem diskretnih pospémih
ravnot&nih en&b kortnega elementa kompozitnega nosilca v naslednji obliki

Fli—t)Notme = ( i Rﬁ) —0  n.=1,...,N. (3.247)
Nsl
stlNEJr('L?l)N«,JrnV = (Qlc_RQ"i_Z(M?/_m?/"’_znqmn_zn—lqun—l)) =0 Ny = 1, ey N’y
n;éz QE:ITLW
(3.248)
SN (Nt Ny )+ (= 1) N e = (MZ - Mi) =0 ne=1,..., Ny (3.249)
FNa(Net NN )i = (L) = u'(0) = Y Py (z) el =0 (3.250)

Ny
INa(Ne Ny N )41 = w(L) —w(0) + ©"(0)L + Z P (z) Kl — Z Py ( z)y. =0  (3.251)

FNa (Nt Ny Nt ) 4140 = (L) = ©'(0) = Y Py (z) K}, =0 (3.252)
NG (Ne AN+ N 42) 4140 = S+ RH0)=0 (3.253)
NG (Net Ny N 13) 12 = Z S4 4+ R2(0 (3.254)
FNA(NoA N 4 Nt 3) 4241 = S5 + MY (0) =0 (3.255)
. . L .
SNQ(Net N+ N4y 1240 = Sy — R1(0) + /0 (P +atj—1 —qj)dz =0 (3.256)
L .
NG (Net Ny N 15) 43 = Z St — R (0 / pydz =0 (3.257)

L
I NG(NeA N+ N +5) 43+ = S — M(0) — /0 (QL+my — zjqrj + zj—1qj—1)dz =0 (3.258)
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kjer so L
P (x) = /0 ( /O (§)d§)d£ P ( / Py (€)d€, itd. (3.259)

Sistem pospléenih diskretnih ravnokmih en&b (3.247-3.258 predstavlja pri dani zunanji olitbi sis-
tem Na(N: + Ny + N, + 6) + 3 algebrajskih enéb zaNg(N: + Ny + N, + 6) + 3 neznank. Med
neznankamljé\fbl(N + N, + N, +2)+1 notranjih prostostnih stopeaﬁ 74 kY RE(0), Ra(0), ME(0),

in 4Ng+2 zunanijih prostostnlh stopenj komega elementa (0), w(0), ¢*(0), u* (L), w(L), ¢*(L). Inte-
grale v enabah 8.256-3.258 izvrednotimo z numeéino integracijo. V nadaljevanju notranje prostostne
stopnjes’, 7%, k%, R4 (0), R2(0), M*(0) kondenziramo s postopkom nuniare kondenzacije na nivoju
elementa, zunanje prostostne stoprij@), w(0), ' (0), u*(L),w(L), (L) pa zdr&imo v en&bo kon-
strukcije (Zienkiewicz in Taylor, 1991)

G(z,\) = R(z) — P(\) = 0. (3.260)

Vektor x je vektor pospl&enih pomikov oziroma vektor vo&iinih (robnih) pomikov in zasukov ké@nih
elementovA je vektor obténih faktorjev konstrukcije.

3.3.3 Osnovne enébe kompozitnega nosilca prcasut®**

V tem poglavju prikdemo endbe, ki jih potrebujemo za doditev napetostnega in deformacijskega
stanja kompozitnih konstrukcij pri hkrathem delovanju zunanjedstatin p@arne obtgbe. Mehan-

ski odziv kompozitnega nosilca ptasovno spreminjafd vliaznostno-temperaturni obremenitvi bomo
dolotili z uporabo konega elementa kompozitnega nosilca, ki smo ga izpeljali v poglavju Diskretizacija
in Metoda korEnih elementov. Celotriasovni interval v katerem analiziramo odziv konstrukéijg.,

tron), razdelimo naasovne podintervalg®, t+1]. Odziv konstrukcije prEasut*+! izratunamo s pos-
ploSenimi ravnoténimi en&bami .24 73.2589, ki jih zaradiCasovne odvisnosti mo v inkrementni
obliki na nasledniji néin

f(sitll)Ng-i-nE = (,/\/'ci,s+1 — Rl‘17s+1) =0, ne=1,...,N., (3.261)
T=Tn,
Nsl
i 1
JSVEVer(z‘—l)NﬁnW = (Qé,s+1 _ R§+1 n Z(Mgl,s—&-l ns+ +ans+1 2 1%9;1 1)) —0,
n#i T=Tn,,
ny=1,..., Ny,
(3.262)
+1 — i,541 j5+1 _ .
Nt (Nert Ny )+ (i~ 1) N . = (Mcs - M ) =0, ng=1,...,Ng, (3.263)
T=Tn,
. . NE .
et g4 = WD) =™ 0) = Y P (2) et =0, (3.264)
n=1
. NN
1@:1NE+N7+NK+1)+1 wSH(L)_w5+1(0)+¢178+1(0)L+ZP** it Z 7 =0,
n=1
(3.265)

Ny
JS\/Z%N5+NW+NK+1)+1+1' = " (L) = " TH0) — Z Py (x) =0, (3.266)
n=1
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+1  oi,s+l i,54+1 .
Zs\fsn(Na+N7+Nn+2)+1+i =57 +RT(0) =0, (3.267)
Nsl
+1 — i,5+1 +1 —
Nat(Nek Nyt N 43)42 = Z Sy +R(0) =0, (3.268)
i=1
+1 _ Qs+l i 541 i
]SVSI(NEJFN7+N,<+3)+2+7; =557 + MPTH0) =0, (3.269)
1,8 1,8 7,8 .
N (N Nyt Notdyr24i = 94— Ry7(0) +/0 X + gt —gHde =0, (3.270)
Nsl 1 L .
+1 _ Qs +1 il g
Iifsn(Na+Nv+Nn+5)+3 - 255 —R37(0) + /o py  dz =0, (3.271)
i=1
! ,s+1 ,s+1 b st is+1 1 1
2,8 ) , i,5 _
JifZ(Ns+N7+NK+5)+3+i =S¢~ M) - /0 Q™ 4+ my™ = zjq; " + zj1g;) 1 )dw = 0,

(3.272)
Sistem posplenih diskretnih ravnoimih en&b (3.261-3.272 predstavlja pri dani zunanji obtbi sis-
tem Ng(N: + N, + N, + 6) + 3 algebrajskih enéb zaNy(N. + N, + N, + 6) + 3 neznank. Med
neznankami jéVy (N. + N, + N, +2) + 1 notranjih prostostnih stopesfst1, ys+1 gist1 LS+ (),
R5T1(0), M>*+1(0) in 4Ny + 2 zunanjih prostostnih stopenj kbnega elementa’**!(0), w**1(0),
e +1(0), ub* (L), w1 (L), "*T1(L). Integrale v enébah 8.2706-3.272) izvrednotimo z nume€ino
integracijo. V nadaljevanju notranje prostostne stoprijet!, 4>5t1, kb5t RUSTH(0), RSTL(0),
M®5+1(0) kondenziramo s postopkom nuniare kondenzacije na nivoju elementa, zunanje prostostne
stopnjeu®**1(0), ws+1(0), p>*1(0), ub*T (L), w1 (L), p**+1(L) pa zdr&imo v en&bo konstruk-
cije (Zienkiewicz in Taylor, 1991)

G(:I}Hl, AS+1, 1754»17 w8+1, t5+1) =0. (3273)

Vektor 25*! je vektor pospldenih pomikov oziroma vektor vogiinih (robnih) pomikov in zasukov
kontnih elementov preasut*t!. A**1 je vektor obténih faktorjev konstrukcije preasut*+t. 75+ in
w*t! pa sta temperaturno polje in polje Zleosti po elementu piiasuts*!.

3.3.4 Mehanske lastnosti lesa pri visokih temperaturah

Ce h@&emo dolditi mehanski odziv slojevitih kompozitnih nosilcev pri hkratnem delovanju &tati
mehanske obibe in obtébe pdara moramo poznati mehanske lastnosti lesa pri visokih temperat-
urah. Mehanske lastnosti lesa so odvisne od temperature, vsebnosti vlage, hitrosti oglenenja in ori-
entacije materialnih vlaken. Znano je, da se mehanske lastnosti (togost in trdnost) [Esajemitem-
perature slakajo (zmarjujejo). Z vBanjem temperature del vode izpareva, medtem ko ostala voda
prodira v notranjost prereza. Aanje vsebnosti vlage notranjega dela prereza Zupgnjrdnost in to-

gost lesa. Podobno oglenenje lesa zrdaja velikost prénega prereza in s tem hitéegj porgitev ele-

menta. Obtajno je trdnost lesa pri temperaturi vi®ed zanemarljiva. Les je ortotropen material, zato

je updstevanije orientacije materialnih vlaken pomembno. Trdnost in togost lesa \znzgdodni smeri

sta razl€na.

V nadaljevaniju prikaemo modul elastnosti v smeri materialnih vlaken v odvisnosti od temperature
lesa, kot ga predlagajo raztii avtorji, (glej sliko3.27). V vseh primerih se modul elaétiosti z veanjem
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temperature zmasiije. Najvé&je zman$anje elastinega modula predvideva Evrokod 5 (2004). Pri
T = 100°C predvidi zmarganje elastinega modula za & — 60%, medtem ko je pri” = 300°C enak
nic. V primeru lesa z&etne vianostio — 12%, Preusser pof@, da se elasthi modul p&asi marga
doT =~ 180 — 200°C, medtem ko je nad to temperaturo padec glastja modula hitrgj. Schaffer in
Nyman predvidevata linearno zmaayanje elasthega modula do temperature oglenéhja 300°C in
drastten padec elasthega modula nad to temperaturo.

1.0 ==k
N
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Slika 3.27: Reducirani elagti modul les E(T) v odvisnosti od temperatufgé
.27: a7 .
BT = 20°C) P

. , . .. E(T
Figure 3.27: Mechanical properties (a reduced modulus of elas%) at elevated

temperatures of the two-layer beam proposed by various researchers.

3.3.5 R&unski primeri

Z racunskimi primeri prikdemo Einkovitost v disertaciji predstavijenegattmskega postopka za do-
loCitev napetostnega in deformacijskega stanja slojevitih kompozitnih nosilcev&tevpajem delne
povezanosti slojev in oglenenja priasnem delovanju stétie obt&be in p&ara. R&unske primere
razdelimo v dve skupini.

V prvi skupini obravnavamo dvoslojni Timoshenkov nosilec z&tpoanjem stéine deformacije prereza
pri stacionarnem stanju temperature in viage. Najprej analiziratvmgt, inkovitost ter konvergenco
razvitih kortnih elementov za dofiitev mehanskega stanja slojevitih kompozitnih nosilcev. Nutneri
resitve, ki jih dobimo z izbiro raztinih tipov inStevila kor€nih elementov, primerjamo z rezultaticioe
reSitve obravnavanega kompozitnega nosilca. Polégdsti in konvergence pokamo, da so predlagani
konCni elementi odporni na ragine vrste blokiranja. S tem potrdimo, da so razviti &einelementi
primerni za analizo mehanskega stanja slojevitin kompozitnih nosilcev&eyamjem sténe deforma-
cije prereza in zdrsa med sloji.

V drugi skupini obravnavamo dvoslojni kompozitni nosilec, ki je poleg zunanjetstaibbtZbe obre-
menjen tudi s standardno parno obtébo. Mehanski odziv kompozitnega nosilcagGasovno spremi-
njajoco paarno obtebo dol@&imo z uporabo v disertaciji razvitih kénih elementov. Poleg tega ana-
liziramo vpliv oglenenja lesa néasovni razvoj izbranih kinematiih koli€in. Z up&tevanjem pogoja,
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ki dolota paarno odpornost nosilcev, ddiono predviderntas do porgitve konstrukcije. Na ta 1in
prikazemo uporabnost predlaganega matetnatia modela za dadiev mehanskega odziva (parne
odpornosti) slojevitih kompozitnih nosilcev pri hkratnem delovanju zunanje&ambbtebe in paara
ter upastevanjem delne povezanosti med sloji ter oglenenja lesa.

3.3.5.1 Slojevit nosilec z upstevanjem strizne deformacije prereza

V tem r&unskem primeru prikeemo uporabo izpeljane drime korEnih elementov za dofiitev mehan-
skega stanja kompozitnih nosilcev z gpavanjem zdrsa med sloji in sinie deformacije p&ega pre-
reza. Pri tem predpostavimo, da je kompozitni nosilec obremenjen snstatbtébo in da se na-
haja v okolju s stalno temperaturo in gl@ostjo. Zaradi stacionarnosti temperaturnega idndatnega
stanja lahko za dofiitev mehanskega obsanja kompozitnega nosilca uporabimo poSple diskretne
ravnotene enabe (@.247-3.258.

Obravnavamo dva preprosta a nazorrarska primera:
e prostolgeCi dvoslojni Timoshenkov kompozitni nosilec date L,
e kontinuirni Timoshenkov kompozitni nosilec preko dveh pol;.

V obeh primerih sta nosilca obremenjena s konzervativno zvezno linijskdlmipe,. Geometrijski in
materialni podatki ter podatki o ol#tki so prikazani na slikaB.28in 3.32 Preni prerezi posameznih
slojev so v vseh primerih pravokotni. Ker ugievamo konstantno strio deformacijo moremo uporabiti
Cowper-jev korekcijski faktokg, ki je v primeru pravokotnega ptaega prereza endk/6, (Cowper,
1966).

prerez I-1:

I /pZ: 05 kN/Cm b”:bb=3()cm

|
vibboo bl iU bel iRl ioelieiiiol iy

J#=20cm
; b

. L=250cm—— )
L e B 5 l'=30cm
| E*=E"=1200kN/cm’ G'=120 kN/em

z G"=80 kN/cm’ P

Slika 3.28: Geometrijski in materialni podatki ter podatki o dhbiiedvoslojnega prostoketega
Timoshenkovega kompozitnega nosilca.
Figure 3.28: The descriptive geometric, material and loading data of the simply supported two-
layer Timoshenko composite beam.

ToCnost, Winkovitost ter konvergenco razvitih kénih elementov smo preverili tako, da smo z uporabo
razlicnih tipov (razltna stopnja interpolacije) kénih elementov izréunali navptne pomike na sre-

dini razponaw(L/2) in zdrse med sloji na robu nosilca(0), ter jih primerjali s t@&no reitvijo. Za

tocno resitev smo izbrali rgitev, ki jo dobimo z uporab®©000 elementovEy. Z Ey smo oznaili koncni
element, pri katerem vse neznane funkcije aproksimiramo s konstantnim interpolacijskim nastavkom.
Na ta n&in smo analizirali vpliv stopnje interpolacijskih polinomov (Lagrangevi interpolacijski poli-
nomi), Stevila korEnih elementov ter pozicijo izbranih kolokacijskibcto{z1, =2, . .., ,} na priblno
numertno reitev dvoslojnega Timoshenkovega kompozitnega nosilca.
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Lega kolokacijskih tok je v splénem poljubna. OdHili smo se, da v nalogi analiziramo vpliv lege
kolokacijskih ta@k, ki so po elementu porazdeljene ekvidistantno (E), po Lobattu (L), Gaussu (G) in
Chebyshevu (C). Za tako izbrane kolokacijskéki® smo za raztino Stevilo korénih elementov in ra-
zlitne stopenje interpolacijskih polinomov iztanaliw(L/2), A(0) in razliko med ravnotenim M in
konstitucijskim upogibnim momentor¢. Velikost razlike med\® in M¢ kontroliramo preko norme

Ly njune razlike, tj.|| M. — M||2. N&in in stopnjo numeiine integracije smo vselej izbrali tako, da

je bila integracija téna. To je tudi razlog, da nismo analizirali tudi vpliva stopnje integracije na izbrane
rezultate. Rezultati so prikazani v pregledni&8-3.11

Preglednica 3.8: Primerjava numarih rezultatov s tono reitvijo. Kompozitni nosilec smo
analizirali z enim kognim elementonE;, Es, Es, E4in Es.
Table 3.8: The comparison of numerical results for one elemgnt,, E3, F, and E5 with the

exact solution.

n. d.o.. tipelementa w®(L/2) A(0) | ME — M2,

1 0 E/L/GIC 0.290643  0.116 257 1.78210 - 10*

1 1 E/L 0.033613  0.002 988 2.83842 - 10*
G 0.225855  0.079 659 1.18826 - 10*
C 0.178063  0.060 640 1.34222-10*

1 2 E/L 0.270938  0.077 249 1.93548 - 10~ 10
G 0.270972  0.077 287 4.32163 - 1010
C 0.270959  0.077 273 3.18158 - 10710

1 3 E 0.270988  0.077 271 3.56716 - 10~10
L 0.271028  0.077 289 2.29257 -10~10
G 0.270996  0.077 288 3.25371-10"10
C 0.271005  0.077 286 3.31368-10~10

1 4 E 0.270993 0.077 293 1.87862-10~10
L 0.270993 0.077 293 2.89523-10"10
G 0.270993 0.077 293 2.34103-10~10
C 0.270993  0.077 540 3.30434-10710

1 5 E 0.271 026 0.077 293 1.42962-10~10
L 0.271 026 0.077 293 2.29257-10~10
G 0.271 026 0.077 293 1.23514-10710
C 0.271 026 0.077 293 2.82211-10~10

Tocna réitev 0.271 026 0.077 293 O

ne—5tevilo elementov, d.o.i.—stopnja interpolacije

E—ekvidistantno, L-Lobatto, G-Gauss, C—Chebyshev

Dvoslojni prostoléeti Timoshenkov nosilec smo modeliraliiz2, 4, 8, 10, 20, 50, 100 in 1000 konEnimi
elementi razfEnih stopenj (, 2, .. ., 5) interpolacijskih polinomov . Ozr@i smo jih z Ey, E1, Es, . . .,

o

Pri uporabi le enega elements ali F; je napaka izréunanihw(L/2) in A(0) precegnja. Z

veCanjemstevila elementov se napaka nmjtoda konvergenca kaoi resitvi je kljub temu relativno

poCasna.

Z vetanjem stopnje interpolacijskih polinomov je napaka rdarif hitrost konvergence &g. 1z pre-
glednic3.8-3.11 je razvidno, da je za tmost rezultatov n& decimalnih mest potrebno uporabit:
elementaEy, 4 elementeEs, 8 ali 10 elementovEs, 1000 elementovEy ali na drugi strani sama

elementEs.



88

Schnabl, S. 2007. Mehanska ingaona analiza kompozitnih nosilcev.
Doktorska disertacija. Ljubljana, UL, Fakulteta za gradbesi in geodezijo, Konstrukcijska smer.

Preglednica 3.9: Primerjava numih rezultatov s téno reitvijo. Kompozitni nosilec smo anal-
izirali z dvema kognima elementom&y, /1, Es, F3 in E4 in Stirimi koncnimi

elementikEy in Ey.
Table 3.9: The comparison of numerical results for two and four elenigntg, F», F3 andEy
with the exact solution.

n. d.o.i. tipelementa w?®(L/2) A(0) |Mc — M|,
2 0 E/L/GIC 0.246 928  0.086 513 1.72959 - 10*
2 1 E/L 0.215860  0.060 491 1.00353 - 10*
G 0.263520 0.079511 4.20113-103
C 0.251622  0.074 765 4.74548 - 10°
2 2 E/L 0.271029 0.077 288 2.87028 - 10~ 10
G 0.271014  0.077 290 2.31795-10~10
C 0.271020 0.077 290 4.21815-10~10
2 3 E 0.271031  0.077 290 4.54423-10~10
L 0.271033  0.077 291 3.35126-10~10
G 0.271034  0.077 291 3.24815-10710
C 0.271033  0.077 291 2.86409 - 1010
2 4 E 0.271 026 0.077 293 3.96382-10~10
L 0.271 026 0.077 293 5.54296 - 10~10
G 0.271 026 0.077 293 4.08983-10~10
C 0.271 026 0.077 293 6.22722-10710
4 0 E/L/GIC 0.264 388  0.079 038 1.2927 - 10*
4 1 E/L 0.251631  0.074 756 3.54803 - 10°
G 0.263518  0.079501 1.48532-103
C 0.260547  0.078 315 1.67778 - 10°
Totna réitev 0.271 026 0.077 293 O

ne—Stevilo elementov, d.o.i.—stopnja interpolacije
E—ekvidistantno, L-Lobatto, G-Gauss, C—Chebyshev

Razlicna izbira pozicije in vrste kolokacijskiht& pokae, da so rezultati za ragtie izbire zelo podobni.
Rezultati pri razitnih izbirah lege kolokacijskih tk so prakttno enaki za elementg;- F5, medtem ko
se razlikujejo za element®;. Pri izbiri zadnjih, se uporaba Gaussove sheme kolokacijski izkaze
za najprimernéjo. 1z pregledni@®.8-3.11je razvidno, da se normaM,. — M||, z veCanjemStevila el-
ementov in stopnje interpolacijskih funkcij enakomerno zriaja. Zaklji€imo lahko, da je numetna

resitev dvoslojnega Timoshenkovega kompozitnega nosilca, dobljena z uporabo predstavifme dru
kontnih elementov, konvergentna ICta resitvi.

Naslednja dobra lastnost predstavljenezitra korEnih elementov je, da so povsem odporni na vse vrste
blokiranja. Znano je, da je pomanijklivost nekaterih &oiln elementov tako imenovano blokiranje (ang.
locking). Znani primeri blokiranja so simo blokiranje v primeru homogenih Timoshenkovih nosilcev,
membransko blokiranje v primeru ukrivljenih nosilcey, itd. V primeru kompozitnih nosilcev je najbol
znano blokiranje zdrsa med sloji. Blokiranje zdrsa je posebej izrazito, kadar je togost stika zelo velika.
Dall’Asta in Zona (2004a, 2004b) patata, da se v primeru velikih togosti stika pojavijo oscilacije
zdrsov.
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Preglednica 3.10: Primerjava nunt@ih rezultatov s tono resitvijo. Kompozitni nosilec smo

analizirali sStirimi konCnimi elementiEs in E5 ter osmimi in destimi koénimi

elementiky, Eq in Es.
Table 3.10: The comparison of numerical results for four eleméntand E£5 and eight and ten
elementsEy, E1 in E with the exact solution.

n. d.oi. tipelementa w%(L/2) A(0) |Mc — M|,
4 2 E/L 0.271023  0.077 291 5.11367-10"19
G 0.271021  0.077 291 7.05474-10~10
C 0.271022  0.077 291 6.60154 - 10~10
4 3 E 0.271 026 0.077 293 1.03876-10~10
L 0.271 026 0.077 293 3.65277 10710
G 0.271 026 0.077 293 4.67220-10~1°
C 0.271 026 0.077 293 4.07509 - 1010
8 0 E/L/GIC 0.268728  0.077 167 9.26026 - 103
8 1 E/L 0.260549  0.078 315 1.25442 - 103
G 0.263519  0.079501 5.25141 - 102
C 0.262776  0.079 204 5.93185 - 102
8 2 E/L 0.271 026 0.077 293 6.92304 - 10~10
G 0.271 026 0.077 293 7.45907 - 10~10
C 0.271 026 0.077 293 1.01180-10~10
10 0 E/L/GIC 0.269248 0.0769 4328.29534 - 10°
10 1 E/L 0.261619  0.078 742 8.9758 - 102
G 0.263519  0.079501 3.7576 - 102
C 0.263044  0.079 312 4.2445 - 102
10 2 E/L 0.271 026 0.077 293 4.14354-10~10
G 0.271 026 0.077 293 6.45604 - 10~10
C 0.271 026 0.077 293 1.01005- 10710
Tocna resitev 0.271 026 0.077 293 O

n.—Stevilo elementov, d.o.i.—stopnja interpolacije
E—ekvidistantno, L-Lobatto, G—-Gauss, C—Chebyshev

Preglednica 3.11: Primerjava nuniarih rezultatov raztinegastevila korgnih elementovE) s

toCno resitvijo.

Table 3.11: The comparison of numerical results for constant interpolation with the exact solution.

n. d.o.i. tipelementa w®(L/2) A(0) |Mc — M|,

20 0 E/L/GIC 0.269942  0.077 187 5.87765 - 102
50 0 E/L/GIC 0.270457  0.077 278 3.71945 - 10~2
100 0 E/L/GIC 0.271013 0.077 286 2.31448 - 10~
1000 O E/L/IG/IC 0.271 026 0.077 293 1.31255-10" 10

Tocna resitev

0.271 026 0.077 293 O

ne—Stevilo elementov, d.o.i.—stopnja interpolacije
E—ekvidistantno, L-Lobatto, G-Gauss, C—Chebyshev
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Z namenom prikazati, da predstavljeni Komelementi niso podwveni blokiranju zdrsa, smo zdrs med
slojema izr&unali za velike in majhne togosti stika (sliBa29in 3.30).
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Slika 3.29: Razporeditev zdrsov vzdgbrostoléetega Timoshenkovega kompozitnega nosilca
s togostjo stikak = 0.243 kN/cn? za razléne izbire kolokacijskih tok, stopnje
interpolacije inStevila korgnih elementov.
Figure 3.29: The distribution of interlayer slip over the span of a simply supported two-layer
Timoshenko composite beam f&f = 0.243 kN/cn?.

Prikazujemo le rezultate zain 2 elementa nizke stopnje interpolacijskih polinomov (npE; /G po-
meni 1 elementE; s kolokacijskimi t@kami, ki so razporejene v skladu z Gauss-ovimi integracijskimi
tockami). Vsi ostali rezultati, ki v slikaB.29in 3.30niso prikazani, prakéino sovpadajo s tmo reitvijo
zdrsa med sloji. Zakljgimo lahko, da predstavljeni kéni elementi ne izkazujejo blokiranja oziroma
oscilacij zdrsa.

0.003 =

to¢no
0.002 1E,C |
§ B 1E E
0.001 '~ e 2E E
g 0.000 \\%\_\\\--
-0.001 e
-0.002
-0.003
0 50 100 150 200 250

L [cm]

Slika 3.30: Razporeditev zdrsov vzdgirostolgetega Timoshenkovega kompozitnega nosilca s
togostjo stikak = 2430 kN/cm? za razléne izbire kolokacijskih tok, stopnje inter-
polacije instevila korgnih elementov.

Figure 3.30: The distribution of interlayer slip over the span of a simply supported two-layer

Timoshenko composite beam f&f = 2430 kN/cm?.
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V nadaljevanju pokzemo, da obravnavani koni elementi tudi stéino ne blokirajo. Nav@ine pomike
Timoshenkovega kompozitnega nosilea-{, primerjamo z nav@nimi pomiki (wp), ki jih izraCunamo

po Euler-Bernoullijevi teoriji kompozitnih nosilcev z ugi@vanjem zdrsa med sloji. Naépe pomike
primerjamo za raziina razmerja ddine proti vSini kompozitnega nosilcal(/h), razlicno Stevilo ele-
mentov, razEno stopnjo interpolacijskih polinomov in ra&fio izbiro kolokacijskih t6k. S slike3.31

je razvidno, da v primeru, ko postane nosilec relativno dolg (vitek), rezultati Timoshenkovega mod-
ela konvergirajo k rezultatom Bernoullijevega modela. Podobno kot v primeru blokiranja zdrsa, lahko
zakljucimo, da predlagani kami elementi ne izkazujejo shmega blokiranja.
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Slika 3.31: Vpliv razmerja ddine proti v8ini nosilca {/h) na navptne pomike prostoletega
dvoslojnega Timoshenkovega kompozitnega nosilca.
Figure 3.31: The influence df/h ratios on vertical deflections of a simply supported two-layer
Timoshenko composite beam.

Naslednji r&unski primer prikazuje uporabo predlaganezing kor€nih elementov za dolitev napetost-
nega in deformacijskega stanja zahtegitej(stattno nedol@enih) konstrukcij. Obravnavamo nes-
imetricni kontinuirni Timoshenkov nosilec preko dveh polj in togostjo stika= 0.243 kN/cm?. Ge-
ometrijski in materialni podatki ter podatki o ofits so podani na slik.32

‘I /pz=0-5 kN/cm prerez I-1:
a b
TR T IR R R R R R R TR TR R RN N b*=b"=30cm

| 1
~— L3 | 2L)3 —

L =500 cm |

= a_ b_ 2 _a b 2
E=F =1200kN/cm" G=G=G =120 kN/cm

Slika 3.32: Geometrijski in materialni podatki ter podatki o dhbienesimetitnega dvoslojnega
kontinuirnega Timoshenkovega kompozitnega nosilca preko dveh polj.
Figure 3.32: The descriptive geometric, material and loading data of a continuous two-layer Tim-
oshenko composite beam over two spans.
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Izvedli smo analizo vpliva stzne togosti posameznega sloja na étaiin kinematine kol€ine. Sliki
3.33in 3.34prikazujeta razporeditev zdrsav in navptnih pomikovw v odvisnosti od stédnega mod-
uaG = G* = G* Nosilec smo modelirali z desetimi elemetj in enakomerno razporejenimi
kolokacijskimi tackami (E). Strzni modul ima pomemben vpliv na vrtikalne pomike in zdrsa. Vpliv
na deformacijske kadtine, kot stae® in k%, je nekoliko margi. Vpliv strizne deformacije na mehansko
obnaanje dvoslojnih Timoshenkovih nosilcev smo n&temanalizirali v poglavju Dvoslojni nosilec z
updstevanjem stéine deformacije prereza.
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Slika 3.33: Porazdelitev zdrsa v odvisnosti od stéinega modul&l = G¢ = G°.
Figure 3.33: Distribution ofA along the span as a function of different values of shear moduli,
G=G*=Gb.
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Slika 3.34: Porazdelitev navjiih pomikovw v odvisnosti od stinega modul&@ = G = G°.
Figure 3.34: Distribution ofv along the span as a function of different values of shear moduli,
G=G=Gb.
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3.3.5.2 Slojeviti nosilec z upstevanjem oglenenja prereza

Z naslednjim raunskim primerom prikéemo uporabnost predlaganega matetnatia modela za ¢an
mehanskega odziva slojevitih kompozitnih nosilcev na hkratno delovanje zunanimetatitébe in
pozara. Obravnavamo lesen dvoslojni kompozitni nosilec, ki je na enem robu vpet na drugem pa vrtljivo
podprt (glej sliko3.35. Poleg tega je obremenjen s konzervativho enakomerno zvezno linijskibobte

pz in standarnim pbarom ISO 834 (1999). Pri tem predpostavimo, da je temperaturno stanje nosilca in
okolice vzdoF nosilca konstantno. Geometrijski in materialni podatki ter podatki czbbt® podani na

sliki 3.35
p,= 0.5 kN/cm prerez I-1:

‘ I a b
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Slika 3.35: Geometrijski in materialni podatki ter podatki o dhbidesenega dvoslojnega kom-
pozitnega nosilca.

Figure 3.35: The descriptive geometric, material and loading data of the two-layer wooden com-

posite beam.

V analizi smo upétevali temperaturno polje, ki smo ga déilov drugem poglavju, kjer smo obravnavali
dvodimenzionalno oglenenje lesenega dvoslojnega kompozitega nosilca. Nosilec smo modelirali z dese-
timi koncnimi elementiEg, pri ¢emer smo kolokacijske ¢te izbrali ekvidistantno vzdalkompozitnega
nosilca. Celotno prarno analizof(= 60 min) smo izvedli v€asovnih korakihA¢ = 1 min).

Na sliki 3.36 je poleg statinega pomika, ki je €asom konstantenus = 2.993 cm), prikazan tudi
Casovni razvoj maksimalnega naépega pomikau,.x) v odvisnosti od izbire uporabljenega modela,
ki predvideva zmarganje mehanskih lastnosti lesa pri visokih temperaturah.

V racunu smo uporabili raztne faktorje zmadanja elastinega modula, ki smo jih za raglie av-
torje podali v Mehanske lastnosti lesa pri visokih temperaturah. Bavpomiki kompozitnega nosilca
se sCasom povéujejo. Opaziti je pdakovano veliko odstopanje dobljenih rezultatov, ki je posledica
upcstevanja zelo raatnih redukcijskih faktorjev zmagganja elasinega modula. MaksimIni navi
pomiki se lahko prit = 30 min razlikujejo tudi do4-krat. 1zra&unani maksimalni pomiki kompozithega
nosilca so najvéi v primeru Evrokoda 5 (1999), medtem ko so v primeru Nyman-a najghaRpzlike
med posameznimi modeli s&€asom povéujejo.

V disertaciji predstavljeni matematii model lahko uporabimo za ddlibev pazarne odpornosti kom-
pozitnih nosilcev. Pparna odpornost oziroma pd&itev konstrukcije je oliajno definirana kot stanje:
(i) ko so napetosti v prerezusgje od trdnosti materiala; (ii) ko je velikost nagpih pomikov takna, da

je razmerje ddine razpona proti maksimalnemu pomikd— = 30, (Benichou, 2004). Odimo se,

wm X
da kot kriterij poritve uporabimo kriterij dovoljenega mal?simalnega pomika. V tem primeru j€miriti
oziroma maksimalni dovoljeni pomik., ~ 13 cm.
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Slika 3.36: Vpliv oglenenja n&asovni razvoj navpnih pomikov dvoslojnega kompozitnega

nosilca.
Figure 3.36: Vertical deflections versus time for the two-layer beam calculated by different mate-
rial models.
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Slika 3.37: Vpliv oglenenja na porazdelitev zdrsov vzddloslojnega kompozitnega nosilca pri
t = 60 min.

Figure 3.37: Distributions of the interlayer slips along the span of the two-layer beam calculated
by different material models at= 60 min.

Pri tako dol@enem pogoju ptarne odpornosti pride do pditve le v primerih Evrokoda 5 (1999),
Ostmana ter Preusserﬁas porgitve v primeru Evrokoda 5 (1999) fe~ 30 min, Ostmant ~ 47 min
in Preusserja ~ 56 min, (slika3.36).

S slikama3.37in 3.38prikazemo vpliv oglenenja na porazdelitev zdisa@ziroma navpinega pomikav
vzdol razpona kompozitnega nosilca. Podobno kot&essm povéujejo navptni pomiki, se v primeru
razlicnih faktorjev zmar§janja elastinega modula, poveijejo tudi zdrsi med slojemain b.
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Slika 3.38: Vpliv oglenenja na porazdelitev naémqih pomikov vzdat dvoslojnega kompozitnega
nosilca prit = 60 min.
Figure 3.38: Distributions of the vertical deflections along the span of the two-layer beam calcu-
lated by different material models &t 60 min.

Casovno spreminjanje porazdelit¥ein w vzdolz razpona kompozitnega nosilca prieano v primeru
Evrokoda 5 (1999) s slikam3.39in 3.40 Porazdelitve omenjenih kdin so izr&unane prit =

0, 10, 20, 30,40, 50 in 60 min.
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Slika 3.39: Porazdelitve zdrsa vzdolz dvoslojnega kompozitnega nosilca v primeru Evrokoda
5 (1999) pri razkenih casih.
Figure 3.39: Distributions of the interlayer sligsalong the span of the two-layer beam calculated
by Eurocode 5 (1999) at different times.
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Slika 3.40: Navpini pomikiw vzdolz dvoslojnega kompozitnega nosilca v primeru Evrokoda 5

(1999) pri razlénih casih.
Figure 3.40: Distributions of the vertical deflectionsalong the span of the two-layer beam

calculated by Eurocode 5 (1999) at different times.



4 ZAKJU CKI

V disertaciji smo predstavili @nski postopek za datitev napetostnega in deformacijskega stanja ne-
linearnih slojevitih kompozitnih nosilcev z uptevanjem delne povezanosti slojev, Btg deformacije
preCnega prereza in oglenenja pricesnem delovanju stétie mehanske olitbe in obt&be p&ara.
Izdelali smo r&unalnBki program v programskem okolpMatlab. Nalogo smo vsebinsko razdelili na

dva dela. V prvem delu smo analizirali temperaturnazmi@stno stanje slojevitih lesenih kompozitnih
nosilcev pri pdaru z up8tevanjem oglenenja lesa. Pri tem smo za opis povezanega prehoda toplote in
vlage skozi les uporabili nelinearni parcialni diferencialni&sd_uikova (1966). Upétevali smo tem-
peraturno in vlanostno odvisne materialne lastnosti lesa. Ker agalhiresitev v spl&nem ne poznamo,

smo endébe z&etnega robnega problema povezanega prehoda toplote in vlage v lesenih kompozitnih
nosilcih, ki izpostavljeni pdaru oglenijo, diskretizirali in f&li z uporabo numeéne metode katnih

razlik. Dobljene rezultate hitrosti enodimenzionalnega oglenenja homogenih nosilcev smo primerjali
Z rezultati empignih modelov enodimenzionalnega oglenenja homogenih nosilcev, ki smogjihvna
literaturi. Poleg tega smo rezultate enodimenzionalnega oglenenja primerjali tudi z eksperimentalnimi
rezultatiSvedskega raziskovalca Fredlunda (1988, 1993). Predstavljeni matenmatidel oglenenja

smo v nadaljevanju uporabili za paramétd Studijo vpliva razlénih parametrov na hitrost oglenenja.

Na koncu smo prikazali tudi oglenenja dvodimenzionalnih homogenih in slojevitiEnjbrgorerezov.
Rezultat analize je bil&@asovna razporeditev temperature, vlage in oglja pérm prerezu dvoslo-
jnega kompozitnega nosilca. Omenjeno razporeditev smo potrebovali v drugem delu naloge, kjer smo
analizirali mehanski odziv slojevitega kompozitnega nosilca @asw mehansko in parno obtabo.

Na osnovi rezultatov in primerjave le teh smogtirdo naslednjih zakljtkov:

e Primerjava numegnih rezultatov enodimenzionalnega oglenenja homogenih lesenih nosilcev potr-
juje dobro ujemanje rezultatov predstavljenega matémegia modela oglenenja z nun@simi
rezultati Fredlunda (1993) ter emg@nimi modeli, ki jih predlagajo White in Nordheim (1992)
ter Evrokod 5 (2004). Ujemanije z ostalimi modeli je slabVelika vé&ina avtorjev namrepred-
videva konstantno hitrost oglenenfegeprav eksperimenti in rezultati nataresih matematnih
modelov potrjujejo nasprotno.

e Primerjava pokae, da se modeli oglenenja razlikujejo predvsem gleakn zéetka oglenenja,
kar je lahko posledica ra#ine definicije zéetka oglenenja. \@na modelov predlaga Zatek
oglenenja ob nastopu parne obtgbe. To seveda ne predstavlja dejanskega stanja. Fredlund
(1988, 1993) nastanek oglja definira kot stanje, kjer gostota lesa pad®péd/m?, medtem ko
v naem primeru oglje nastane, ko les dbséemperatura3(0 °C).

e Primerjava rezultatov v nalogi razvitega materatiga modela oglenenja z eksperimetnalnimi
rezultati Fredlunda (1988) poka dobro ujemanje. Kljub temu se zavedamo, da primerjava samo
Z enim eksperimentom ne more it za zanesljivo ocenodinkovitosti predstavljenega matema-
titnega modela oglenenja lesa. Za zanesljivo océmkavitosti so tako potrebne dodatne primer-
jave z eksperimentalnimi rezultati.
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e Izvedena parametma analiza vpliva razinih parametrov na hitrost oglenenja lesa pmkada
imata z&etna vl@nost in specifina gostota lesa pomemben vpliv na hitrost oglenenja. ditelo
vpliva ostalih parametrov na hitrost oglenenja bo predmet nadaljnjih raziskav. Na tem mestu opo-
zorimo na velik raztros materialnih karakteristik lesa. Natendol@itev le teh je bistvena za
natarten opis oglenenja lesenih nosilcev przpou.

¢ Relativno preprost matematii model oglenenja je uporaben za napoved temperaturizoads
nega stanja lesenih nosilcev, ki so izpostavljeni visokim temperaturdarg.o

V drugem delu smo najprej predstavili osnovne@re ki opisujejo mehansko olsanje kompozitnih
nosilcev z upétevanjem zdrsa med sloji in strie deformacije pfnega prereza. Posebno pozornost
smo namenili analiinemu r&evanju osnovnih el slojevitih Bernoullijevih in Timoshenkovih kom-
pozitnih nosilcev. Predstavili smo algoritma za anétfit ré&Sevanje. Razvita algoritma smo v nadalje-
vanju uporabili pri r8evanju konkretnih primerov. V prvem primeru smo anaiiti reSitev rasirili s
prostolgeCih troslojnih kompozitnih nosilcev na kontinuirne troslojne kompozitne nosilce. V drugem
pa smo analitino resitev Timoshenkovih kompozitnih nosilcev prikazali na primeru dvoslojnega pros-
tolezetega kompozitnega nosilca. Na osnovi anétié réitve Timoshenkovih kompozitnih nosilcev
smo izvedli detajino parametrno analizo vpliva sténe deformacije pfega prereza na mehansko
obn&anje omenjenih konstrukcij. V nadaljevanju smo z uporabo modificiranega principa virtualnega
dela (Planinc, 1998) izpeljali d&ino deformacijskih koénih elementov za nelinearno analizo kom-
pozitnih nosilcev z upétevanjem zdrsa med sloji ter gme deformacije piega prereza. Z analizo
razliCnegaStevila kortnih elementov, stopnje interpolacije in izbire kolokacijskilikemo pokazali,

da so tako razviti kotni elementi téni, uCinkoviti in odporni na kaksnokoli vrsto blokiranja. To je

bil tudi razlog, da smo dizino razvitih deformacijskih kotnih elementov kasneje priredili za analizo
mehanskega odziva slojevitih kompozitnih lesenih nosilcev gtasnem delovanju mehanske staé
obtezbe in p&ara. Pri dolgitvi napetostnega in deformacijskega stanja v poljubnem materialnem viaknu
preCnega prereza, smo v analizi poleg mehanske deformacifgeyadi tudi prispevke temperaturne de-
formacije lesa. Sasovno razporeditvijo temperature, vlage in oglja po prerezu, ki smo j&idalo
prvem delu, smo z G@nskim primerom prikazali uporabnost predlaganega maténsgfa modela za
racun odziva slojevitih kompozitnih nosilcev na hkratno delovanje zunanj&€séatibtébe in pdara.
Zakljucimo lahko:

e Prikazana algoritma analitiega r8evanja kompozitnih nosilcev predstavljataSiazev analiti-
Cnega réevanja na bolj zahtevne kompozitne nosilce.

e Z analitino resitvijo izvedena parametmastudija je v primeru kompozitnih nosilcev z ute-
vanjem zdrsa med sloji pokazala, da imazsta deformacija pomemben vpliv na mehansko obna-
Sanje kompozitnih nosilcev. Vpliv skme deformacije je izrazit pri kratkin{/A < 10) lesenih
(E/G =~ 16 — 20) kompozitnih nosilcih. Vpliv je vé&ji z vetanjem togosti povezave med sloji.
Odvisen je tudi od vrste materiala, iz katerega je kompozitni nosilec. V primeru izotropnega mate-
riala (/G = 2.68) in nosilcih iz steklenih viakenH /G ~ 8.67) postane vpliv striga pomemben
Sele priL/h < 5. Zanimivo je, da je vpliv stdne deformacije pfega prereza na raztie
kolicine razlten. Nekatere kdtine, kot sow, ¢°, K, N'® se pové&ajo, medtem ko se druge, npr.
an, €%, p®, zmangajo v primerjavi s koliinami izr&unanimi s klaginim Euler-Bernoullijevim
modelom kompozithega nosilca. ParaniateasStudija pokde, da je vpliv stiine deformacije na
navptne pomike vedno najmasij kadar imata sloja priliino enako \8ino, tj. kadar je razmerje
h*/h® ~ 1. Vpliv je mangi za mar§e vrednostiX. V primeru podajne povezave, kjer je
K < 1kN/cm?, je lahko vpliv tudi dod-krat mangi kot v primeru relativno toge povezave, kjer
je K = 1000kN/cm?. Primerjava prénih sil Q¢ in Q° pokaze, da je vpliv stitne deformacije,
podobno kot pri nav@nih pomikih, najmar§i v primeru, ko sta sloja pritino enakih \&in, takrat
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je h/hb ~ 1. Izkaze se, da so lahko ptee sile v sloju, ki je zelo tanek v primerjavi z drugim
slojem, v primeru podajnega stikd < 1kN/cm?), tudi do2.5-krat vetje, kot so préne sile
v tem sloju, izr&unane po klaghi upogibni teoriji kompozitnih nosilcev z uptevanjem zdrsa
med sloji. V primeru zelo toge povezay& > 1000kN/cm?) je vpliv strizne deformacije na
pretne sile zanemarljiv. 1zjema so nosilci, kjer je zgorniji ¢lpzelo tanek v primerjavi z spodnjim
slojema. V tem primeru, so lahko ptme sileQ?, tudi do 2-krat mange, kot so préne sileQ?.
Togost stikaK ima zelo pomemben vpliv ha velikost in razporedztifi in normalnih napetosti
po prerezu. V primeru zelo podajnih stikov so maksimalnesériin normalne napetosti dosti
veCje od napetosti, ki jih dobimo z uptevanjem klaginega modela nosilcev s togo povezanimi
sloji. Strizne napetosti,., so v primeru zelo podajnih stikov tudi 25% ve€je od napetosti ho-
mogenega nosilca s togo povezanimi sloji. Razlike&ssosé€je v primeru normalnih napetostih

Oxg-

e Izpeljana driina deformacijskih kotnih elementov za nelinearno analizo kompozitnih nosilcev
Z updstevanjem delne povezanosti slojev in&td deformacije prereza jedioa, (inkovita in
odporna na vse vrste blokiranja. Poleg tega je primerna tudi za analizo mehanskega odziva slojevi-
tih kompozitnih nosilcev na hkratno delovanju zunanje &tegiobt&be in pgara.

e Analiza vpliva oglenenja na garno odpornost slojevitih kompozitnih nosilcev je pokazala, da
ima oglenenje zelo pomembno vlogo prizamni odpornosti lesenih konstrukcij. Nagpi pomiki
kompozitnega nosilca seCasom povéujejo. Opaziti je plEakovano veliko odstopanje dobljenih
rezultatov, ki je posledica ugtevanja zelo raatnih redukcijskih faktorjev zmagganja elastinega
modula. Maksimalni navpni pomiki se lahko pri = 30 min razlikujejo tudi dot-krat. 1zr&unani
maksimalni pomiki kompozithega nosilca so na&jve primeru Evrokoda 5 (1999), medtem ko so
v primeru Nyman-a najmasi. Razlike med posameznimi modeli seéesom povéujejo. Podobno
odstopanje dobimo tudi pri iz€anu p&arne odpornosti. Glede na kriterijJarne odpornosti, ki
smo si ga izbrali, je poRitev v konkretnem rgunskem primeru nastopila ob zelo r&niih Casih.

V obdobju opazovanja gara ¢ = 60 min) je do por&itve pr&lo le v primerih Evrokoda 5 (1999),
Ostmana ter Preusserj&as porgitve v primeru Evrokoda 5 (1999) je~ 30 min, Ostmana
t =~ 47 min in Preusserja= 56 min.
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Abstract. Starting with the geometrically non-linear formulation and the subsequent linearization, this
paper presents a consistent formulation of the exact mechanical analysis of geometrically and materially
linear three-layer continuous planar beams. Each layer of the beam is described by the geometrically
linear beam theory. Constitutive laws of layer materials and relationships between interlayer slips and
shear stresses at the interface are assumed to be linear elastic. The formulation is first applied in the
analysis of a three-layer simply supported beam. The results are compared to those of Goodman and
Popov (1968) and to those obtained from the formulation of the European code for timber structures,
Eurocode 5 (1993). Comparisons show that the present and the Goodman and Popov (1968) results agree
completely, while the Eurocode 5 (1993) results differ to a certain degree. Next, the analytical solution is
used in formulating a general procedure for the analysis of layered continuous beams. The applications
show the qualitative and quantitative effects of the layer and the interlayer slip stiffnesses on internal
forces, stresses and deflections of composite continuous beams.

Key words: composite; layered beam; interlayer slip; mathematical model; analytical solution; elasticity.

1. Introduction

Due to their cost-effective construction and a good bearing capacity, layered composite systems
are widely used in buildings and bridges. The behaviour of layered structures largely depends on the
flexibility of a connection between the layers. Rigid connectors develop a full action between
individual components, so that conventional principles of the solid beam analysis can be employed.
Flexible connectors, on the other hand, permit the development of only partial interaction. As a
result, an interlayer slip develops, with a sufficient magnitude to have a major effect on the
deflection and stress distribution of the composite system.

When the force-slip relation of the connector is non-linear, which is usually the case, the response
of the layered beam is also non-linear, even if component materials behave linearly. Consequently,
the related non-linear mathematical model is described by the system of non-linear equations which
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can generally be solved only numerically. A variety of interesting formulations and numerical
solution algorithms for the analysis of layered structures with continuous or discrete connectors has
been proposed, e.g., Ayoub (2001), Ayoub and Filippou (2000), Cas et al. (2004a,b), Dall’Asta and
Zona (2002), Fabbrocino et al. (2000), Faella et al. (2003), Fragiacomo et al. (2004), Gatessco
(1999), Linden (1999), Oven et al. (1997), Thompson et al. (1975), Wheat and Calixto (1994),
which consider, along with the non-linear tangential force-slip relation, also the non-linearity of
material behaviour.

The building codes allow a structural engineer to perform a fully linear analysis for the
determination of stress resultants. In a linear analysis, the governing equations of the mathematical
model are linear and can be solved analytically. Many exact analytical solutions of simply
supported, layered planar beams for combinations of simple loading cases and simple boundary
conditions have been presented in professional literature, e.g., Adekola (1968), Cosenza and Pecce
(2001), Fabbrocino et al. (2002), Girhammar and Gopu (1993), Girhammar and Pan (1993),
Goodman and Popov (1968), Goodman and Popov (1969), Heinisuo (1988), Jasim (1997), Jasim
and Mohamad (1997), Jasim (1999), Kristek and Studnicka (1982), Newmark et al. (1951), Nie et al.
(2004), Ranzi and Bradford (2003), Silfwerbrand (1997), Smith and Teng (2001), Wang (1998).
Some analytical solutions of two-layer continuous beams have also been presented (Jasim 1997,
Plum and Horne 1975). Apart from the above presented numerical and analytical solutions a lot of
experiments have been conducted on simply supported and continuous two-layer composite beams,
e.g., Ansourian (1981), Newmark et al. (1951), Plum and Horne (1975), Wheat and Calixto (1994).
On the other hand, there exist only few reports about experiments on simply supported three-layer
composite beams (Goodman and Popov 1968, McCutheon 1986). To the author’s best knowledge,
there seems to be no exact solution reported on multilayered (three layers or more) simply
supported and continuous beams having different material and geometric characteristics of layers.
The present paper aims to fill the gap. Our formulation of the planar layered beam uses the
following assumptions: (1) material is linear elastic; (2) displacements, strains and rotations are
small; (3) shear deformations are disregarded (the ‘Euler-Bernoulli beam’); (4) strains vary linearly
over each layer (the ‘Bernoulli hypothesis’); (5) the layers are continuously connected and the slip
modulus of the connection is constant; (6) friction between the layers is not considered; (7) the
bending strain is the same for all layers; (8) the number of layers is arbitrary; (9) the shapes of the
cross-sections are symmetrical with respect to the deformation plane and preserve unchanged form
and size during deformation.

For the purpose of clarity of presentation, our derivation is limited to the three-layer beam. The
generalization to the multilayered beams is straightforward.

2. Basic non-linear equations of a three-layer beam and their linearization

Due to the exact geometrical introduction of interlayer slips between the layers, we started the
derivation of our formulation with the non-linear kinematic and equilibrium equations first presented
by Reissner (1972). After the linearization of Reissner’s equations and taking into consideration the
introduced assumptions, the simplified linear formulation of the three-layer beam with an interlayer
slip is derived. Alternatively, the same linearized equilibrium equations can be obtained, if the linear
kinematic equations are introduced in the principal of virtual displacements as constraining
equations. However, in order to understand the actual kinematics, we belive it is important to start



An analytical model of layered continuous beams with partial interaction 265

the derivation from the exact formulation. The present formulation assumes that the effect of shear
strains is negligible. Our further assumption is that an interlayer tangential slip can occur at the
interface between the layers, but no delamination or transverse separation between them is possible.

The mechanical behaviour of the composite beam is governed by the system of kinematic,
equilibrium, and constitutive equations, combined with natural and essential boundary conditions for
each layer, and with the constraining conditions for the contact between the layers.

2.1 Kinematic, equilibrium and constitutive equations

2.1.1 Kinematic equations

We consider an initially straight, planar, layered beam element of undeformed length L. Without a
loss of generality, we assume that the layered beam element is made up of three layers. Layers are
marked by letters a, b and ¢ (see Fig. 1). The beam element is placed in the (x, z)-plane of a spatial
Cartesian coordinate system with coordinates (x, y, z) and unit base vectors E,, E,, E.. The
undeformed reference axis of the layered beam element is common to all layers and is assumed to
coincide with the geometric centroidal axis of the undeformed layered beam element. The layered
beam element is subjected to conservative distributed loads p,, p. and m, only along the span of
layer ¢, and to generalized forces S*, S,” and Sf (i =1, 2, ..., 6) at the ends of layers a, b and c.

The deformed configurations of layers a, b and ¢ are defined by vector-valued functions

R(x, 2) = (x + u'(x) + z¢" (X)) E, + (z + w(x))E.
R, 2) = (" + 0’ (") + 2/ (N + (2 + 0" (x")E- (M
R(x™, 2) = (x" + u' (™) + 2z (x"™)E, + (z + w(x™)E.
In Egs. (1) and in all further expressions, the notations ()°, ()’ and (#)° mark that quanatities (e) are
related to layer a, b or ¢. Functions u“, w*, ¢/ denote the components of the displacement vector and

the rotation angle of layer a at the reference axis with respect to the base vectors E,, E. and E,,
respectively. Variables u”, w’, ¢, u‘, w*, ¢ are related to layers b and c.

undeformed configuration

- L = layerc e
y | ;
- ez
Y EzlE,| te:

deformed configuration

Fig. 1 Undeformed and deformed configuration of the three-layer beam
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If the effect of shear strains is neglected, Reissner’s equations read (Reissner 1972)

Il+u" —(1+&)cosp =0
w' + (1 +¢g)sing = 0 2
¢ —-xk=0
In Egs. (2) the prime (") denotes the derivative with respect to x, whereas the functions & ¢ and x

mark the extensional strain (or the specific elongation), the rotation and the bending strain of the

reference axis, respectively.
The linearized kinematic equations are obtained by the linearization of Egs. (2) around the
undeformed configuration for each layer. After the linearization has been completed, we obtain

Su' — 5" = 0 su" - 58 =0 Su”' — 8¢ =0
Sw'+80" =0  Sw'+59 =0 Sw'+8¢ =0 3)
S¢"" -6k =0 5" -5 =0 S =6k =0
Here, ou”’, 8¢", ..., 6k are the variations of the independent variables. As the independent
variables [u", &9, ..., k] are zero in the undeformed configuration, we can without any loss of

clarity of the presentation change the notations and drop the variation sign ‘6°. Eqgs. (3) will then
assume the form

u' - =0 - =0 u'—-g =0
w '+ =0 W+ =0  wH+¢ =0 %)

bt cr

o' -k =0 ) =0 o' -k =0

u’, ul, ul, wh whowe, g9 &b, 85, kY kP, k°, @ ¢, ¢ now play the role of displacements, strains
and rotations of the linearized theory. These variables are assumed to be small.

The geometric or total extensional strains, D, D" and D¥, of an arbitrary fibre in layers a, b and ¢
are functions of extensional strains &, &” and £ and bending strains x“, x” and x* of the reference
axes of the layers. According to Bernoulli’s hypothesis, they are linear functions of z

Di(x,z) = £'(x) + z£'(x)
Dh(x, z) = 6I’(x) + ZK'b(x) (5)
D(x,2) = £(x) +zK (%)

The substitution of &, &, & with u*, «”, u using Eqs. (4) gives

u"'(x)-D(x,z) +z"(x) = 0
u”'(x) =D (x,2) +zc’ (x) = 0 (6)
u'(x)-D(x,z) +z&(x) = 0
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2.1.2 Equilibrium equations
When in equilibrium, the axial force N/, the shear force Q, the bending moment A, and the
distributed loads p,, p- and m,, must satisfy the equilibrium equations (Reissner 1972)

N'+p.=0
Q +p-=0 (7)
M-(1+8Q +m=0

Once the equilibrium equations have been written for all three layers and linearized, they read

Nm —p?b =0 Nhr +p7b _p/bc 0 Nc, +px +p/bC -0

Q" +py =0 Q" -p) +py =0 Q —py+p. =0 (8)

Ma;_ Qa_pjlbel — 0 Mhl _ Qb +p7h€| +pfwez — 0 Mc;_ Qc _pf}cez — 0
Here p p’“ and p?’,p’° represent the tangential and normal interlayer contact tractions. The
distances from the reference axis to the contact planes between the layers are denoted by e; and e,

(Fig. 1).

2.1.3 Constitutive equations

The third set of the basic equations is provided by the constitutive law. The constitutive law
relates the stress resultants, i.e., the generalized forces N Noy No, Mo ME, ME to the
equilibrium internal forces, N, N, N, M“, M”, M*, which are the solutions of Egs. (8). These
relations assume the form

NCI_W(SH’ K(]) 0 M(I_ler"(gd’ K(]) - 0

NN, y=0 MM ) =0 (9)

NNAE ) =0 M= M &) = 0

We postulate that layer material is linear elastic. Therefore, Egs. (9) are assumed to be given by the
linear relations with respect to £ and &

d a a a a a a a a a
N(' = Cllg +C|2K M(' = Czlg +C22K

N.o= e+ ClLK Mb = b+ i (10)

C C C C C C C C C C
NG = Ce + CLhK M = Che + CoK

in which material and geometrical constants are marked by Cf{, C,, ...,C; e.g., Cy = EJ,,

where E, is elastic modulus of layer a, and J, is the moment of inertia of layer a with respect to the
geometric centroidal point of the whole cross-section.
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2.2 Constraining equations

The constraining equations define the conditions that assemble an individual layer into a layered
composite beam.

As already stated, the transverse separation or penetration between the layers is not allowed. This
fact is expressed by the requirements

R'(x,z) = R"(x", 2)
Rb(x*,z) — RC(X**, Z) (]1)
where x e I x" €T ? are undeformed coordinates of two distinct particles of layers a and » which
are in the deformed state in contact, and thus their vector-valued functions R“(x, z) and R’(x*, z)
coincide. Similarly, x** € Z° is a material, undeformed coordinate of particle of layer c, which is in
the deformed state in contact with particle of layer b, and therefore their vector-valued functions
R’(x*, z) and R°(x™, z) in the deformed state coincide (see Fig. 1). The contact regions of layers a,
b and ¢ are marked by 7% Z”, T¢. Eqs. (11) are rewritten in a more convenient component form:

x+u'(x) = x"+u’(x7)

x () =X U ()
Wa(x) - Wb(.x*)

w'(x") = wi(x™)

(12)

The relative tangential displacement (slip) that occurs between the two particles which coincide in
the undeformed configuration is denoted by A. By definition, it is the difference of the deformed
arc-lengths of contact curves of layers a and b, and b and c. For a geometrically linear layered
beam theory, the arc-length differences can easily be calculated and are simply given by

b A[JL‘ — Ub _Uc (13)

A" =U-U
U“, U’ U° denote displacements of a particular material particle of the related layer at the
interlayer contact.
In general, the flexibility of the contact highly depends on the characteristics of layer materials
and on the way the contact is enforced. The constitutive law of the bond slip between the layers
generally assumes the form

ab

p' = F'@" = FE@A) (14)
where 7’ and F" can be arbitrary non-linear functions. In the present paper, however, we will
assume the linear relationships between p, and A, see Eqs. (30), as it is generally proposed by
structural engineering standards (e.g., Eurocode 5(1993)). In this case the analytical solution of the
problem can be derived. On the other hand, if the problem is solved numerically, a general non-
linear relationship in Eqs. (14) can be assumed.
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2.3 System of equations of a three-layer beam with an interlayer slip

269

Since deformations, displacements and rotations are assumed to be small quantities, the
generalized equilibrium equations can further be simplified using the following two assumptions
(see, e.g., Cas et al. 2004b): (i) dx=dx" =dx™*; (ii) bending strains of the reference axis of
individual layers are equal «“(x) = £ (x*) = £(x"") = x(x). Consequently, ¢’(x) = ¢’ (x")
= P () = o), W) = W) = W) = w), T°=T"=T° = [0,L]. Thus, (2)'(x") = ()'(x),
(®)°(x™) =(®)(x) holds true for any quantity of layers » and c, e.g., u‘(x*")=u"(x). Kinematic,
equilibrium and constraining equations can now be considerably simplified. After considering the
assumptions mentioned above, we can decompose the basic equations of the three-layer beam with
an interlayer slip into two separate systems of differential and algebraic equations (see, e.g., Cas

et al. 2004b):

A& =0
u'—g =0
w+eo =0
¢ -k =

N=p!" =0

N +p!" -p° =0
./\/‘“+pfc+px =0
(Q+Q"+Q) +p.=0>Q +p. =0
(MM + MY —(Q+Q"+Q)+my = 0> M —Q+m,=0

N = N\ = Cle"+Clyx

N =N =l é +Clhx

N = /\fi =C,&+ChLKk

M= Mot MU+ Moo M = Coe +Ch e +C5 6 +(Co+Chy+ C) i

ab a b
=u —-u

bhc b c
AN =u —u

(15)
(16)
(17)
(18)
(19)
(20)
@)
22)
(23)
(24)
(25)
(26)
@7)

(28)

29
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ab b ab ab b, ab
D =fﬂ(A ) > D = K"A

(30)
= FrA) 5 p = KA
and
x+u' =x"+u" >x" = x+A” €2))
v = x> = A (32)
Q" +p =0, Q" —p) +p, =0 (33)
MT-Q" =0, M"-Q" =0 (34)
M= M= C5 8 +Chx and M =Ml =Ch & +Chx (35)
Q=0"+Q0"+Q" (36)
M= M+ M+ M (37)

Egs. (15)-(30) consist of 18 equations for 18 unknown functions u*, «’, u‘, w, ¢, °, &", &, K, N,
N NS O, M, A, A, p? . pr, whereas Eqs. (31)-(37) constitute a system of ten equations for
ten unknown functions x”, x**, p’, p.°, Q% @, O, M“, M", ME. Tn Egs. (30), K’ and K™ denote
the slip moduli of connections.

3. Solution algorithm
If the slips between the layers are known functions of x, the solution of the system of Egs. (15)-
(37) can easily be obtained with the following sequence of tasks.

In the first step, we integrate Eqs. (23) and (24) and obtain the expressions for the total
equilibrium shear force and the total equilibrium bending moment of the three-layer beam element:

0(x) = Q(0)~ [p.(&)dé
M(x) = M(0) + [(Q&) ~m ()dz G

In the second step, we twice differentiate Eqgs. (29) with respect to x and insert Egs. (15)-(16). The
following differential equations for the interlayer slips emerge

abn ar hr
= & -
Ahcu — g/ﬂ _ gc’ (39)

The derivatives &”, "' and &°’ are obtained by the differentiation of Egs. (25)-(28) with respect to
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x. Solving the differentiated Egs. (25)~(28) for &, "', &' and «'yields

ga! Na!
gl” | N/w
=C (40)
gcl Nc!
K! MI
C is the matrix of constitutive constants (see Eqgs. (10)), and C'is its inverse:
- 7-1
Ch 0 0 Ch D, 0 0 Dy
b b
C—l — 0 Cll 0 C12 — 0 D22 0 D24 (41)
0 0 Cy, Ci, 0 0 D3 Dy
_Cgl Cgl Cy Ch+ ng + ng_ Du De Dy Dag

When Egs. (20)-(24), (30) and (40) are inserted into Eqs. (39), we obtain a system of two second-
order linear differential equations with constant coefficients for the slips between layers a, b and ¢

Aahu AabAab + BabAhC _fah

APET o gbenab _ phepbe :fbc (42)
with 4, B, 4%, B* and *°, " being constants
A7 = Kab(Dll +Dy) B = Kbchz
g = Kaszz B = Kbc(Dzz _Dy) (43)
ab
f= (DI4_D24)(Q_my)
(44)

£ = Dyp, + (Dy— Dy)(Q—m)

Boundary conditions associated with Eqs. (42) are the values of the interlayer slips at the edges
x=0 and x=L of the beam element. An exact solution of Egs. (42) was obtained by
MATHEMATICA (2003). After the slips have been obtained, the remaining equations of the system
(15)-(30) can simply be solved. We first determine the boundary rotations and displacements from
the system of linear equations

Ku=g (45)

for the composite structure. In Eq. (45), K7 denotes the tangent stiffness matrix, u is the vector of
end-point displacements, and g is the load vector. Once u has been known, the values of the end
forces can easily be computed. This step completes the solution of the system (15)-(30) for
unknown functions u“, ”, uczhw, 9, g &, & kK, NN, NS Q M, A, A, p, p’°. Finally, the

unknown functions x*, x™, p*’, pi¢, 9%, @°, Q°, M, M”, M* are obtained from Egs. (31)-(37).
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The interlayer tractions in the normal direction of the contact are obtained from equations

ab ar abr
Py =-Mc —p; e
(46)

abr

bc b ber ab
Py =-M¢ —p, ey—p, ey +p,

which are derived if we insert Egs. (33) into Eqs. (34).

4. Numerical examples

Numerical examples will demonstrate the ability of the present exact analytical model for the
stress-strain analysis of the three-layer simply supported and continuous beams with partial
interaction between the layers the geometric and material characteristics of which may vary over the
cross-section. They will describe accurately the behaviour of layered beams at small elastic strains
and will also provide for the referential, or bench-mark solutions suitable for assessing the accuracy
of new finite element formulations. We consider two cases: (i) a simply supported three-layer beam;
and (ii) a continuous three-layer beam over two spans.

4.1 A simply supported three-layer beam

The geometrically and materially linear models of two-layer beams are often encountered in
literature (see, e.g., Adekola 1968, Cosenza and Peece 2001, Cas et al. 2004b, Girhammar and
Gopu 1993, Girhammar and Pan 1993, Goodman and Popov 1968, 1969, Jasim 1997, 1999, Jasim
and Mohamad 1997, Kristek and Studnicka 1982, Newmark et al. 1951, Plum and Horne 1975,
Ranzi and Bradford 2003, Rassam and Goodman 1971, Smith and Teng 2001).

In contrast, the analytical solution for the three-layer simply supported composite beam appears
only to be derived by Goodman and Popov (1968). Moreover, some experiments have been
conducted on these types of beams. They analysed a simply supported three-layer beam subjected to
force P at the mid-span of the timber beam, with layers of equal thickness and made up of the same
wood material. Here, we analyse this simply supported three-layer beam subjected both to point
load and uniformly distributed load. The descriptive geometric, material and loading data are given
in Fig. 2.

T Section I-I:
DA | AR b=b=6=30.5cm
o [=252¢m ——~| .
y L l¢ | h=25cm
z I P ’ b | h=25cm
| a | h=25cm
OO LIy,
A I B E°=E"=E‘=1200kN/cm’

o [=252cm ——
z

Fig. 2 Simply supported three-layer beam
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The contributions of the connection flexibility to the vertical deflections at the mid-span have
been calculated for various values of the slip moduli of connections and are shown in Tables 1 and
2 for the comparison reasons in the numerical form rather than graphically. The tables also present
the comparisons with the results in Goodman and Popov (1968), and with the results given by
Eurocode 5 formulae (1993). The results are presented for the range of the slip modulus from 0.01
to 100 kN/cm?. Observe that the results of Goodman and Popov (1968) and of the present
formulation are in perfect agreement both for the point and the distributed load. Since, the
validation of Goodman and Popov mathematical model shows excellent agreement with all their

Table 1 Simply supported three-layer beam subjected to the point load. The contribution of the flexible
connection to the vertical deflections in cm as a function of slip modulus, K = K = K. Deflection
of a solid beam is 0.246 cm.

P=1kN
K [kN/cm?] Goodman (1968) Present EC 5 (1993) rel]jt(i:vg érl'r909r3[)% 1
0.01 1.953 1.953 1.953 -0.01
0.1 1.852 1.852 1.852 -0.08
0.5 1.506 1.506 1.499 0.39
1 1.222 1.222 1.212 0.76
2 0.899 0.899 0.877 1.45
3 0.701 0.701 0.686 2.06
4 0.579 0.579 0.564 2.62
5 0.494 0.494 0.479 3.12
10 0.287 0.287 0.273 5.13
100 0.035 0.035 0.031 13.56

Table 2 Simply supported three-layer beam subjected to the uniform load. The contribution of the flexible
connection to the vertical deflections in cm as a function of slip modulus, K = K* = K. Deflection
of a solid beam is 0.386 cm.

p-= 1 kKN/m
K [kN/cm?] Goodman (1968) Present EC 5 (1993) rel]jt(i:vg érl'r909r3[)% 1
0.01 3.069 3.069 3.069 0.00
0.1 2.907 2.907 2.908 0.02
0.5 2.355 2.355 2.357 0.10
1 1.902 1.902 1.906 0.20
2 1.373 1.373 1.378 0.37
3 1.073 1.073 1.079 0.52
4 0.881 0.881 0.887 0.66
5 0.747 0.747 0.753 0.78
10 0.423 0.423 0.429 1.24

100 0.048 0.048 0.049 2.52
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| —K=c0
|- -K=5
| —K=1

TR | ——K=10

| o ——
-1.0 -0.6 -0.2 0.2 0.6 1.0
o[ kN/em?]

Fig. 3 Simply supported three-layer beam subjected to point load. The distribution of the normal stresses over
the cross-section.

experimental results, we can conclude that the present formulation is in good correlation with the
experiments performed on three-layer beams subjected to serviceability loads.

When the beam is subjected to the point load, the analytical values for the contributions to the
vertical deflections at small values of interlayer slip modulus (K <1 kN/m”) are almost equal to
those in Eurocode 5 (1993), although Eurocode 5 limits its application to the distributed load. For
higher values of slip moduli, they are somewhat smaller. Thus, we see that Eurocode 5 (1993) gives
rather accurate deflections (although somewhat smaller) even in the case of a point load.

When the beam is subjected to the uniformly distributed load, the Eurocode 5 (1993) results
practically agree with the analytical results for any K.

The values in Table 2 indicate that the contributions to the deflections due to the nonstiff
interaction between the layers may be as big as about 8-times the deflections in rigidly connected
layered beam, which is equal to 0.386 cm.

One of the basic assumptions of the Goodman and Popov (1968) model is that the thicknesses of
layers are equal, which leads to the assumption that the bending moments and the axial forces are
equal in each layer. This assumption holds, provided that the layers have identical material and
geometric characteristics. However, it may cause large errors in results, if this criterion is not
fulfilled, as can be seen in the example below.

The distributions and the values of the normal stresses in the layers are very much affected by the
degree of the contact rigidity. The effect is depicted in Fig. 3 for stiffnesses K = 0, 1, 5 and oo. The
stress distributions over the mid-point section of the beam subjected to the point load are shown.
We can see that the peak values of the stress in each layer increase with the decreasing stiffness of
the contact, the values with regard to the absolutely stiff contact being substantially larger. Note that
for the flexible contact, the stresses in each layer vary from tension on the bottom side of the layer
to compression on its top (the ‘zig zag’ variation).

4.2 A continuous three-layer timber beam over two spans

We study a continuous three-layer beam the layers of which are made up of timber of strength
classes defined in Eurocode 5 (1993). In addition, slip moduli between the layers are different: K" =
3 kN/ecm? and K™ = 0.01 kN/cm®. The continuous beam is subjected to the uniformly distributed
load p. = 0.01 kN/cm. The geometric, material and loading data are given in Fig. 4.
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I P:
|1.11.1"1..11111.11.11.11 IITITTIIITTIIIIIIIIIII]
= A 1 & B JANo
fe——— L=250cm =t L=250cm ———
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b=b=b=20cm ,
E°=1200 kN/em®  (C30)
Section I-I: ¢l H=8cm E"=1000 kN/cm’ (C22)
Y b1 Hesem E“=700kNem’  (Cl4)
a | K=10cm

Fig. 4 Continuous three-layer beam over two spans

Table 3 Continuous beam over two spans (Fig. 4). Displacements and rotations at nodal points

4 A 4 B B B B C C c C
Up U (4 U, Up = U, (4 U, Up U, @
-0.064  -0.151 —-0.011 -0.065  —0.065 0 -0.131 —0.067 0.021 0.012
Table 4 Continuous beam over two spans (Fig. 4). Internal forces at nodes 4 and B
Node 4 Node B
Q.1(0) N (0) N&(0) N (0) Q.2(0) M 2(0)
9.53 kN —5.38 kN 5.39 kN —0.01 kN 15.47 kN —743.04 kKNcm

The values of the nodal displacements and rotations are presented in Table 3. The displacements
are given in centimeters and the rotations in radians.

The axial and shear forces and the bending moment in layers a, b, ¢ at nodal points are shown in
Table 4. Only the non-zero values are shown.

Fig. 5 shows the variations of A”, A”, N, Q, M along the axis of each layer. It can be seen that
the interlayer slips reach their maxima at the end supports. Graphs of slips A“’ and A™ nearly agree.
The lower (a) and the upper layer (c¢) are subjected to a considerable axial force in contrast to the
intermediate layer (b), the axial force of which is negligible. The resultant axial force of the
composite beam is, obviously, equal to zero (V= N+ A"+ A= 0). Note that when N is
tensile, A/ is compressive, and vice versa. In contrast to axial forces in layers, the signs of the shear
forces and bending moments are equal an all ayers. Their values are only roughly proportional to
the bending rigidity of the layer. The largest portion of the shear force and the bending moment is
taken over by the lower layer a, while the contribution of layer b to the shear and bending capacity
of the beam is rather small.

The influence of the different interlayer slip moduli on the values of various static and kinematic
quantities is also examined. Fig. 6 shows the graphs of A”, w, pzc and M° as a function of the
interlayer slip moduli K = K* = K* . From Fig. 6 it is obvious that the interlayer slip modulus has
an important influence on static and kinematic quantities. The slip A“” between the layers a and b
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Fig. 5 Distribution of A, A" and A, Q, M in layers along the span. Continuous three-layer beam over two
spans (Fig. 4).
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Fig. 6 Distribution of A”, w, p,ljc, and M‘ along the span as a function of different values of the interlayer
slip moduli, K = K = K™

and the vertical deflection w are much smaller for higher slip moduli K. Static quantities, such as
interlayer stresses pzc between layers b and ¢, and bending moment A in layer ¢ are, in contrast,
higher for higher slip moduli.
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5. Conclusions

We proposed a mathematical model and found its analytical solution for the analysis of
geometrically and materially linear layered, simply supported and continuous beams with an
arbitrary number of layers and with variable material and geometric characteristics of the layers.
The model is compared to the analytical model of Goodman and Popov (1968) for a simply
supported three-layer beam, who assumed that the layers are identical. The model was applied to a
two-span continuous composite timber beam. The advantage of the present exact analytical model is
that, unlike in Goodman and Popov (1968), the thickness as well as material of the individual layers
are arbitrary. The method is also suitable for obtaining referential or bench-mark solutions
applicable in assessing the accuracy and convergence of newly developed finite element
formulations.
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Analytical Solution of Two-Layer Beam Taking into account
Interlayer Slip and Shear Deformation
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Abstract: A mathematical model is proposed and its analytical solution derived for the analysis of the geometrically and materially linear
two-layer beams with different material and geometric characteristics of an individual layer. The model takes into account the effect of the
transverse shear deformation on displacements in each layer. The analytical study is carried out to evaluate the influence of the transverse
shear deformation on the static and kinematic quantities. We study a simply supported two-layer planar beam subjected to the uniformly
distributed load. Parametric studies have been performed to investigate the influence of shear by varying material and geometric param-
eters, such as interlayer slip modulus (K), flexural-to-shear moduli ratios (E/G) and span-to-depth ratios (L/h). The comparison of the
results for vertical deflections shows that shear deformations are more important for high slip modulus, for “short” beams with small L/h
ratios, and beams with high E/G ratios. In these cases, the effect of the shear deformations becomes significant and has to be addressed
in design. It also becomes apparent that models, which consider the partial interaction between the layers, should be employed if beams

have very flexible connections.
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Introduction

Due to their economy of construction and high bearing capacity,
layered systems are widely used to optimize the performance
of components in structural engineering. Classic cases are
steel-concrete composite beams in buildings and bridges, wood—
concrete floor systems, coupled shear walls, concrete beams
externally reinforced with laminates, sandwich beams, and many
more. The behavior of these structures largely depends on the
type of the connection between the layers. Mechanical shear
connectors are usually employed to provide a desired composite
action. With the use of the rigid shear connectors, a full shear
connection and, consequently, a full composite action between the
individual components can be achieved. The result is that conven-
tional principles of the solid beam analysis can be employed.
Unfortunately, the rigid shear connectors can hardly be realized in
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practice. Therefore, most of shear connections result in only a
partial composite action. As a result, an interlayer slip often de-
velops; if it has a sufficient magnitude, it significantly effects the
deformation and the stress distribution of the composite system.

The first appreciation of a composite construction probably
originated from observations of highway bridges in service. After
the experimental studies had indicated the absence of full com-
posite interaction between the layers in composite beams, new
theories were presented accounting for the slip between the lay-
ers. These early theories of incomplete or partial interaction
between the layers of a composite beam were developed indepen-
dently during the 1940s in Switzerland, Sweden, and the United
States (Leon and Viest 1998). These theories were based on the
assumptions of linear elastic material models and the Euler—
Bernoulli hypothesis of plane sections. Perhaps the first but cer-
tainly the most quoted partial action theory was developed by
Newmark et al. (1951). The subsequent theories differ in one or
more aspects regarding the additional assumptions and resulted
in similar second-order differential equations. Until now, a
number of elastic theories with fewer simplifying assumptions
and of greater sophistication have been developed. Several exact
analytical solutions of simply supported, layered planar beams
for different combinations of simple loading cases and simple
boundary conditions have been presented in professional litera-
ture, e.g., (Girhammar and Gopu 1993; Goodman and Popov
1968; Goodman and Popov 1969; Jasim 1997; Jasim and Ali
1997; Ranzi et al. 2003). With the development of computational
tools and computers over the last few decades, these elastic theo-
ries have been refined to incorporate numerous aspects of nonlin-
ear geometric and material behavior, as well as time-dependent
effects, fatigue, and load reversals, e.g., (Ayoub 2001; Cas et al.
2004a,b; Cas 2004; Fabbrocino et al. 2002; Faella et al. 2002;
Gattesco 1999; Smith and Teng 2001).

One of the basic assumptions of all the above-mentioned exact
analytical models with partial interaction theory of composite



beams was the Euler—Bernoulli hypothesis of plane sections of
each individual layer. It is well known that the classical Euler—
Bernoulli theory of beam bending, also known as the elementary
theory of bending, disregards the effects of the shear deformation.
The theory is based on the assumption that the cross section re-
mains perpendicular to the deformed centroidal axis of the beam
during bending. This assumption implies a zero shear strain and
an infinite shear stiffness. In reality, no material exists that pos-
sesses such a property. Since the Euler—Bernoulli theory neglects
the transverse shear deformation, its suitability for composite
beams can be questioned. This is particularly true in circum-
stances where shear effects can be significant, as in thick and
short composite beams, where flexural-to-shear rigidity ratio
parameters are large and the span-to-depth ratio is small. Timosh-
enko (1921) was the pioneering investigator to include refined
effects, such as the shear deformation, in the beam theory. In the
literature, this theory is now widely referred to as the Timoshenko
beam theory. The effect of shear deformation in Timoshenko’s
theory is accounted for by an additional rotation angle of trans-
verse cross sections. Consequently, the distribution of the trans-
verse shear deformation is assumed to be constant through the
beam thickness. In the beginning of the 1970s, Reissner (1972)
has introduced a similar shear distortion in his one-dimensional
finite-strain beam model.

To improve the accuracy of the transverse stress prediction,
nonclassical higher-order shear-deformable iterative models have
been proposed (Gorik 2003; Matsunaga 2002; Piskunov and
Grinevitskii 2004; Soldatos and Watson 1997). According to these
propositions, a zero-iteration model corresponds to the classical
Euler-Bernoulli theory, while the above-mentioned nonclassical
Timoshenko theory corresponds to the first-iteration model.
Higher-order iteration models introduce further deformation
modes, such as cross-sectional bulging and warping, which are
important in the modeling of thin-walled composites structures,
employed in the aerospace industry. It is not the goal of this paper
to model the higher-order deformations. Only the first-iteration
model will be considered and the Reissner one-dimensional
finite-strain beam model used in the present analytical model. To
the best of the authors’ knowledge, no report seems to exist on the
exact analytical solution of the Timoshenko composite beams
with the partial interaction between the layers. In this paper, we
aim to fill this gap, and present an exact analytical model of the
composite beam, which takes into account the effect of the shear
deformation. Then we make the parametric studies on the influ-
ence of shear deformation effects on the mechanical behavior of
composite beams with the partial interaction between the layers.
This way we show when the effect of the shear deformation in the
individual layer can be neglected.

Analytical Model

Assumptions

Our formulation of the planar Timoshenko two-layer composite
beam model uses the following assumptions: (1) material is linear
elastic; (2) displacements, strains, and rotations are small; (3)
shear deformations are taken into account (the “Timoshenko
beam”); (4) strains vary linearly over each layer (the “Bernoulli
hypothesis™); (5) the layers are continuously connected and the
slip modulus of the connection is constant; (6) friction between
the layers is not considered; and (7) the shapes of the cross sec-
tions are symmetrical with respect to the plane of deformation

and remain unchanged in the form and size during deformation.
Our further assumption (8) is that an interlayer tangential slip can
occur at the interface between the layers, but no delamination or
the transverse separation between them is possible.

Governing System of Equations

We consider an initially straight, planar, two-layer composite
beam element of undeformed length L. Layers are marked by
letters a and b (see Fig. 1). The beam element is placed in the
(x,z) plane of a spatial Cartesian coordinate system with coordi-
nates (x,y,z) and unit base vectors E..E,,E,. The undeformed
reference axis of the layered beam element is common to both
layers and lies in their contact plane. The layered beam element
is subjected to the action of the conservative distributed load
p=p,E+p.E, and the distributed moment m=mE, along the
span, and to external point forces and moments S¢ and Sf’
(i=1,2,...,6) at its ends, respectively; see, e.g., (Cas et al.
2004).

The deformed configurations of both layers are defined by
vector-valued functions

R(x,2) = (x + u(x) + z¢“ (X)) E, + (z + w*(x))E,

(1)
R(x",2) = (x" + ub(x") + z¢"(x"))E, + (z + wb()c*))EZ

where x" represents a material, undeformed coordinate of that
point of layer b which, in the deformed state, gets in contact with
the point of layer a with coordinate x (see Fig. 1). In Eq. (1) and
in all further expressions, the notations (+)¢ and (+)? refer to layers
a and b. Functions u“,w”,¢* denote the components of the dis-
placement vector and the rotation angle of layer a at the reference
axis with respect to the base vectors E,, E_, and E,, respectively.
Variables u’,w”, ¢ are related to layer b.

The system of governing equations of the two-layer composite
beam consists of kinematic, equilibrium, and constitutive
equations with accompanying boundary conditions for each of
the two layers, and the constraining equations that assemble
each layer into a two-layer composite beam. Since deforma-
tions, displacements, and rotations are assumed to be small
quantities, the generalized equilibrium equations can be simpli-
fied using the following two assumptions [see, e.g., (Cas et al.
2004b)]: (i) dx=dx"; (ii) vertical deflections of the reference
axis of individual layers are equal w(x)=w’(x")=w(x) and
T9~7=[0,L]. Thus, (-)’(x")=(-)’(x) holds true for any quantity
of layer b, e.g., u’(x")=u’(x). Kinematic, equilibrium, and con-
straining equations can now be considerably simplified. After
considering the assumptions mentioned above, we can decompose
the basic equations of the two-layer beam with an interlayer slip
into two separate systems of differential and algebraic equations

u’ —e"=0, u’'-e"=0
W+ =y=0, w'+¢"-4"=0 (2)

¢ — k=0, @h'—Kh=0
wi—wl=0 (3)

N —p,=0, N +p,+p.=0
Qm +pn=0’ Qh,_pn+pz=0 (4)

MY =Q=0, M -Q+m,=0
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Na—./\/té=0, ./Vb—_/\/fézo
Q'-Q¢=0, Q'-QlL=0 (5
M= ME=0, MP - ML=0

A=u'—ub (6)

pi=F(A)=KA ()

and

x+ul=x"+ub > x" =x+A

®)

N=N+ NP
Q=09"+Q" 9)
M= M+ MP (10)

In Egs. (2)—(7), e* and e’=extensional strains of the reference
axes of layers a and b; k¢, and K? =pseudocurvatures; while y*
and y’=transverse shear strains of the corresponding cross sec-
tions of layers a and b, respectively. N*,N?, Q% QP and
M*, M?P represent equilibrium axial forces, equilibrium shear
forces, and equilibrium bending moments of both layers. p, and
p, denote the tangential and the normal interlayer contact trac-
tions in the contact plane between the layers. N%,N%, Q%, Q%
and M¢ ,./\/llézconstitutive axial forces, constitutive shear forces,
and constitutive bending moments of layers a and b, respectively.
In the case of linear elastic material, the constitutive forces are
assumed to be given by the linear relations with respect to £%, &,
k% kb, ¢, and y” and, therefore, take the following notation:

Nt = EA%" + E°Sk" = Cf e + Cf K
Qe =k, GANY" = Cizy"

M%ZEaSUSa +EaJa a_ Cglé‘” + ngKu

(11
./\/ié = EPAPs? + EPSPk? = Cll’lsb + C?th

Qb= k,GA = Chy!

M= EPSPe" + EVJPk? = Cye” + Chi?

where E*, E’=celastic and G¢, G’=shear moduli of layers a and b;
A% A denote the areas of the cross-sections of layers a and b;
S, SP=static moments; and J*,J=moments of inertia of layers
a and b with respect to the interlayer contact line. k,=shear
coefficient of the cross section of the layer. In the case of a rect-
angular cross section and isotropic material, the shear coefficient
is 5/6 (Cowper 1966).

The system of Egs. (2)—(7) consists of 21 equations for 21
unknown functions u?¢, u”, w®, w’, ©%, ¢®, &%, &”, k% k%, ¥4, P,
NEC NP, Q4 QP M9, MP, A, p,, and p,, whereas Eqs. (8)—(10)
constitute a system of three equations for three unknown func-
tions x*, @, M. In Eq. (7), K denotes the slip modulus at the
interlayer surface.
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Fig. 1. Undeformed and deformed configuration of the two-layer
beam

Solution Algorithm

If the slip A and normal traction p, between the layers is a known
function of x, the solution of the system of Egs. (2)—(7) can easily
be obtained with the following sequence of steps.

In the first step, we differentiate Egs. (3) and (6) twice with
respect to x and insert Eq. (2). The following differential equa-
tions for the interlayer slip and the pseudocurvatures are derived:

A =g — gl (12)

Kh=Ka+,ybr_,Yar (13)

The derivatives %', &”’, y*', and y*’ are obtained from Eq. (5), if

differentiated with respect to x. Solving the differentiated Eq. (5)
for &%, b, v, y*', k', and k"’ gives

r 3
(o) A
’ya, Qa!
Ka/ Mal
{ b b = !4 A b (14)
,yb/ Qb,
Kb’ br
\ \M J

C=matrix of constitutive constants [see Eq. (11)], and C'=its
inverse
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Fig. 2. Simply supported two-layer beam




“ 0 ¢, 0 0 o [
0 ¢ 0 0 0 0
o 2w 0 ¢ 0 0 0
0o 0 o0 ¢, 0 ¢,
0 0 0 0 C&% o
(0 0 0 ¢, 0 cgz_
n 0 Dy 0 0 0
0 Diy 0 0 0 O
“|p5, 0 D5 O O O
21 22 ) , (15)
0 0 0 DY o0 Db
0 0 0 0 D% O
0 0 0 D5 O Db

Furthermore, we differentiate Eq. (13) twice with respect to x. By
insertion of Eq. (4) into Eq. (14), the second and third derivatives
of strains are obtained by differentiation of Eq. (14) twice and
three times with respect to x. Introducing &, gP’, k™, kP,
and y"" in Eq. (12) and differentiated Eq. (13), results in a
coupled system of two higher-order linear differential equations
with constant coefficients for the slip and the normal interlayer
traction between layers a and b

A"+ KA+ Kyp, =Diop,
(16)
Ksply+ Kyp, + K3A" == D3,p,

with K, K,, K3, K, and K5 being constants

K, =—K(D},+D%), K,=D+D%, K;=K(DS +D5)
(17)
Ky=— (D%, + Dgz)’ Ks=D5; + D§3

Boundary conditions associated with Eq. (16) are the values
of the interlayer slip and its first two derivatives, and the values
of the normal interlayer traction and its first derivative at the
edge x=0 of the beam element. An exact solution of Eq. (16)
was easily obtained by MATHEMATICA (Wolfram 2003). Due to
its length and complexity, the closed-form expressions are not
shown throughout the paper. When the slip and the normal inter-
layer traction have been obtained, the remaining equations of the
system (2)—(7) can simply be solved. We first determine the
boundary rotations and displacements from the system of linear
equations

Ku=g (18)

for the composite structure. In Eq. (18), K; denotes the tangent
stiffness matrix, u=vector of end-point displacements, and
g=load vector. Once u is known, the values of the end forces can
easily be computed. By integrating Eqs. (2) and (4) and consid-
ering Egs. (3), (6), and (7), the solution for unknown functions u¢,
uh’ Wa’ Wb, (Pa, ‘Pba Sa’ Sh, Ka, Kb, ,ya, ,Yh’ Na’ j\/h, Qu’ Qh, Ma,
M?, A, p, and p, can easily be obtained. Finally, the unknown
functions x*, Q, and M are obtained from Egs. (8)—(10).

Parametric Studies
This section presents parametric studies performed on a simply

supported two-layer planar beam subjected to a uniformly distrib-
uted load (see Fig. 2) with the aim to investigate the influence of

Fig. 3. Influence of slip modulus and L/h ratios on vertical
deflections for E/G=16

the shear deformation in an individual layer and a variety of other
material and geometric parameters, such as flexural-to-shear and
span-to-depth ratios, interlayer slip modulus, etc., on the me-
chanical behavior of the Timoshenko composite beams.

The main interest was focused on the assessment of the
contribution effect of the transverse shear deformation to the de-
formation and stresses in composite beams with partial interaction
between the layers. To this end, the vertical deflections were
calculated for different values of parameters (K,E/G,L/h) and
compared to those obtained by the analytical model of Euler—
Bernoulli composite beams with partial interaction between the
individual components. Results are given in Figs. 3 and 4, and
Table 1.

In Fig. 3, the vertical deflections (wy) of the Timoshenko com-
posite beam with the partial interlayer interaction are compared to
the vertical deflections (wpg) obtained by the Euler-Bernoulli
composite beam model with the same partial interlayer interaction
(here also called the classical composite beam model), for differ-
ent L/h ratios and various interlayer slip moduli K. It can be
observed in Fig. 3 that decreasing the L/h ratios and increasing
interlayer slip modulus K, increases the influence of the trans-
verse shear deformation on vertical deflections. This influence is
considerable in the case of timber composite beams (E/G=16)
even for relatively slender beams (L/h=10), as can be seen from
Fig. 4 and Table 1. The effect is even more pronounced for timber
composite beams with L/h=5, where the shear deformations in-
crease the vertical deflections for the values in the range from
19.2 to 59.5%.

The effect of shear deformation on the vertical deflections at
the midspan of a composite beam has been investigated for vari-

E/G=2.68

p E—— E/G-8.67

Fig. 4. Influence of E/G and L/h ratios on vertical deflections for
K=100
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Table 1. Influence of K, E/G, and L/h on Vertical Deflections (ow;/wp)

E/G=2.68 E/G=8.67 E/G=16
K

[kN/cm?] I 1l 1 I 1 111 I 1l 111
0.001 1.090 1.032 1.008 1.287 1.104 1.026 1.524 1.192 1.048
0.01 1.090 1.032 1.008 1.287 1.104 1.026 1.524 1.192 1.048
0.1 1.090 1.032 1.008 1.288 1.105 1.027 1.524 1.192 1.049
1 1.091 1.033 1.008 1.293 1110 1.032 1.529 1.197 1.054
10 1.092 1.034 1.010 1341 1.152 1.056 1581 1.244 1.087
50 1.098 1.040 1.014 1.494 1237 1.075 1767 1,370 1.128
100 1.105 1.046 1.017 1.603 1.274 1.080 1.931 1.445 1.139
1000 1.182 1.083 1.024 1.875 1329 1.084 2.534 1.595 1.154

Note: I: L/h=3; II: L/h=5; and III: L/h=10.

ous E/G and L/h ratios and different interlayer slip moduli K.
Here, we present (see Table 1) only the results for beams with
E/G=2.68 (the ratio, typical for isotropic materials such as steel,
aluminum, and copper) and beams with E/G=8.67 (transversely
isotropic glass-fiber-reinforced unidirectional composite beams)
and for anisotropic wood beams with £/G=16+20. The results
for a beam with E/G=100, which is not a realistic value for
material, have been added in Fig. 4 as well.

A comparative analysis of the analytical results for the vertical
deflections at the midspan of a simply supported composite beam
with the partial interlayer interaction shows that the influence of
shear effects is significant for composite beams where E/G = 16,
particularly in the case of rather stiff connections with very high
interlayer slip moduli K, where the influence of shear effects on
the increase of deflections can be as high as 15.4% for L/h=10,
and more than 250% for short beams with L/h=3.

The contribution of the shear effects to the vertical deflections
ranges, in the case of steel, aluminum, and copper composite
beams with £/G=2.86, from 0.3 to 8.3% for 5<L/h=<15. There-
fore, for such composite beams, the shear effects are insignificant,
except for short beams with L/h<3 and high Ks.

In the case of glass-fiber-reinforced composite beams with
E/G=8.67, the influence for beams with L/h =10 is still beyond
8.4% and, thus less significant, while the influence on beams with
L/h<35 becomes important (it ranges from 10.4 to 32.9%).

It is illustrative to study the influence of the shear deformation
in an individual layer on the static and kinematic quantities rather
than w, such as A, p,, &%, N, etc.

2.2 A ! L IR T T
....... Mmmmm e LIS ..._--:...--j..*_,..,'..---,'..--.
2.0 i X ! 3 : ! P
Y S S S R e S e
N 1 i 1 1 1 '
.! U105 fgao R G- I I
_______ [L N —— e ] ) |
@, 16 AR RN e R i
R P TR S
N | R S I R T
L2p=Sgqp-—mm T R S
1.0 frmmae = Ty .
08 Emamn 1 ; H 1
) 4 6 1, 8 10 12
@E(Q) - Pa(L/2) - =MLy - - w(l2)
.............. - 5L —-=NA(L12) —=¢(0)

Fig. 5. Static and kinematic quantities as a function of L/h for
E/G=16 and K=100 kN/cm?
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These quantities have been calculated for timber composite
beams with E/G=16 and for various values of parameters L/h
and K. The results are presented in Fig. 5 and in Table 2, where
the notations (+); and (+); mark that the quantities have been
calculated by different beam models. Thus, (+); represents quan-
tities calculated by the Euler—Bernoulli composite beam model
with the partial interlayer interaction, and (+); represents quanti-
ties obtained by the Timoshenko composite beam model.

The examination of analytical results in Table 2 and in Fig. 5
reveals that the shear deformation has an important influence
not only on the vertical deflections, but also on the other me-
chanical quantities of composite beams with the partial interlayer
interaction.

An interesting detail at this point is that the influence of the
shear deformation has different effects on different quantities.
Some quantities, like w, ¢”, k%, and AN“ increase due to the shear
deformation, while the others, like p,, &%, and ¢“ decrease when
compared to the quantities calculated by the classical beam
model. For example, an increasing influence of shear effects on
©”(0) for interlayer slip modulus K=0.1 kN/cm? and L/h=3 is
found to be 25.0%, while for L/h=15 it is only 1.2%. On the
other hand, a decreasing influence of shear effects on £(L/2) is
found (-10.3%) for K=100 kN/cm? and L/h=3, and it is —2.2%
for L/h=10. It is clear from the results depicted in Fig. 6 that, in
addition to the increase in the L/h, the increase of K leads to a
significant enlargement of tangential interlayer tractions with re-
spect to normal interlayer tractions in the contact plane between
the layers. For example, in the case of relatively slender two-layer
composite beams (L/h=10) with K= 10 kN/cm?, the tangential

Table 2. Static and Kinematic Quantities as Functions of K and L/h for
E/G=16

K=0.1 kN/cm? K=100 kN/cm?

()4 ()5 I I T I I T

w(L/2) 1524 1192 1.049 1931 1445  1.139
A(0) 1.046  1.020 1.006 1.026  1.012  1.005
¢%(0) 0939 0973 0992 0919 0960  0.988
) 1250  1.092  1.026 1185  1.083  1.030
K“(L/2) 0.944 0977 0994 0927 0969  0.992
kP(L12) 1188 1.077 1020 1.156  1.059  1.015
NU(LI2) 1.044 1019 1005  1.022  1.007 1001
s4(L/2) 0944 0977 0994 0897 0942  0.978
pa(L12) 0968 0994  1.000 1.993  1.004  1.001

Note: I: L/h=3; 1I: L/h=5; and III: L/h=10.
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Fig. 8. Vertical deflections as a function of h%/h” for L/h=10 and
E/G=16 and different Ks

interlayer tractions may be as high as about 20 times the normal
interlayer tractions. Although it has been shown that the influence
of shear effects on the interlayer tractions is negligible, it is ap-
parent from the graphs in Fig. 7, that the shear deformation has an
important impact on the ratio of the interlayer tractions, especially
for the two-layer beams with L/h=<10, where the influence of
shear effects is more than 29.0%.

A parametric study has also been conducted to assess the
effects of different parameters, such as h“/ h? and K on the verti-
cal deflections and shear forces. For this purpose, the vertical
deflections at the midspan and the shear forces at the edge x=0
of the two-layer composite beam have been calculated for various
h®/h® and K. In the case of relatively slender timber beams with
L/h=10 and E/G=16, the parametric study reveals, that mini-
mum shear effects occur when layers have approximately equal
depths. In Fig. 8, it is shown that the corresponding discrepancies
are higher for smaller values of K and can be, in the case of a
rather flexible connection (K=<1 kN/cm?), as much as about four
times smaller than in the case of stiff interaction between the
layers.

Figs. 9 and 10 show that the contribution to the shear forces
due to shear effects can be considerable, especially when the
depth of one layer is very small compared to the depth of the
other one and for small values of K.

It is observed that for a very thin bottom layer a (h®/h”
<0.1) and the nonstiff interlayer contact (K=0.1 kN/cm?), the
shear force Q“ can be due to shear effects about 2.8 times bigger
than the one obtained by the Euler—Bernoulli model. By contrast,
for high values of K, the shear force Q“ may be about twice
as small as in the case of the Euler—Bernoulli beam. It is also
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Fig. 7. Ratio of tangential and normal tractions as a function of L/h
for E/G=16 and different Ks

apparent from Fig. 10, that the value of the shear force Q” in
Timoshenko’s theory is in the nonstiff connection about 2.5 times
bigger if the top layer is very thin compared to the bottom one.
Thus, it has been shown, that the shear deformations have con-
siderable influence on static shear forces of individual layers of
the two-layer composite beam and hence should not be neglected
in the analysis of such structures.

In addition, the vertical deflections have been calculated for
timber composite beams with £/G=16 and L/h=10 by different
beam models: (1) using empirical formulas given in the European
code for timber structures Eurocode 5 (Eurocode 5 1993); (2)
with the classical Euler—Bernoulli beam model with and without
considering the interlayer slip; (3) with the Timoshenko beam
model for beams without the interlayer slip; and finally (4) with
the present analytical Timoshenko composite beam model with
the consideration of the partial interaction between the layers.

In Table 3, the results of different beam models and for a wide
range of slip modulus from 0.001 to 1000 kN/cm? are presented
and compared. Observe that the influence of the interlayer slip
modulus on the vertical deflections is negligible for the range
of the slip modulus from 0.001 to 0.1 kN/ cm?, and that the in-
fluence of solely slip modulus on the deflections due to the inter-
layer slip (wg/ WZ) decreases with the increase of the slip
modulus. On the other hand, the combined influence of the shear
deformation and slip (w;/wpg) on the deflections increases with
the increase of the slip modulus between the layers. Thus, for
high values of K, deflections obtained by both Euler—Bernoulli
and Timoshenko models with the consideration of the partial in-
teraction differ from deflections obtained by the complete inter-

K=0.1
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................... K=10
A e e N U B e B K=50
<r ————— K=100
&y —— = K=1000]
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Fig. 9. Shear force Q“ as a function of h%/h’ for L/h=10,
E/G=16, and different Ks
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Fig. 10. Shear force Q” as a function of h/h® for L/h=10,
E/G=16, and different Ks

action models by less than 1.2%. Note that the deflections,
obtained by the formula given in Eurocode (Eurocode 5 1993)
for composite beams with interlayer slip between the layers,
agree with the present results for the Euler—Bernoulli beam for
0.001 <K< 10 kN/m? and 100< K< 1000 kN/m?, but not for
10< K <100 kN/m?, where the maximum difference is 22.5%.
The comparison with the Timoshenko beam is more promising.

Fig. 11 shows comparisons of vertical deflections obtained by
different beam models. It can be seen from the results in Table 3
and Fig. 11 that the models with the partial interaction are essen-
tial for the accurate prediction of vertical deflections, especially
for more flexible connections between the layers, i.e., for the
range of slip moduli from 0.001 to 1 kN/cm?, since the compari-
sons of WB/W;; and wy/ w; show that the deflections may be as
high as about 3.5 times of the deflections of a rigidly connected
layered beam. Furthermore, based on the comparisons between
the analytical results for vertical deflections shown in Table 3 and
Fig. 11, it is clear that the proposed model needs to be employed
even for the range of the slip modulus K> 50 kN/cm?. The com-
parison of vertical deflections w;/wjp shows that the effect of the
shear deformation on the increase of vertical deflections can be
about 15.4%.

Next, let us inspect the stress distributions over the depth of
the two-layer composite beam. The longitudinal normal stresses
o, have been evaluated at the midspan section, and the tangential
stresses o, at the edge section of the beam shown in Fig. 2. From
Fig. 12, it can be seen that the distributions and the values of the
normal and the tangential stresses in the layers are very much
affected by the stiffness of the contact. The effect is depicted for
various stiffnesses and the “zig-zag” linear variation of normal
stresses and the quadratic distribution of tangential stresses is

ECS 3.0
wy

w
2 25
g2

Fig. 11. Comparisons of vertical deflections calculated by different
beam models, for different Ks with L/h=10 and E/G=16

obtained. Note that for small Ks the maximum tangential stresses
considerably exceed the stresses obtained from the classical solid
beam model. It is apparent that the classical beam theory under-
estimates both the normal and the tangential stresses in layered
beams. In the case of the nonstiff connection between the layers,
the tangential stresses o,, may increase up to 25% compared to
the stresses in the “solid beam.”

Conclusions

A mathematical model is proposed and its analytical solution is
found for the analysis of the geometrically and materially linear
layered beams with different material and geometric characteris-
tics of each layer. The proposed analytical model takes into ac-
count the transverse shear deformation of each layer of a
multilayer beam. The analytical study is carried out for evaluating
the influence of the transverse shear deformation on the static and
kinematic quantities. Particular emphasis is given to the vertical
deflections at the midspan of a simply supported two-layer planar
beam subjected to the uniformly distributed load. For this pur-
pose, several parametric studies have been performed to investi-
gate the influence of shear effects and various material and
geometric parameters, such as flexural-to-shear rigidity ratios and
span-to-depth ratios, on the mechanical behavior of the layered
Timoshenko beams.

Based on the results of this analytical study and the parametric
evaluations undertaken, the following conclusions can be drawn:
1. The present mathematical model is general and relatively

easy to comprehend.

Table 3. Vertical Deflections Calculated by Different Beam Models for Different Ks with L/h=10 and E/G=16

K EC5 W Wi Wi wr ECS wr Wi wr wr
[kN/cm?] [em] [em] [em] [cm] [cm] wp wg Wy wr WZ

0.001 3.875 1.085 3.875 1.252 4.062 1.000 1.048 3.571 3.243 3.743
0.01 3.872 1.085 3.869 1.252 4.057 1.000 1.048 3.566 3.239 3.738
0.1 3.845 1.085 3.818 1.252 4.005 1.007 1.049 3.518 3.197 3.691
1 3.602 1.085 3.391 1.252 3.573 1.062 1.054 3.125 2.853 3.293
10 2.427 1.085 1.982 1.252 2.154 1.225 1.087 1.826 1.720 1.985
50 1.526 1.085 1.325 1.252 1.494 1.153 1.128 1.221 1.193 1.377
100 1.326 1.085 1.230 1.252 1.379 1.096 1.139 1.115 1.101 1.270
1000 1.111 1.085 1.098 1.252 1.267 1.012 1.154 1.012 1.012 1.168

Note: “=without interlayer slip.
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Fig. 12. The distribution of normal and tangential stresses over the cross section for different Ks

The influence of the shear deformation on vertical deflections
is increasing with decreasing L/h ratios and increasing K. In
the case of a timber composite beam (E/G=16), the contri-
bution of shear deformations to vertical deflections can be
about 15% for ratios L/h=10. The effect is even more pro-
nounced for beams with L/h=5, where the effect of shear
deformation on vertical deflections ranges between 19 and
60%.

The influence of shear effects is significant for composite
beams with E/G =16, particularly in the case of very high
interlayer slip moduli, where the influence is about 15% for
L/h=10, and about 250% for short beams with L/h=3.

In the case of steel, aluminum, and copper composite beams
with E/G=2.86, the extra contribution to the vertical deflec-
tions due to shear effects ranges from 0.3 to 8% for 5
< L/h=15. Therefore, for such composite beams, shear ef-
fects are insignificant, except possibly for short beams with
L/h=<3 and higher values of K.

In the case of glass-fiber reinforced unidirectional composite
beams with E/G=8.67, the influence of shear effects on ver-
tical deflections increases with an increase in K and a de-
crease in L/h. Thus, the influence for beams with L/h=10
is still beyond 8% and, hence, insignificant, in contrast to
beams with L/h=5, where the increase of the deflection
ranges from 10 to 33%, and particularly for very short and
rigidly connected composite beams, where the influence of
shear effects can reach values up to 85%.

In the case of relatively slender two-layer composite beams
(L/h=10) with K=10 kN/cm?, the tangential interlayer
tractions are about 20 times bigger than the related normal
interlayer tractions. The shear deformation has an important
impact on the actual ratio of the interlayer tractions. For the
two-layer beams with L/h < 10, the influence of shear effects
is more than 29%.

In the case of one very thin layer and a rather flexible con-
nection (K=0.1 kN/cm?), the corresponding shear force in
the thin layer can be considerably bigger than in the classical
theory. This is, Q is about 2.8 times larger for nonstiff and
about twice smaller than Qp obtained by the classical Euler—
Bernoulli beam model. Similarly, the shear force Q of a
very thin top layer is 2.5 times larger than that of the classi-
cal theory. Thus, we have shown, that the shear has a con-
siderable impact on the values of the shear forces in the
layers, and therefore should not be neglected.

The influence of shear deformation on vertical deflections

is negligible, if 0.001<K=<0.1 kN/cm?, E/G=16, and
L/h=10.

9. The results of the deflection formula given in Eurocode 5
(Eurocode 5 1993) agree completely with the present results
if 0.001<K=0.1 kN/cm?, while discrepancies may occur
for other values of K.

10. The comparison of the results wg/ wZ and wy/ w*T shows that
larger shear deformations develop for large slip moduli K,
for short beams with small L/h ratios and for materials with
high E/G ratios. In all these cases, the role of shear defor-
mations is significant and they have to be addressed in
design. It also becomes clear that the beam models should
consider the partial interaction between the layers if K takes
small values.

11. The zig-zag linear variation of the normal stresses and the
piecewise quadratic distribution of the tangential stresses
over the composite cross section has been obtained. For
K<0.1 kN/cm?, the maximum tangential stresses o, may
exceed the values obtained from the classical solid beam
model for about 25%. It is apparent then that the classical
solid beam model provides nonconservative estimates for the
tangential and normal stresses in layered beams.
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Abstract

A new locking-free strain-based finite element formulation for the numerical treatment of linear static analysis of two-layer planar composite
beams with interlayer slip is proposed. In this formulation, the modified principle of virtual work is introduced as a basis for the finite element
discretization. The linear kinematic equations are included into the principle by the procedure, similar to that of Lagrangian multipliers.
A strain field vector remains the only unknown function to be interpolated in the finite element implementation of the principle. In contrast with
some of the displacement-based and mixed finite element formulations of the composite beams with interlayer slip, the present formulation
is completely locking-free. Hence, there are no shear and slip locking, poor convergence and stress oscillations in these finite elements. The
generalization of the composite beam theory with the consideration of the Timoshenko beam theory for the individual component of a composite
beam represents a substantial contribution in the field of analysis of non-slender composite beams with an interlayer slip. An extension of the
present formulation to the non-linear material problems is straightforward. As only a few finite elements are needed to describe a composite

beam with great precision, the new finite element formulations is perfectly suited for practical calculations.

© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Multi-layered structures have been playing an increasingly
important role in different areas of engineering practice, per-
haps most notably in civil, automotive, aerospace and aero-
nautic technology. Classical cases of such structures in civil
engineering are steel-concrete composite beams in buildings
and bridges, wood—concrete floor systems, coupled shear walls,
concrete beams externally reinforced with laminates, sandwich
beams, and many more. It is well known that the behaviour of
these structures largely depends on different materials of indi-
vidual components and by the type of their connection. There
exist many ways how to obtain the connection between the com-
ponents. Usually, mechanical shear connectors are employed
to provide a desired composite action. With the use of rigid
shear connectors, a full shear connection and full composite ac-
tion between the individual components can be achieved. Con-
sequently, conventional principles of the solid beam analysis

* Corresponding author. Tel.: +386 14768 614; fax: +386 147 68 629.
E-mail address: gturk@fgg.uni-lj.si (G. Turk).

0168-874X/$ - see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.finel.2007.03.002

can be employed. Unfortunately, the full shear connection can
hardly be materialized in practice and thus only an incomplete
or partial interaction between the layers can be obtained and
an interlayer slip often develops. In some cases it significantly
effects the mechanical behaviour of composite systems.
Hence, the inclusion of the interlayer-slip effect into multi-
layered beam theory is essential for optimal design and
accurate representation of the actual mechanical behaviour of
multi-layered structures with partial interaction between the
components. Many efforts and large number of research stud-
ies have been devoted to obtain the solution of the aforemen-
tioned problem. Early studies on beams with partial interaction
between the layers were based on the assumptions of linear elas-
tic material models and the Euler—Bernoulli hypothesis of plane
sections. Perhaps the first but certainly the most quoted partial
action theory was developed by Newmark et al. [1]. Up to now,
a number of elastic theories have been developed and presented
in professional literature [2-9]. The main disadvantage of all
these elastic theories and their closed form analytical solutions
is that they could be obtained only for problems with sim-
ple geometry, loading and boundary conditions. Therefore, in
recent years numerous investigators have refined these theories
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to incorporate several aspects of non-linear geometric and ma-
terial behaviour [10-14] as well as torsion [15], time depen-
dent effects [8], uplift [16] and dynamics [17]. Such complex
problems are usually solved using numerical methods such as
finite difference methods and finite element methods. Among
all those numerical methods, the majority of researchers have
employed the displacement-based [16,18], force-based [19] and
mixed [18-22] finite element method. It is well known that fi-
nite element models which use low-order interpolation and a
few finite elements experience so-called slip locking for high
values of stiffness of the shear connection [18,21]. This locking
is due to the inconsistent approximation of different fields gov-
erning the beam model. It is possible to reduce or completely
eliminate locking by lowering the degree of interpolation func-
tions for the slip or by introducing elements with larger num-
bers of degrees of freedom [18,21].

Besides, one of the basic assumptions of all aforementioned
models with partial interaction between the layers was the most
commonly used Euler—Bernoulli beam theory for each individ-
ual layer, respectively. The main shortcoming of the classical
Euler-Bernoulli beam theory is that no transverse shear defor-
mation is allowed for. This implies an infinite shear stiffness of
individual layer. Since, in reality, no material exists that pos-
sesses such a property, the suitability of the Euler—Bernoulli
beam theory for composite beams with an interlayer slip can
be questioned, especially for thick and short composite beams.
In these cases, the application of the Timoshenko beam the-
ory is indispensable for accurate prediction of the mechanical
behaviour of aforementioned structures. A large number of ho-
mogeneous beam elements based on Timoshenko beam theory
have appeared in the literature. To eliminate shear and mem-
brane locking, several approaches have been proposed. Among
them, the reduced or selective integration technique is the most
common. An extensive list of references on locking in Tim-
oshenko beams is not among the goals of this work. On the
other hand, there seems to exist only one report on the exact
solution of Timoshenko composite beam with an interlayer slip
[23], and no reports on the finite element formulation of Tim-
oshenko composite beams with the partial interaction between
the layers. In the present paper, we aim to fill this gap.

The objective of this paper is two-fold. Firstly, we present
a new locking-free strain-based finite element formulation for
the linear static analysis of two-layer planar beams with in-
terlayer slip. In this formulation, the principle of virtual work
has been employed as a basis for the finite element discretiza-
tion. Thus, we have proposed a modified form of the princi-
ple of virtual work by including the linear kinematic equations
as constraining equations by a procedure, similar to that of
Lagrangian multipliers. In this way we eliminate the displace-
ment field vector from the principle of virtual work. As a re-
sult, the strain field vector remains the only unknown function
to be approximated in the finite element implementation. This
means, that only the extensional strains and pseudocurvatures of
reference axis of individual layers and transverse shear strains
of layer cross-sections need to be interpolated. Furthermore,
the present approach uses the concept of the consistent equi-
librium of constitutive and equilibrium-based stress-resultants

[24] and the Galerkin type of the finite element formulation is
employed [25]. In contrast with many of the aforementioned
displacement-based, force-based and mixed finite element for-
mulations of composite beams with interlayer slip, the present
formulation is completely locking-free. Consequently, the am-
biguous selection of consistent polynomial approximations for
physically different field variables can thus be fully avoided.

The second objective of the present paper is the incorporation
of the transverse shear deformation into the two-layer compos-
ite beam theory with an interlayer slip. The Timoshenko beam
theory for each of the individual layer has been adopted. Since,
the distribution of the transverse shear strain in the Timoshenko
beam theory is assumed to be constant across the cross-section,
the shear correction factor is necessary to use [26] for the appro-
priate representation of shear stresses through the cross-section.
The proposed generalization of the composite beam theory with
the Timoshenko beam theory is therefore an improvement in
the field of analysis of non-slender (thick and short) composite
beams with an interlayer slip. Finally, the common outcome of
the present formulation is a family of more accurate and effi-
cient beam finite elements for the linear static analysis of two-
layer planar Timoshenko beams with an interlayer slip. Any
kind of locking (shear, slip, curvature), poor convergence and
stress oscillations are absent in these finite elements.

2. Formulation of basic equations of a two-layer
Timoshenko beam

The following formulation of a two-layer planar Timoshenko
composite beam with an interlayer slip is based on Reissner’s
[27] finite-strain beam theory, in which Bernoulli’s hypothesis
of plane cross-sections for each individual layer is assumed.
Plane cross-sections remain planar during deformation but not
necessarily perpendicular to the deformed centroidal axis of the
beam. Under this assumption, the effect of a constant transverse
shear strain of the individual layer can be approximately taken
into account by decoupling the rotation of the cross-section
from the slope of the deformed line of centroid. Accordingly,
the Timoshenko [28] beam theory for each layer is applied. In
addition, we assumed that displacements, strains and rotations
are small and that the shapes of the cross-sections are sym-
metrical with respect to the plane of deformation and remain
unchanged in the form and size during deformation. Layers are
assumed to be continuously connected and interlayer stiffness
of the connection is taken as constant. Besides, tangential slip
can occur at the interface between the layers but no delamina-
tion or transverse separation between them is possible. In what
follows, we briefly describe the basic equations of the two-layer
Timoshenko beam.

2.1. Kinematic, constitutive and constraining equations

We consider an initially straight, planar, two-layer Timo-
shenko beam element of undeformed length L, see Fig. 1. Lay-
ers are marked by letters a and b, respectively. The two-layer
beam element is analysed in the (x, z)-plane of a spatial Carte-
sian coordinate system with coordinates (x, y, z) and unit base
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undeformed configuration

Fig. 1. Undeformed and deformed configuration of the two-layer beam.

vectors E,, Ey, E;. The reference axis of the two-layer beam
element is common to both layers. It coincides with the axis x
and it lies in the contact plane between the layers. The geomet-
ric shape of the cross-section of each layer is assumed to be
arbitrary but symmetric with respect to (x, z) plane and con-
stant along its longitudinal axis x. Only for the sake of clear-
ness the cross-sections plotted in Fig. 1 are rectangular. The
two-layer beam element is subjected to the action of the conser-
vative distributed load p = pyE; + p;E, along the span on the
upper face of layer b. Besides, it is also subjected to generalized
point forces Sl.“ and Sf’ i=1,2,...,6) at the ends of layers a
and b.

The position vectors of material particles of the deformed
configurations of layers a and b in the plane of deformation
(y =0) are defined by vector-valued functions

R(x,2) = (x +u’(x) + 29 (x)Ex + 2+ w'(x)E;, (1)

RP(x*, 2) = (0" + ul (x*) + 20P («*)Ey + (2 + wb (x))E..
)

In Egs. (1) and (2), and in all further expressions, the notations
(8)% and (e)? denote whether quantities correspond to layer a
or b. Thus, functions u“(x), w*(x), ¢*(x) denote the longitu-
dinal displacement along the direction of the reference axis, the
transverse displacement, and the rotation of the cross-section of
layer a with respect to the base vectors Ey, E; and E,, respec-
tively. Variables u?(x*), w?(x*), ¢”(x*) are related to layer
b. The components of the generalized displacement vectors
u ={u (x), w(x), o (x)} and u? = {u? (x*), w? (x*), @ (x*)}
are related to the components of the generalized strain vectors
& ={e"(x), 7 (x), K9(x)} and &" = {&" (x*), 7 (x*), kP (x*)} by
the linearized Reissner’s kinematic equations [9,12]:

u’(x) — e (x) =0, u”(x*) - =0, 3)
w? (x) + ¢ (x) = y(x) =0,

w?” (%) + o (x*) — P (x*) =0, 4)

eV(x) —K'(x) =0, @”(x*) —KP(x*)=0. (5)

In Egs. (3)—(5) the prime () denotes the first derivative with
respect to either x or x*, whereas functions ¢, y, k mark the ex-
tensional strain, the transverse shear strain and the pseudocur-
vature of the individual layer, respectively. Conjugate to these
strains we have stress resultants 69 = {N9(x), Q%(x), M%(x)}
and ¢ = (NP(x*), QP (x*), MP(x*)} for the equilibrium
axial forces N@(x), N?(x*), the transverse shear forces
Q%(x), Q% (x*) and the bending moments M¢(x), M?(x*) of
the individual layer. In order to relate the equilibrium axial and
shear forces, and the equilibrium moments to material models
of layers, we introduce a set of constitutive equations which
assures the balance of the equilibrium and constitutive cross-
sectional resultants. For linear elastic material, the constitutive
functions  N¢(x), Né’(x*), Q4.(x), Q& (x*), M&(x), M}(’j(x*)
can be given in terms of the components of the generalized
strain vectors & and . Thus, the constitutive equations of
layers are defined by equations

N x) = M (x, & (x), k% (x)) = E“A%" (x) + E“ S k% (x),

(6)
NP () = NE(x*, e (%), kP (x*))
=EPAP (") + EPSPib (x), (7
Q%(x) = Q¢ (x, 1" (x)) = GYAGY" (x), (®)
QP (x*) = Q2(x*, 7" (x*)) = G" Ay (x*), 9)
M (x) = MEx, & (x), k“(x))
=E“S%*(x) + E“ T (x), (10)
M%) = ME(x*, &P (x), kP (x*))
= EbSPeP (") + EP JPKP (1), (11)

in which A%, A® are the areas of cross-sections, E“, E¥ are
the elastic modulus, $¢, S? are the static moments of area and
J4, JP are the cross-sectional moments of inertia of layers a
and b with respect to the reference axis of the whole cross-
section of the two-layer beam element. In addition, the Ag and
Als’ represent the areas of the shear cross-sections [26].

Once the layers are connected together, the upper layer is
constrained to follow the deformation of lower layer, and vice
versa. As already stated, the layers can slip along each other,
but their transverse separation or penetration is not allowed.
This fact is expressed by the kinematic-constraint requirement

R%x, z) = R (x*, 2), (12)

where x € 79, x* € 7% are undeformed coordinates of two
distinct particles of layers a and » which are in the deformed
state in contact, and thus their vector-valued functions R4 (x, z)
and R?(x*, 7) coincide (see Fig. 1). Eq. (12) can be rewritten
in a more convenient component form:

x 4 u(x) = x* + ub (x*), (13)

w(x) = w’(x*). (14)
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The relative displacements (slip) that occurs between the two
particles which coincide in the undeformed configuration is
denoted by 4, and is in the case of geometrically linear beam
theory simply given by

A(x) = u®(x) — ub (x) = u(0) — u®(0)

+ / (e%(x) — &P (x)) d&. (15)
0

In the present paper, the linear constitutive law of the bond slip
between the layers is assumed.

pr=KA, (16)

where K represents the interlayer-slip modulus. For a detailed
explanation of the constraining equations, a reader is directed
to Refs. [9,11-13,23].

Assuming strains, displacements, rotations and slips to be
small quantities, Eqs. (3)—(5) can be simplified using the fol-
lowing two assumptions (see, e.g. [12]): (i) dx ~ dx*; (ii) ver-
tical deflections of the reference axis of individual layers are
equal w?(x) = w?(x*) = w(x) and Z¢ ~ 7 = [0, L]. Thus, all
quantities of layer b are equal at x and x*, e.g. u?(x*) =u®(x).
Due to the last two assumptions, the arguments in the following
equations can be omitted. This implies that a simplified version
of Egs. (3)—(5) reads:

u’ — =0, u” - =0, (17)
/ a a _ / b b_

w+ ot —=y"=0, wH+e —y=0, (18)

oV — k=0, o —KP=0. (19)

Since the constraining equations define the conditions that as-
semble an individual layer into a layered composite beam,
Eqgs. (17)—(19) are not independent of each other. The appli-
cation of Egs. (18)—(19) to the first and second derivative of
Eq. (14) with respect to x, gives modified Eqgs. (18)—(19) by
which the rotations and pseudocurvatures of layers are con-
strained to each other. According to the above simplification,
the modified kinematic equations of the two-layer Timoshenko
beam read

ut — =0, (20)
u? — ¢ =0, 1)
w4 ¢ —y* =0, (22)
oY — k4 =0, (23)
o’ — o'+ =" =0, (24)

- =o0. (25)

2.2. The modified principle of virtual work and its finite
element formulation

The principle of virtual work states that the difference of
virtual works of internal and external forces is zero

L
OW =W + oWl = / N 4+ Q469" + M 6K7) dx
0
L
+ / N?8e? + Qb 6yP + MPoxb) dx
0
L
+ / (prdu® — puow) dx
0

- /O L((pt + p)ou” + (pn — po)ow) dx

— §96u®(0) — S¢ow(0) — S5 (0) — S$ou(L)

— 84w (L) — &3¢ (L) — S¥ou’(0) — S5ow(0)

— 825" (0) — Shou® (L) — SZow(L) — SLop” (L)
=0. (26)

Here, ou®, du®, dw are virtual displacements, &, Seb, oy?,
Oy, ok, oxP are virtual strains of the reference axis of
the composite beam; du“(0), ou?(L), ow(0), etc., denote
the virtual boundary displacements, whereas p, represents
the normal interlayer contact traction. The principle given
in Eq. (26) has been derived on the basis of the assump-
tion that the kinematic and strain variables as well as their
variations are constraint by the kinematic and constitutive
Egs. (20)—(25) and (6)—(11). Hence, only six among the
11 functions u?, u®, w, o?, (pb, e, gb, 1%, yb, k% and K’ are
mutually independent. These constraints are released if the
Hu—Washizu functional is introduced with Egs. (20)-(25) as
being a set of constraining equations of the functional. Egs.
(20)—(25) are scalarly multiplied by arbitrary, independent,
and at least once differentiable Lagrangian multipliers A;.
The scalar products of the multipliers and the constraining
equations are integrated along the length L and varied with re-
spect to displacements, strains and Lagrangian multipliers. The
terms that contain first derivatives of displacements and strains
are partially integrated. After adding the obtained expressions
to Eq. (26), the strain-based principle of virtual work called a
modified principle of virtual work is derived [12,25]

L
5Wm0d = / ((Nca — /11)58a + (Ng - /12)5817
0

+(Q¢ — A3 + M(b:')éya
+(Qh — M)y + (ME + M — A4)5x%) dx

L
—+ (u”(L) —u?(0) — / & dx) 041(0)
0
L
+ <ub(L) —ub0) - f &b dx> 515(0)
0

L
+ (w(L) —w(0) — /0 (o - <p“>dx) 5.45(0)
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+ <<p“(L) — ¢*(0) — fo ’ K4 dx> 514(0)

— (5§ 4+ A1(0))0u“ (0) — (S} + A2(0))du”(0)

— (8% + 8% + A3(0))5w(0)

— (S§+85+44(0)0¢" (0)—(S§ — A1 (L)) ou’ (L)

— (SP—Ap(L))du® (L) —(SE+SE—A3(L))dw(L)

— (89 + S — A4(L))dg (L) = 0. 27)

This strain-based formulation offers a number of advan-
tages, such as a consistent cross-sectional equilibrium and
a derivation of locking-free strain-based finite elements.
Functional (27) stated above represents the starting point
of the strain-based Galerkin-type of the finite element dis-
cretization. The only unknown functions defining princi-
ple (27) are the strain variables—the axial strains &, &b,
the transverse shear strains 7%, y” and the pseudocurva-
ture x“. Notice, that the displacements, rotations, forces
and moments are included only through their boundary
values. Thus, functions &, &?, 7%, yb ,k% and 12 parame-
ters  A41(0), 42(0), A3(0), A44(0), u®(0), u® (L), u"(0), u”(L),
w(0), w(L), ¢*(0), p*(L) where Ap, A>, A3, A4 represent
the Euler—Lagrange multipliers (in this case, the forces and
moments in global coordinate system), fully describe func-
tional (27). In the finite element implementation of the prin-
ciple, we need to interpolate five strain functions &“(x),
P (x), y*(x), 7P (x), k%(x) and their variations. In this way,
the reference axis of the two-layer Timoshenko beam is di-
vided into finite elements. Within each element, the strain
functions and their variations are interpolated. For the inter-
polation of the strain functions, the Lagrangian polynomials
P, (n=1,2,..., N;) of degree N; — 1 are employed. Addi-
tionally, it is assumed that the variations of strain functions
are approximated by the Dirac J-function. The definition of
Dirac-delta function, collocation method and the fundamental
lemma of the calculus of variation used to derive the discrete
system of Euler-Lagrange equations can be found in [29]. The
selection of the collocation points x; (i =1, 2, ..., Ng) is cru-
cial in obtaining a well conditioned system of equations and a
convergent solution. Thus, the interpolation of the unknowns
takes the form

Ny

&(x) = Z Py(x) ey, 0e%(x) = 0(x — x;), (28)
n=1
Ny

)= Pix)e) 8P (x) = (x — xp), (29)
n=1
Ny

P =D Py, 5 =0 — x0), (30)
n=1

Ni

P = Py, 70 = 6 —x), 31)
n=1
Ny

K (x) = Z Py(x) x5, Ok (x) = 0(x — x;). (32)
n=1

Discrete values &, &2, 7%, 7, k% represent the nodal values of
the interpolated functions. Thus, for the construction of the
finite-element model of the two-layer Timoshenko beam with an
interlayer slip the Petrov—Galerkin collocation method is used.
For the sake of the simplicity, we assume that the interpolation
and collocation points within the element coincide: N = N; =

Nk . Assuming further that equilibrium equations

N — p; =0, Nh/‘i‘Pz‘i‘Px:O»
QY+ pp=0, Q"+ p,—p,=0,
MY+ 0=0, M”-0"=0 (33)

are identically satisfied, the boundary forces A(L), A2(L),
A3(L), and the boundary moment A4(L) in Eq. (27) can
easily be expressed only by 41(0), 42(0), A3(0), A4(0) and
Pz, Px, Px and p.. Insertion of Egs. (28)—(32) into the vari-
ational principle (27) and using the fundamental lemma
of the calculus of variation yield the discrete system of
Euler-Lagrange equations of the principle:

ﬁ:(Ng_Al)|x=ijos i=]1""N’ (34)
fN+j = (Né’ - A2)|x:x_/- =0,

Fonik = (Q% — Az + ME)| 1=y, =0,

j=1,...,N, (35)

k=1,...,N, (36)

vt = (Q2 — MU=y =0, [=1,...,N, (37)
fanim = ME+ ML — Ag)lymy, =0, m=1,...,N,
(38)
L
fsne1 =u(L) — u(0) — /0 gdx =0, (39)
L
fsn2=ul(L) —u(0) — / & dx =0, (40)
0
L
fsn+3 = w(L) — w(0) — /0 (0" — ") dx =0, 1)
L
fsn+a = @*(L) — ¢“(0) — fo K dx =0, (42)
fsngs = ST+ A41(0) =0, (43)
fsnie =SV + A2(0) =0, (44)
fsn+r =S5 4+ S5+ A3(0) =0, (45)
fsn+s =55 + 8% + A44(0) =0, (46)

L
Jsn+o =S4 — 4:1(0) — / prdx =0, (47)
0
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L
Fonein =3} =40 + [ (ot par=o. (48)
L
fsn411 = 52+ SZ — A3(0) +/ p.dx =0, (49)
0
L
Faven =i+ = M0 = [ mdr=0. (50)

For a given load factor, 4, Egs. (34)—(50) constitute a sys-
tem of SN + 12 linear algebraic equations for SN + 12
unknowns. There are SN + 4 internal degrees of freedom
e, eb e yb K4 A1(0), 42(0), A3(0), A4(0), and eight exter-
nal degrees of freedom, i.e., nodal displacement and rotations
u®(0), u®(L), u®(0), u®(L), w(0), w(L), p(0), p*(L) of the
finite element. The internal degrees of freedom are eliminated
from the structural assemblage by the static condensation at
the element level. The condensed global tangent stiffness ma-
trix and the condensed residual force vector of the structure
are then assembled in a classical way. For the solution of the
equations a standard method for solutions of linear system can
be employed. Notice, that for non-singular solution of Egs.
(34)—(50) at least one longitudinal boundary displacement,
belonging either to layer a or b, must be prescribed.

3. Numerical examples

The following examples demonstrate high accuracy and
excellent performance of the proposed family of locking-free two-
layer Timoshenko beam finite elements. The purposes of the dis-
cussion presented herein are the following: (i) to check the con-
vergence properties and locking (slip and shear) behaviour of
presented finite elements and (ii) to briefly investigate the influ-
ence of shear rigidity on the mechanical behaviour of continu-
ous two-layer Timoshenko composite beam with interlayer slip.

For this purpose, we consider two simple, but indicative ex-
amples: (1) a simply supported two-layer Timoshenko compos-
ite beam with length L and (2) a continuous two-layer Tim-
oshenko composite beam over two spans. In both cases the
beams are subjected to conservative distributed load of intensity
p.- The elastic properties E¢, E? G% and G, cross-sectional
areas A%, A and all other material and geometric parameters
are shown in Figs. 2 and 6. A shear-correction factor ks for a
rectangular cross-section is taken to be % [26].

|I 7 P,=0.5kN/cm

P 0 0 S 0 A O O 0 O Y O OO

1 =

= L=250 ¢cm -

'z E*=E"=1200 kN/cm’

G*= 120 kN/cm’
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In order to validate and confirm the accuracy and the con-
vergence performance of the elements developed in the earlier
section, the numerical results such as mid-point vertical deflec-
tions and interlayer slips at the edge of the beam are evaluated
for different types of elements and compared to the correspond-
ing reference solution, which is taken to be the solution by 1000
finite elements with degree of interpolation polynomials, here
termed by Ey. This way we analyse the influence of the degree
of interpolation functions (Lagrange interpolation polynomi-
als), the number of elements and the location of collocation
points {x1, ..., x,} on the numerical results of the Timoshenko
two-layer beam. As discussed in Section 2, the set of collocation
points can generally be prescribed arbitrarily. Thus, the results
for mid-point vertical deflection w*(L/2), interlayer slip at the
left edge of the beam 4(0), and L2-norm of a balance function
of equilibrium and constitutive bending moments || Mc—M||2,
as a function of number of elements, the collocation points and
the order of interpolation polynomials are displayed in Tables
1-4 for collocation points distributed equidistantly including
boundary nodes (E), by Lobatto (L), Gaussian (G), and Cheby-
shev (C) quadrature points. Since the type and the degree of nu-
merical integration are always chosen such that numerical inte-
gration is exact, their influence on the results is not investigated.

As mentioned above, a variety of finite elements and element
meshes have been applied. The simply supported two-layer
Timoshenko beam has been modeled by 1, 2, 4, 8, 10, 20, 50,
100 and 1000 elements with 0, 1st, 2nd, ..., 5th degree inter-
polation polynomials, here termed as Ey, E1, Ea, ..., E5. By
employing only one element Ey and Ej, the relative error of
the computed mid-point vertical deflection and interlayer slip
is significant; by increasing the number of elements E(y and
E1, the error decreases but, the convergence to the reference
solution is relatively slow. On the other hand, the error is much
smaller and the convergence is much faster, if, the degree
of interpolation polynomials is increased. As observed from
Tables 1-4, 2 elements E4, 4 elements E3, 8 or 10 elements E>,
1000 elements Ep, or only one element E5 give the mid-point
vertical deflection and interlayer slip which are accurate to 6
digits. Note that good agreement between the various colloca-
tion schemes is observed. Different choices of the location of
the collocation points give nearly identical results for elements
E»—Es, but not for elements E. In this case, the Gaussian (G)
collocation scheme indicates to be the most appropriate. It can
also be observed from Tables 1-4 that the norm || Mc — M||»
decreases uniformly by increasing the number of elements and

G'=80 KN/cn® '

Section I-I:
b*=1"=30 em
k] layer " | | 7= 20 cm
Yy L
layer ‘a K= 30 cm
[§-4

Fig. 2. The descriptive geometric, material and loading data of the simply supported two-layer Timoshenko beam.
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Table 1
The comparison of numerical results for one element with the reference
solution

ne d.oi  type w(L/2) A(0) IMc — M2

1 0 E/L/G/C 0.290 643 0.116 257  1.78210 x 10*

1 1 E/L 0.033 613 0.002 988  2.83842 x 10*
G 0.225 855  0.079 659  1.18826 x 10*
C 0.178 063 0.060 640  1.34222 x 10*

1 2 E/L 0.270 938 0.077 249  1.93548 x 1010
G 0.270 972 0.077 287  4.32163 x 10710
C 0.270 959 0.077 273  3.18158 x 10710

1 3 E 0.270 988 0.077 271  3.56716 x 10~1°
L 0.271 028  0.077 289  2.29257 x 10710
G 0.270 996  0.077 288  3.25371 x 10710
c 0.271 005  0.077 286  3.31368 x 10~1°

1 4 E 0.270 993 0.077 293  1.87862 x 10~'°
L 0.270 993 0.077 293 2.89523 x 10710
G 0.270 993 0.077 293 2.34103 x 10~1°
C 0.270 993 0.077 540  3.30434 x 10710

1 5 E 0271 026  0.077 293 1.42962 x 10~1°
L 0.271 026 0.077 293 2.29257 x 10710
G 0271 026  0.077 293  1.23514 x 10710
C 0.271 026 0.077 293 2.82211 x 10710

Reference solution 0.271 026 0.077 293 0

ne—number of elements, d.o.i.—degree of interpolation, E—equidistant,
L—Lobatto, G—Gaussian, C—Chebysheyv.

Table 2
The comparison of numerical results with the reference solution

ne d.oi.  type w9 (L/2) 4(0) [Mc — M2

20 E/L/G/C 0.246 928  0.086 513 1.72959 x 10*

2 1 E/L 0.215 860  0.060 491  1.00353 x 10*
G 0.263 520  0.079 511  4.20113 x 103
c 0.251 622 0.074 765  4.74548 x 10°

2 2 E/L 0.271 029  0.077 288  2.87028 x 10710
G 0271 014  0.077 290  2.31795 x 10~1°
C 0.271 020 0.077 290  4.21815 x 10710

23 E 0271 031  0.077 290  4.54423 x 10710
L 0.271 033 0.077 291  3.35126 x 10710
G 0.271 034 0.077 291  3.24815 x 10710
C 0.271 033 0.077 291  2.86409 x 10710

2 4 E 0271 026  0.077 293  3.96382 x 10~1°
L 0.271 026 0.077 293  5.54296 x 1010
G 0271 026  0.077 293  4.08983 x 10~1°
C 0.271 026 0.077 293 6.22722 x 10710

4 0 E/L/G/C 0.264 388 0.079 038  1.2927 x 10*

4 1 E/L 0.251 631  0.074 756 3.54803 x 10°
G 0.263 518  0.079 501  1.48532 x 103
C 0.260 547  0.078 315  1.67778 x 10°

Reference solution 0.271 026 0.077 293 0

ne—number of elements, d.o.i.—degree of interpolation, E—equidistant,
L—Lobatto, G—Gaussian, C—Chebyshev.

the order of interpolation functions. We may then conclude
that the present finite element solution is convergent to the
reference one.

Table 3
The comparison of numerical results with the reference solution

ne d.od.  type w?(L/2) 4(0) Mc — M2

4 2 E/L 0.271 023 0.077 291 5.11367 x 10710
G 0.271 021  0.077 291 7.05474 x 1010
C 0.271 022 0.077 291 6.60154 x 10710

4 3 E 0.271 026 0.077 293 1.03876 x 10~10
L 0.271 026  0.077 293 3.65277 x 10710
G 0.271 026 0.077 293 4.67220 x 10710
c 0.271 026 0.077 293 4.07509 x 10~10

8 0 E/L/G/C 0.268 728 0.077 167 9.26026 x 10°

8 1 E/L 0.260 549 0.078 315 1.25442 x 10°
G 0.263 519 0.079 501 5.25141 x 102
c 0.262 776 0.079 204  5.93185 x 10?

8 2 E/L 0.271 026  0.077 293 6.92304 x 10710
G 0.271 026 0.077 293 7.45907 x 10710
c 0.271 026  0.077 293 1.01180 x 10710

10 0 E/L/GIC 0.269 248 0.0769 432 8.29534 x 10°

10 1 E/L 0.261 619 0.078 742 8.9758 x 102
G 0.263 519 0.079 501 3.7576 x 102
c 0.263 044  0.079 312 4.2445 x 10*

10 2 E/L 0.271 026 0.077 293 4.14354 x 10710
G 0.271 026 0.077 293 6.45604 x 10710
C 0.271 026 0.077 293 1.01005 x 10~10

Reference solution 0.271 026 0.077 293 0

ne—number of elements, d.o.i.—degree of interpolation, E—equidistant,
L—Lobatto, G—Gaussian, C—Chebyshev.

Table 4
The comparison of numerical results for constant interpolation with the
reference solution

ne doi.  type w(L/2) A(0) IMc — M2

20 0 E/L/G/C 0269 942  0.077 187  5.87765 x 10?
50 0 E/L/G/C 0270 457  0.077 278  3.71945 x 1072
100 0 E/L/G/C 0271 013  0.077 286  2.31448 x 10~
1000 0 E/L/G/C 0271026 0.077 293  1.31255 x 10~10
Reference solution 0.271 026 0.077 293 0

ne—number of elements, d.o.i.—degree of interpolation, E—equidistant,
L—Lobatto, G—Gaussian, C—Chebyshev.

Another advantage of the present finite elements is that they
are completely locking-free. It is well known that the inher-
ent disadvantage of some finite element models is the so-called
locking. In the case of Timoshenko composite beam finite ele-
ments with an interlayer slip, the typical locking problems are
shear and slip locking. The latter strongly depends on the con-
nection stiffness [18,21]. This is a problem of particular interest
especially in the case of high connection stiffnesses, where the
slip oscillations may occur [18,21]. In order to show that the
present finite elements are slip locking-free, the distribution of
interlayer slip along the span of a simply supported beam is
shown for low (Fig. 3) and high (Fig. 4) connection stiffness. It
can be observed, that in both cases, the finite elements posses
neither slip locking nor slip oscillations.
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Fig. 3. The distribution of interlayer slip over the span of a simply supported
beam for K = 0.243kN/cm?.
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Fig. 4. The distribution of interlayer slip over the span of a simply supported
beam for K = 2430kN/cm?2.

Only the results for one and two elements with low order
interpolation polynomials are shown (e.g. 1E1/G means one
element E£1 with the collocation points chosen to be distributed
accordingly to the Gaussian integration scheme). For other
cases not shown in Figs. 3 and 4 the results practically coincide
with the reference distribution of interlayer slip, which would
not have been the case, if slip locking would be present.

In order to demonstrate that the present finite elements are
also free of shear locking, the vertical deflections (wr) of the
two-layer Timoshenko composite beam with the partial inter-
layer interaction are compared to the vertical deflections (wg)
obtained by the Euler—Bernoulli composite beam model with
the same partial interlayer interaction, for different L/ h ratios
and different number of finite elements with different degrees
of interpolation polynomials and different collocation point
schemes. It can be observed from Fig. 5, that in the limiting
case where the beam becomes very slender, the results of the
Timoshenko two-layer beam converge to the Euler—Bernoulli
solution of the two-layer beam with an interlayer slip which
is not the case for finite elements which exhibit shear lock-
ing. Thus, we may conclude, that the present finite elements
of the two-layer Timoshenko composite beam are shear-
locking-free.

1.7
1.6

Reference

15+
1.4

1.3
1.2
1.1
1.0

2 4 6 8 10 12 14 16 18 20
L/h

Fig. 5. The influence of L/h ratios on vertical deflections of a simply
supported two-layer Timoshenko composite beam.

The next example will demonstrate the application of the
present locking-free strain-based finite element method to
stress—strain analysis of more complex structures. We consider
a continuous asymmetric Timoshenko composite beam over
two spans with the interlayer-slip modulus K = 0.243 kN/m?.
The descriptive geometric, material and loading data are
described in Fig. 6.

A parametric study has been conducted to briefly asses the
influence of shear moduli of the layers on the values of various
static and kinematic quantities. Figs. 7 and 8 show only the
graphs of interlayer slip 4 and vertical deflection w as a function
of shear modulus G = G? = G”. The beam has been modelled
by 10 elements E4 with the equidistantly distributed collocation
points (E). It is obvious from Figs. 7 and 8, that the shear
modulus G has an important influence on static and kinematic
quantities. Observe that slip 4 over the left span is smaller,
while slip over the right span is, in contrast, higher for higher
shear moduli. On the other hand, the vertical deflection w over
the left span is higher, while vertical deflection over the right
span is smaller for higher shear moduli. For a detailed analysis
of the influence of shear moduli on the mechanical behaviour
of two-layer Timoshenko beams with interlayer slip the reader
is referred to [23].

4. Conclusions

A new locking-free strain-based finite element formulation
for the numerical treatment of linear static analysis of two-layer
planar composite beams with interlayer slip has been proposed.
In this formulation, the modified principle of virtual work has
been employed as a basis for the finite element discretization.
The linear kinematic equations have been included into the prin-
ciple by the procedure similar to that of Lagrangian multipliers.
A strain field vector remains the only unknown function to be
approximated in the finite element implementation of the prin-
ciple. As a result, in contrast with many of the displacement-
based and mixed finite element formulations of the composite
beams with an interlayer slip, the present formulation is com-
pletely locking-free. The generalization of the composite beam
theory with the inclusion of the Timoshenko beam theory for
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Fig. 6. The descriptive geometric, material and loading data of a continuous two-layer Timoshenko composite beam over two spans.
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Fig. 7. Distribution of 4 along the span as a function of different values of
shear moduli, G = G% = G?.
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Fig. 8. Distribution of w along the span as a function of different values of
shear moduli, G = G¢ = GP.

the individual layer of composite beam represents a substantial
contribution in the field of analysis of non-slender composite
beams with an interlayer slip. The main outcome of the present
formulation is a family of efficient beam finite elements for the
linear static analysis of two-layer planar Timoshenko beams
with an interlayer slip. An extension of the present formulation
to non-linear material problems is straightforward. There are
no locking (shear and slip), poor convergence or stress oscilla-
tions in these finite elements. As only a few finite elements are
needed to describe a composite beam of a frame with great pre-
cision, the new finite element formulations is perfectly suited
for practical calculations.
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Abstract

The present case study is an example of the use of reliability analysis to asses the failure probability of a tapered
glulam beam. This beam is part of a true structure built for a super market in the town of Kokeméki in Finland. The
reliability analysis is carried out using the snow load statistics available from the site and on material strength
information available from previous experiments. The Eurocode 5 and the Finnish building code are used as the
deterministic methods to which the probabilistic method is compared to. The calculations show that the effect of
the strength variation is not significant, when the coefficient of variation of the strength is around 15% as usually
assumed for glulam. The probability of failure resulting from a deterministic design based on Eurocode 5 is low
compared to the target values and lower sections are possible if applying a probabilistic design method. In fire design,
if a 60 min resistance is required, this is not the case according to Eurocode 5 design procedures, a higher
section would be required. However, a probabilistic based fire analysis results in bounds for the yearly probability
of failure which are comparable to the target value and to the values obtained from the normal probabilistic based
design.
© 2006 Elsevier Ltd. All rights reserved.

Keywords: Reliability; Eurocode; Design; Glulam; Fire

1. Introduction

The structure of the Kokemédki K-Market is analysed in this case study. This is a timber beam-column
structure of glued laminated wood (glulam). Glulam columns support 17 m long beams which compose the
roof structure (see Fig. 1).

The reliability analysis will be carried out on the main glulam beam, which is tapered from the bottom edge.
The analysis will first be done in a normal design situation, during which also the sensitivity of the beam
strength variation will be assessed. The reliability in a fire situation will also be carried out. Lateral torsional
buckling of the beam was taken into account according to Eurocode 5 [4]. The calculated probabilities are for
a one year reference period, unless otherwise stated.
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Fig. 1. Kokemiki K-Market and the geometry of the tapered glulam beam analysed in this case study.

2. Statistical distributions of the variables

For the present analysis, two main sources for input data are used. Namely, the probabilistic model code
[6,10], which is a Nordic study on the calibration of partial safety factors for various building materials. Table
1 summarises the input recommended in [10]. Extensive reliability studies have also been carried out by The-
landersson et al. [12] and Ranta-Maunus [8,9]. In Ranta-Maunus [9], the emphasis was on the precise descrip-
tion of the strength lower tail distribution for wooden products and on the calibration of partial safety factors
for wooden structures. In Thelandersson et al. [12], the emphasis was on the long-term load analysis and
related calibration of the strength modification factors.

Some further background is given in the following to the distributions concerning the glulam material
strength and snow loads.

Table 1

Statistical distributions and coefficients of variation recommended in [10]

Type of parameter Parameter Coeflicient of variation Distribution type

Concrete Steel Glulam

Actions Permanent Self-weight 0.06 0.02 0.06 Normal

Other 0.10 0.10 0.10 Normal
Variable Environmental 0.40 0.40 0.40 Gumbel

Imposed 0.20 0.20 0.20 Gumbel

Strength Concrete 0.10 Log-normal
Reinforcement 0.04 Log-normal
Structural Steel 0.05 Log-normal
Glulam 0.15 Log-normal

Geometry Effective depth 0.02 Normal
Beam depth 0.02 0.01 0.01 Normal
Beam width 0.02 0.01 0.01 Normal
Plate thickness 0.04 Normal

Model uncertainties R-model 0.05 0.05 0.05 Normal
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2.1. Glulam strength distribution

There exists few test data which could be used to describe the glulam strength distribution. Much more is
available for other wooden materials like structural timber, LVL or plywood. To obtain the lower tail strength
distribution with enough accuracy, a high number of tests are required. The largest test sample available to the
authors is summarised in Table 2. This data was obtained in a joint Nordic project on the reliability of timber.
The tests were carried out in NTI Norway.

In these test samples, the target characteristic values were achieved. The tail fitting of the strength distribu-
tion resulted in a coefficient of variation of 13% and 19% when using the log-normal distribution. It was con-
cluded in the above reference, that until further evidence, a log-normal distribution with a coefficient of
variation of 15% may be recommended. More test results on glulam are however needed.

2.2. The snow load distribution

In Ref. [2] Perdld and Reuna, the snow load values for different locations in Finland are given for the period
of 33 years. The example analysis here is done to a building in the city of Kokeméki and a measurement sight
with closest location is chosen. Fig. 2 shows the Gumbel plot of the yearly maximum snow loads (water equiv-
alents). ISO CW 4355 [1] recommends using the extreme value distribution (Gumbel) for the annual maximum
snow loads. The characteristic ground snow load V| ¢g extrapolated from the figure is 220 mm (water equiv-
alent). The characteristic ground snow loads in Eurocode 5 for the area give values of 2-2.5 kN/m?, which is in
agreement with the measurements. The measured value is used in the proceeding analysis.

2.3. Statistical distributions of the variables used in this study
In the present study, the distributions used for the loads and strengths are:

e permanent load: normal (V' ;= 0.05),
e snow load: Gumbel (V' = 0.40),

Table 2
Available glulam test data [9]

Target fo.05 fo.05 In test Explanation of test Sample size Tail fitted Fitting distribution CoVv

(N/mm?) (N/mm?) (%) (%)

Glulam 30 335 Edgewise bending 126 10 Normal 11
Log-normal 13

Glulam 37 39.9 Edgewise bending 109 10 Normal 14
Log-normal 19

Table 3

Snow loads from location 35312 [2] modelled as normal distributions

Month Snow load water equivalent (mm) Snow load on the beam (kN/m)

Mean Standard deviation Mean Standard deviation

January 41.6 24.9 2.06 1.23

February 67.5 30.3 3.34 1.50

March 79.9 35.9 3.95 1.78

April 41.0 36.9 2.03 1.82

May 0 - 0 -

June 0 - 0 -

July 0 - 0 -

August 0 - 0 -

September 0 - 0 -

October 0 - 0 -

November 0 - 0 -

December 18.7 14.8 0.93 0.73
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Fig. 2. The measured ground snow load close to Kokemiki [2].

e glulam strength (bending and shear): log-normal (V= 0.15),
e dimensions (height and width): normal (V}, o, , = 0.01),
e model uncertainty: normal (V,, = 0.05 or 0.10).

3. Load and strength parameters

The dead load, G, is normally distributed. The glulam beam self-weight is assumed to be 0.88 kN/m acting
on the beam as a line-load and the roof self-weight 0.44 kN/m? acting on the whole roof area. Since the beams
are 6.3 m apart the width of the roof loading lumped to each beam is 6.3 m. It is assumed also that the coef-
ficient of variation is Vs = 5%. This is a slightly lower value than presented in Table 1 for glulam self-weight,
but it is a value of the whole roof which is composed of different materials. This value has been widely used in
previous reliability studies for self-weight of structures. Therefore, the values used in analysis are

mg=06.3-044+0.88 =3.65kN/m o5=msVs=0.18 kN/m.

The snow load, Q, is distributed by Gumbel distribution. The 98th percentile of the distributed load is
g’ = 1.73 kN/m? (characteristic ground snow load is 2.15 kN/m?).

The ground to roof snow load conversion factor has been assigned a constant value of 0.8 in most calcu-
lations of this example. A sensitivity study is however performed in one example where a stochastic normally
distributed value with a COV of 10% and of 20% is considered for this factor.

Thus the 98th percentile of the snow load Q is ¢ = Qpog = 6.3 - 1.73 = 10.9 kN/m. The coefficient of vari-
ation is assumed to be ¥y = 0.40. The parameters u and o of Gumbel distribution are determined from the
following equations:

ro=2- ™ 1 g4
0=y T Veaurl
Fo(Qoos) = Fo(10.9) = 0.98 = exp(— exp(—o(Qyos — ))) = exp(—exp(—a(10.9 — u))),

where y = 0.577216 is the Euler constant. These equations can easily be solved

, _ 1.28255 +3.324727,
QO.98 Vq
 0ys(1.11201 — 0.5004627 )
~ L11201 +2.88263V¢

=0.5992,

= 4.3879.
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The bending strength is lognormally distributed. The glulam material is of structural quality 140, thus it is
assumed that the characteristic value is fj = Fyos = 39 N/mm? (short term strength). The coefficient of
variation V is assumed as 0.15, except in the first analysis, where the parameter is varied from 0.05
to 0.40. The parameters of the lognormal distributions my and oy, are evaluated from the following
equations:

O-lan = IH(V% + 1)7

InFops —Inm
Fr(Foos) = Fr(39) = Fy <L) |

O F

where Fy(-) denotes cumulative distribution function of the standardised normal distribution. Thus, the rela-
tion between the parameters and characteristic value and coefficient of variation is given as follows:

Ohhr = ln(V§—|—1),
ﬁ’lF = F0<05 CXp(—O’lnFF{]I (005)),

where F;'(.) is the inverse of the cumulative distribution function of the standardised normal distribution.
Sometimes it is more convenient to describe the random variable by its moments instead of the distribu-
tion parameters. In the case of lognormal distribution the relations between the parameters and moments

are
)
. o
mp = My exp (%),

2 2 2
oy = my(exp(ay, ) — 1).

The strength is reduced by the modification factor k,,,q, Which takes into account the effect of the duration of
the load and the moisture content in the structure on strength parameters. The cross-section dimensions are
assumed normally distributed, with a coefficient of variation of 1%.

4. Mechanical analysis

Since the beam is simply supported, the evaluation of internal forces is elementary. The structural analysis
was carried out on bending at the critical cross-section, bending at the apex section and shear. The initial anal-
ysis showed that the critical cross-section is situated where the bending stresses are the highest. The beam
height at this point is 1060 mm. Bending at the apex zone is not critical. Also the shear capacity resulted in
much lower probabilities of failure. Therefore in the following, only the critical cross-section in bending is ana-
lysed. The strength reducing factor for torsional buckling is not required for normal design, but it becomes
necessary for the fire design where more slender sections are analysed. Thus the strength reducing parameter
kerie 18 omitted from the design Eqs. (1)—(4) for the normal design situation. In the fire design situation, this
parameter is included.

The stresses in the critical cross-section are calculated in two different ways:

(a) according to the Finnish building code on the design of timber structures B10 [7] and
(b) according to Eurocode 5 [4].

The difference between the calculation methods of the glulam beam between these codes is the following:
(a) According to B10, the normal stress o, should not exceed the bending strength F taking into consid-
eration a height effect in the critical cross-section

1
300\°
O < CpF, Cp= <T> ; (1)

where 4 is 1060 mm. Thus, the value of Cris 0.87. The design equation according to B10 is then
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F
T kmod CF >

m

(pr(1.2G+ 1.60) | 6M,,(12G + 1.6Q))7 2

bh bi?

where 7,, = 1.3 is the material partial safety factor, k,,q = 1.0 is the strength modification factor for load
duration and moisture conditions, Cr = 0.87 is the height effect factor and the dead and snow loads have been
multiplied by the respective load safety factors.

(b) According to Eurocode 5, the normal stress ., should not exceed the bending strength F at the outer-
most fibre of the tapered edge

1

P 2 P 2’
1+ (15'7/ tan oc) + (/;ﬁ@f} tan? oc)

The angle between the beam main axis and the fibre direction deviate in the compressive side of the beam. In
this case, the strength is reduced by the factor &, ,, which takes into account the influence of the taper in the
compression side. f,x, fok feookr and o are the characteristic values of the bending strength, the shear
strength, the compression strength perpendicular to the grain, and the angle of taper, respectively. The follow-
ing values were taken (short-term characteristic strengths): f,,, . = 39.0 N/mm?, Jox=3.5 N/mm?, Seo0k=6N/
mm?, and o = 2.5°, these values result in k.. = 0.95. The design equation according to Eurocode 5 is then

O < km,aFa km,a =

(3)

F
—_ kmodkm,at >

m

4
bh bi? (4)

<pr(l.2G +1.50) n 6M,,(1.2G + l.SQ))
where y,, = 1.3 is the material partial safety factor, k,oq = 1.0 is the strength modification factor for load
duration and moisture conditions, k,,, = 0.95 is the reduction factor described above and the dead and snow
loads have been multiplied by the respective load safety factors.

5. Reliability analysis for normal design
5.1. Reliability analysis using Gumbel distribution for yearly snow load

The reliability analysis was performed by the computer program Comrel [11]. Initially, different reliability
methods were tried. Since the problem is relatively simple, different methods (FORM, SORM, crude Monte
Carlo, adaptive sampling, etc.) gave almost identical results. In adaptive sampling 20000 repetitions of the cal-
culation were performed, whereas the number of simulations in crude Monte Carlo was 5000000. There were
clearly advantages with the other methods compared to crude Monte Carlo simulations: the solutions were
more stable and the calculation was faster. In the following, the adaptive sampling procedure is used in the
reliability analysis.

The limit state equation for the maximum bending stress case is

k”Ll
N, (G+Q) 6M,,(G+ Q)
g:kaod or _( & bh + ypbh2 Kmodel (5)
Cr

with variables

e G: permanent load (normal, V5= 0.05),

e O: snow load (Gumbel, Cy = 0.40),

e [ glulam strength (log-normal, V= 0.15),

e b and /: section dimensions, height and width (normal, V., = 0.01),

® kmodel: model uncertainty (normal, mean = 1.0, V,,, = 0.05 or 0.10) and constants.
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kmoa = 1/1.3 (B10) or 0.8 (Eurocode 5), Cr= 0.87 (B10) or k,,, = 0.95 (Eurocode 5), N, = 0.346 (kN per
unit load kN/m) and M,,, = 29.144 (kNm per unit load kN/m) (N, and M,,, are obtained by the mechanical
analysis).

The probability of failure for the two different design codes as a function of the coefficient of variation of
strength is shown in Fig. 3. The relationship is not monotonic; instead it has a maximum between 0.125 and
0.15. The failure probability increases for larger or smaller coefficients of variation. From Fig. 3 we may notice
that the probability of failure increases over 10-fold as the coefficient of variation increases from 0.15 to 0.40.

The probability of failure Pris close to a minimum at a strength variation of about 15%, a value usually
assumed for glulam, and it is not very sensitive to the strength variation in this range. Considering the failure
probability, there seems to be no reason for attempting to decrease the strength variation, unless the material
strength characteristic value is affected. This low sensitivity of the strength variation is also an advantage con-
sidering the accuracy of a reliability analysis of a glulam structure, since the variation of strength is not pre-
cisely known.

The sensitivity analysis also shows that there is some effect on increasing the model uncertainty parameter
COV to 10% and a very similar effect on treating the ground to roof snow load conversion factor as a normally
distributed random parameter with a COV of 10%. These effects are however small. The effect is high for the
case of COV of 20% on the ground to roof snow load factor, comparable to the difference in the f-value that
results when using the two standards.

The calculation shows that for a glulam having a strength COV of 15%, according to B10 the f-value is 4.49
corresponding to a failure probability of P,= 3.56 x 10° and according to EC5 the f-value is 4.89 corre-
sponding to a failure probability of Pr= 0.51 x 1076, In all the following calculations the glulam strength coef-
ficient of variation is 15%, the model uncertainty coefficient of variation is 5% and the ground to roof snow
load factor is treated as a constant deterministic parameter.

6.0
ECS5 and model uncertainty cov 0.05
55 ===- == B10 and model uncertainty cov 0.05 |
== = ECS and model uncertainty cov 0.10
- - 4 - -ECS and ground to roof snow load factor N(0.8, cov 0.1)
5.0 —&— ECS5 and ground to roof snow load factor N(0.8, cov 0.2) [—|

3.5

3.0 T T T T T T
0.050 0.100 0.150 0.200 0.250 0.300 0.350 0.400

Strength COV

Fig. 3. Reliability index f as a function of strength coefficient of variation V. The comparison between EC5 and B10, the influence of
model uncertainty COV (0.05 and 0.10), and the influence of random ground to roof snow load factor (COV 0.10 and 0.20).
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5.2. Reliability of the beam at different months of a year

In the following, the monthly measured snow load water equivalents were used in the analysis. This was
done in order to see the variation of the reliability during a year and to compare the yearly maximum value
with the code format calculated in the preceding chapter. The monthly snow loads were evaluated for a given
day of every month using data of 33 years during the period between 1960 and 1993. These monthly snow load
values were analysed and found to be normally distributed (personal communication [13]). The ground snow
loads were transformed to roof loads using the conversion factor of 0.8.

The maximum probability of failure occurs during March in this case and the value is P,=1.16 x 10°°
according to EC5 and P,= 4.80 x 107% according to B10 (Fig. 4). The simple bounds for yearly probability
of failure are determined by

maX(Pf,januaryyPf,february> s ;Pf,december) Pf,year
1

- (1 - Pfjanuary)(l - Pf,february) o (1 - P/l,december)- (6)
As may be observed from Table 4, there is noticeable effect of the distribution model used for the snow load on

the probability of failure. The differences are not high when the f-values are compared. The monthly normal
distribution method gave a double failure probability, in the case of B10, and triple, in the case of ECS5.

<
<

5.3. Comparison to target reliability values

The calculated reliabilities may be compared to the target values given in Table 5 for reliability class 2
(moderate consequences of failure). The probabilistic model code gives a value of 4.2, and prEN 1990 [3] gives
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Fig. 4. Probability of failure during one year (bending failure mode at maximum bending stress location).
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Table 4
Probability of failure during a year, the comparison between the values obtained using the yearly Gumbel distribution and the monthly
normal distributions for the snow load

Code used p-value and Py, from Fig. 3, Bounds for f-value and Ppycar from
based on yearly maximum Eq. (4), based on normally distributed
Gumbel distributed snow load monthly snow loads
EC5 4.885 (5.18 x 1077) 4.654 (1.63x 107 4724 (1.16 x 107°)
B10 4.489 (3.58 x 107 4.344 (7.05x 107 4.426 (4.80 x 1079
Table 5
Recommended target -values in ultimate limit state for a one year period according to the probabilistic model code [6] and prEN 1990 3]
Relative cost of safety measure Class 1 Class 2 Class 3
Minor consequences of Moderate Large consequences of
failure consequences of failure failure
B Py B Py p P,
Probab. model code Large (A) 3.1 ~9.7x 1074 3.3 ~48x107* 3.7 ~LIx1074
Normal (B) 3.7 ~lIx 1074 4.2 ~1.3x107° 4.4 ~5.4x107°
Small (C) 42 ~13%x107° 4.4 ~54x107° 4.7 ~1.3x107°
prEN 1990 42 ~13x1073 4.7 ~13x10°° 5.2 ~1077
Table 6
Ratios of the failure probability between deterministic and stochastic (COV = 0.2) charring rates at different fire duration times
15 min 30 min 45 min 60 min
Deterministic 1 1 1 1
Stochastic, independent 1.2 2.0 3.5 0.9
Stochastic, dependent 1.4 4.3 6.8 0.8

Yearly max. snow load Gumbel distributed.

a f-value of 4.7. The calculated reliabilities are higher than the target levels given in the probabilistic model
code [6].

Dimensioning this beam using the deterministic design code method results in a -value of 4.5 using the B10
code and in a f-value of 4.9 using the ECS5 code design procedures (for yearly snow load the maximum Gum-
bel distribution is used). These values are rather close to the target values. However, it would be possible to
reduce the section height especially in the case of ECS, if the target reliabilities defined above are applied
instead (Fig. 5).

6. Reliability analysis of the beam under a fire situation

In the following, several reliability analyses are carried out for the same beam under a fire condition. The
analyses are done based on the methods given in prEN 1995-1-2 [5] on loading conditions under fire and on
the charring rate of the wood section. Based on the previous example, only the most critical section is analysed
for bending stresses, since this will be the determining section also in a fire condition. It is here assumed that
the secondary structure spaced to 2.4 m on the top of the beam will be functional during the fire duration and
this will support the top edge of the beam from buckling at these points.

6.1. Failure probability in fire condition based on different month of the year
In the first analysis, the charring rate is regarded as deterministic with the fixed value given in the design

codes. Both design codes EC5 and B10 are compared in this analysis. The limit state equation for the maxi-
mum bending stress in a fire condition case is
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Fig. 5. Required beam section heights based on design codes B10 (Finnish timber design code) (Eq. (2)) and ECS5 (Eurocode 5) (Eq. (4)).
The f-values resulting from a deterministic dimensioning, based on these design codes, are also given. If target f-values of Table 6 are
applied, the required heights are shown.

K.z
: Ny(G+Q)  6M,,(G+ Q)

= Fk i km i - . ) km ’
g critftmod i OT < bredhred M bredhfed "

Cr

with variables

e G: permanent load (normal, Vg = 0.05),

e Q: snow load (as given in Table 3 for the different months),

e [ glulam strength (log-normal, V= 0.15),

o k.. 1s the strength reduction factor for torsional buckling of the beam (as given in EC5), considering it is
supported at 2.4 m spacing from the top edge. This had no effect in normal design, but in fire design with
reduced cross-sections this becomes highly significant,

® bq and h.q: reduced section dimensions for height and width depending on fire exposure (normal,
Viyorn = 0.01) using a charring rate,

ECS: dy= Bt + K,d, (with , = 0.7 mm/min, K, =1 and d, = 7 mm),
B10: d,r= p,¢ (with 8, = 0.7 mm/min),
® kimodel: Model uncertainty (normal, mean = 1.0, V,,, = 0.05),

and constants

ECS: kmodasi = 1.0, ki, = 0.95 or

B10: Cr=1 (B10),

N,, =0.346 (kN per unit load (kN/m)),

M,, =29.144 (kNm per unit load (kN/m)) (N,, and M,, result from the mechanical analysis).
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The winter months have the highest probability of failure due to snow loads and March is most critical in
this sense. The fire design according to EC5 is more conservative than according to B10.

6.2. Failure probability considering a stochastic charring rate

It has been observed from previous charring experiments that charring rates are variable between test
pieces. Variabilities in the order of COV = 20% have been observed for glulam, but higher and lower variabil-
ities have also been observed [13]. The limit state equation for the maximum bending stress in a fire condition
in this case is

k’n o
o U Nyp(G+ Q) 6M,,(G+ Q)
8 = Hhuitboots gi (b ~d, - d;’f) (h - d;f}) (b ~d, _def.) (h - dg/',)z s ®

The variables are the same as in Eq. (7), except here the charring rate is a normally distributed variable. The
charring depths for the three different sides, d,, d,, and d,; are normally distributed with a coefficient of var-
iation of 0.1, 0.2 or 0.3 and with a mean value as given in the ECS5 design code. These are also compared to a
deterministic charring depth corresponding to the ECS code value. The 3 different charring depths of the dif-
ferent sides of the beam, may or may not be independent, therefore two separate calculations were done, one
assuming these are independent and the other dependent.

Comparing the results obtained with the deterministic charring rate to the stochastic rate with a variability
of COV = 0.2, the following may be observed. The effect of the charring rate being a stochastic variable is
significant only after a fire duration of about 15-30 minutes, for shorter fire duration the failure probabilities
are small and the differences negligible. At a fire duration approaching 60 min, the effect of stochastic charring

‘OQ} X 0‘2} oe}
g & & & £ —0O— 30 min, EC5 deterministic
S Q xO N (9 )
D= e MRS SR charring rate
1 Il Il Il Il I}
Q;Q —-©--30 min, EC5, dependent
0.1 1 g * stochastic charring
0.01 4
— @—--30 min, EC5, independent
0.001 4 stochastic charring
< 0.0001
% ' — X—-30 min, B10 deterministic
< 1E-05 1 charring rate
o
2 1E-06 —8—60 mi inisti
= ) 60 min, EC5 deterministic
ﬁ charring rate
o 1E-07 A
<
0 1E-08 | —©&—60 min, EC5, dependent
stochastic charring
1E-09 ~
1E-10 4 —— 60 min, EC5, independent
stochastic charring
1E-11 4
—¥—60 min, B10 deterministic
1E-12 - charring rate

Fig. 6. Results of the reliability analysis during a fire situation at different months of a year. This figure also includes results using
stochastic charring (COV = 0.2), which are calculated based on the following section.
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Fig. 7. Effect of charring variability on the probability of failure.

decreases again. This is true for high loads (Fig. 7), for low loads (Fig. 6 summer period) there is a high
difference also at a 60 min fire duration time. Also whether the charring rates between the sides are dependent
or independent is of significance. This is a characteristic not well known, that is, whether the variability is more
pronounced between different glulam beams (dependent or fully correlated) or within a glulam beam (indepen-
dent or non-correlated).

6.3. Failure probability of the beam during a 60 min fire

In the following calculations the following assumptions are taken: (1) the charring rate is taken
deterministic as given in the codes, (2) the upper supporting structure is assumed to function during
the fire in prevention of lateral buckling at the 2.4 m spacing points, (3) the snow load is modelled as
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Table 7
Bounds for the yearly probability of failure due to fire
Prfire year ECS5 method B10 method
Deterministic Stochastic dependent Stochastic independent Deterministic
charring charring charring charring
Fire duration  8.55x 107"  9.04x107"3 552x107'° 7.77x107'° 282x107'" 327x107'"" 481x107"* 500x107"
30 min

Fire duration 7.17x107%  1.74x107°  730x107® 491x107° 727x107® 3.82x10™> 233x107% 4.18x107°
60 min

monthly normal distribution, (4) failure is defined as structural failure, that is bending stresses exceeding
the capacity.

Based on the probabilistic model code [6], the annual target probability of failure level is recommended as
Pryear =13 % 107°. Based on the probabilistic model code [6] the following probabilities for a dangerous fire
scenario are given: P(ignition) = 10"%/year/m> or 0.083 x 10~%/month/m? (value for shops/offices, area:
1768 m?), P/flashover|ignition) = 0.1 (in the case of a public fire brigade).

Based on the above information, the bounds for yearly probability of failure of the structure can be calcu-
lated as

maX(PinPf,firtjanuarwPinPf,ﬁre,february7 cee 7PinPf,ﬁre,december) < Rf,ﬁreAyear
< 1 - ((1 - PinPf,ﬁre:‘jzmuary)(1 - Pin'Pf"ﬁre,february) o (1 - PiP/'P_/’,ﬁre,december))- (9)

The following results are obtained using the two different code methods:

The yearly probability values above are comparable to the target level of the probabilistic model code (see
Table 7).

Considering the limit state equation for fire, the k.. term, which reduces the strength due to lateral tor-
sional buckling, becomes critical. This reduces the beam capacity at a fast rate as the charring progresses
and the cross-section becomes more slender. The fire design according to EC5 is conservative (compared to
B10). Stochastic charring rates have an influence on the failure probabilities.

7. Summary

In this case study, an example reliability analysis is carried out for a glued laminated beam. The analysis is
done under normal loading conditions, considering the measured snow load during the period of 30 years and
under a fire condition. The following conclusions can be drawn from the present analysis:

The coefficient of variation of the glued laminated timber is not very precisely known, its value is around
15% based on the available test results. Values of this order have also been used in earlier studies. Based on a
sensitivity analysis, it seems that the reliability is not very sensitive for this parameter and thus for practical
reasons it does not matter if this is not precisely known.

The probability of failure resulting from a deterministic design based on Eurocode 5 is low compared to the
target values and smaller beam cross-sections are possible if applying a probabilistic design method with the
assigned target reliability.

If a 60 min fire resistance is required, the deterministic fire design based on Eurocode 5 requires higher
cross-sections than normal design and it is determining. The fire design according to Eurocode 5 is more con-
servative than of the Finnish building codes due to differences in the charring rates and the modelling of lateral
torsional buckling.

A probabilistic based fire analysis however results in bounds for the yearly probabilities of failure which
indicate that the estimated reliability is in accordance with the target value and the values obtained from
the normal probabilistic based design. In this case the probability of ignition and flashover occurring are taken
as given in the probabilistic model code [6]. Applying stochastic charring rates has an increasing influence on
the probability of failure for a fire duration of approximately 30 min or more. In the case of shorter fire dura-
tion the influence is relatively small.
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Fig. 8. Required beams section heights based on deterministic code design.

It should be emphasized that this example calculation involves a number of parameters and wood charac-
teristics with distribution properties which are not fully known. The results should be considered as first esti-
mates and the conclusions as indicative.
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Appendix

The required section height of the studied beam at the critical cross-section based on Eurocode 5 and the
Finnish building code B10 is as shown below. The beam was actually designed according to the Finnish build-
ing code and the actual height is 1060 mm. The building does not actually have a 60 min resistance require-
ment, but if this was the case, it would be fulfilled by the Finnish code but not by the Eurocode (see Fig. 8).
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Abstract

This paper describes a mathematical model developed to solve a coupled heat and moisture transfer
and charring behavior of timber beam when exposed to fire. The model consists of two coupled
non-linear partial differential equations for heat and moisture transfer with the corresponding
boundary conditions. The model also predicts the char formation in the wood beam as a function of
its temperature, moisture content, density, etc. Since the analytical solution is seldom obtainable, the
problem is solved numerically by finite difference method.

The results are tested on the one dimensional case in standard fire conditions, for which comparison
is made with the results of one-dimensional charring rate models for wood presented in the literature
and experimental results published by Fredlund (1993) A comparison of different charring models
shows that the charring rates obtained by the proposed mathematical model are proven to be in
excellent agreement with the results obtained experimentally by Fredlund (1993). The model shows
also to be in good agreement with the Eurocode 5 (2004) model and model proposed by White and
Nordheim (1992), while compared to other charring models differs considerably.

The same model is used to analyze a two-dimensional behavior of wood beam exposed to fire from
three sides. Faster charring at the corners and typical rounding effect are observed.

Since the comparison showed a good agreement with the proposed mathematical model and models
presented in the literature, we can conclude that a relatively simple mathematical model is generally
appropriate for the accurate prediction of the thermomechanical behaviour of timber beams exposed
to fire.
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Summary

This paper describes the modelling of timber beams behaviour when one or more faces are exposed
to fire. A computer program for the prediction of two dimensional temperature and water content
distribution in timber beams exposed to fire has been developed. The model consists of differential
equations for coupled heat and moisture transfer with the corresponding boundary conditions.
Furthermore, the model also predicts the char formation in the wood beam as a function of its
temperature, moisture, density, etc. Owing to non-linear system of governing equations, solution is
obtained by numerical procedures such as finite difference method. Results obtained by numerical
model are be compared to the analytical solutions and experimental results published in the
literature.

1. Introduction

Ever since prehistoric times wood has been recognized as a very popular construction material.
Nowadays it has commonly been used in various fields of engineering. Due to its remarkable
properties it has been used by many architects and designers of modern buildings. The capability to
predict the behavior of wood, particularly when exposed to fire, has become increasingly important
in the field of fire safety engineering.

The purpose of this paper is to study and understand a charring behavior of wood and compare those
results to the one-dimensional charring rate models for wood presented in the literature and to the
experimental results published by Fredlund (1993).

When numerically analysing mechanical behavior of load bearing timber beams in natural fires, the
contributions of shrinkage-swelling, temperature, viscous creep and mechano-sorptive strains are of
major importance. The development of all aforementioned strains is strongly affected by the actual
temperature and moisture content distribution in the beams. Therefore, the determination of the
spatial and temporal distribution of temperature and moisture content over the element according to
ambient conditions is the first key phase of the analysis. When wood as a charring material is
exposed to fire, it undergoes thermal degradation, i.e. pyrolysis. The pyrolysis of wood is a complex
interplay of chemistry, heat, and mass transfer. It changes the wood to char and gases (such as
carbon dioxide and hydrocarbons) and consequently changes the density and other material



characteristics. The process of thermal degradation starts when the temperature of wood reaches a
certain threshold value which depends on the kind of wood, but is generally a360f@G.

Because of the importance and complexity of the pyrolysis of wood, there is a substantial volume of
work on the pyrolysis and charring of wood as a porous media, but the extensive literature review is
not the aim of this work. Experimental observations of charring behavior prove the mutual effect of
the temperature and moisture content gradients in wood, but it is rarely taken into consideration in
the computational analysis of charring in fire situations. In this paper the transient heat and moisture
transfer over a timber beam exposed to standard fire conditions is considered. The governing
equations of simultaneous heat and moisture transfer in porous media like wood were provided by
Luikov (1966).

Assuming a homogeneity of the temperature and moisture content field along the beam, the 2-D
Luikov equations are solved for the cross-section of the timber beam. Due to rectangular
cross-section the finite difference method using an equidistant mesh of finite difference points is
chosen for the solution. For the spatial integration the symmetric formulae based on quadratic shape
functions are introduced, whereas for the time-integration linear shape functions are employed.

2. Model theory and governing equations

Heat and mass transfer is governed by the two second order non-linear partial differential equations
(Luikov, 1966). The first equation describes heat conduction governed predominantly by

temperature gradient but affected also by the effect of phase-change and heat on sorption and
desorption, which depend by the speed of moisture changes. The second equation describes moisture
diffusion governed predominantly by moisture potential but is also considerably affected by
temperature gradients. Furthermore, anisotropy and temperature and moisture content dependent
material properties are assumed. The equations can be written as:

pCp%—z—pCm(ahLv+v)%—t:=%< zg—Z)+a%( y%) (1)
0Oy = e (Poe (G +0:5)) + 5 (oG +005,)) @

In Egs. (1-2),, k, represent thermal conductivity (W/mK) in two space directio@dy of a
rectangular cross-section of the beam. Similafly;, andD,,, represent conductivity coefficient of
moisture contentkg/m s °M), p represents densitkg/m?), ¢, heat capacity/kgK), T
temperature°(C), c¢,, moisture capacityklg /kg °M), ¢ ratio of vapor diffusion coefficient to
coefficient of total moisture diffusiorh,; - heat of phase change (J/kg)heat of sorption or
desorption (J/kgyw moisture potential°M), ¢ is time (s) andd,, d, thermogradient coefficient
(°M/K) in two independent orthogonal directions.

Moisture potentiatv is related to moisture conteit by linear relation

The special solution of the system of governing differential equations (1-2) has to satisfy the initial
and boundary conditions. The initial conditions prescribe the temperature and moisture potential of



the cross-section of the beam at the initial tithe 0

T(z,y,0) = To(x,y), (4)

and

w(:c,y,O) :wO(x7y>' (5)

The boundary conditions prescribe the heat and moisture flow on the exposed boundaries of
cross-section. It is assumed that the flow magnitudes depend on the differences between temperature
and moisture potentials on the boundary and in the surrounding air. In the heat boundary condition
the effect of evaporation on the heat flow is added while in the moisture boundary condition the

effect of temperature gradient is taken into account. Thus, the boundary conditions at the exposed
surface of the exterior siding are given by balancing heat conduction and moisture transfer at the
surface with the radiative and convective heat and convective moisture input. The boundary
conditions can be written as

oT oT
—ko g e — k:ya—y ny = he (T —T4) +ero(T* —T3) + (1 =€) hpy by (w—wy4),  (6)
and
ow ow oT oT
DMJ: % Cnx + DMy 0_?/ Eny + DMJJ 5w % Cnz + DMy 5y 8_:(/ Eny = _hm (UJ - wA)a (7)

wheree,, ande,, are components of the normal to the boundary surfacandh,, are convective
heat transfer coefficient{/m? K) and convective moisture transfer coefficieit (s m? °M),
respectivelyT’, is the temperature and, is the moisture potential of the ambient. The second term
in the right-hand side of Eq. (7) represents the radiative heat input whesahe effective surface
emissivity of the exterior siding andis the Stephan-Boltzmann constant for radiation,

(0 =5.671-107% W/m?K*?).

The ambiental moisture potential is obtained through sorption isotherms. The effects of stress state
and history of sorption are neglected. The above system of the equations Egs. (1-7) are solved using
finite difference method and a computer program written/iat/ab enviroment.

3. Numerical examples

3.1 One-dimensional charring

The effect of charring of wood in timber construction has been a subject of intensive research for
many years. Charring of wood during fire has been extensively studied and considerable efforts have
been given to the development of theoretical models for wood charring that are intended to take into
account more complex geometries and variation of heat exposure. Unfortunately, no completely
satisfactorily charring model has yet been developed. On the other hand, an extensive char rate data
is available for simple one-dimensional wood slabs. Data is also available for two-dimensional
timbers, but most of this data is limited to larger cross-sections. Hence, a one-dimensional case of a
wood slab made of spruce, with a thickndsexposed to the standard fire (standard fire curve ISO

834, 1999) is considered in order to compare the charring rate of the wood slab with the



one-dimensional empirical models presented in the literature. Generally, charring behavior of wood
can either be described by the mass loss rate (g/s) or by the rate of advance of the formed char front
from the original surface (mm/s). The latter definition has been more widely used because it enables
the determination of an effective residual cross-section area commonly employed in timber design
calculations. The rate of charring is a complex process which depends upon the interaction between
the pyrolysis of wood and the generation of heat, both of which are a function of a number of factors
such as the species, density moisture content, permeability and thermophysical properties. Since the
material properties at elevated temperatures are difficult to obtain, constant material properties of
wood and char are used. The data for this case is as follows

Ty = 20°C, wy = 13°M, wy = 4°M, p = 370 kg/m®, kyood = 0.12 kepar = 0.15 W/(m K),
Dy =22 x 107% kg/(ms°M), hry = 2500 kJ/kg, h.=22.5 W/(m*K), ¢=0,3,
Cpwood = 1530J/(kg K), ¢pehar = 1050 J/(kgK), ¢, =0.01 kg/(kg°M), § =2.0 °M/K,
By =25%x107% d=03m, v=0.

(8)

The comparison of different charring models is presented in Fig. 1.
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Figure 1: Comparison of different charring models to present one

Most of the aforementioned models (Eurocode 5, 2004, AS 1720.4, 1990, Schaffer, 1967) suggest
constant charring rates. The use of these charring rates is convenient but does not accurately reflect
the actual charring behavior of wood. To account for the char non-linearity, White (1988) developed
a non-linear, one-dimensional char rate model based on the results of forty one-dimensional wood
slab charring tests. Later on, White and Nordheim (1992) developed a non-linear empirical model
for charring rate of eight different wood species. The comparison to the present model in the case of
spruce is shown in Fig. 1. The non-linear charring rate model was also developed by Lawson et al.
(1952) who studied the charring rates of spruce timber beams of different thickri@$s atoisture
content when exposed to standard ASTME E 119 (2000) heating regime. The comparison in Fig. 1
shows, that the models proposed in AS 1720.4-1990 and by Schaffer (1967) differ considerably. The
Lawson’s and Schaffer's models differ slightly at the beginning, but are virtually equal at 60



minutes. Similarly, the model proposed by Eurocode 5 (2004), White’s and Nordheim’s model and
the model proposed in this paper differ considerably in the first 15 minutes, but later show similar
results. All models described above are relatively simple to use. However, all empirical models are
limited to one-dimensional cases. Also in all empirical models it is assumed that the charring of
wood starts instantaneously after exposure to fire. In reality, this is not the